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Abstract

Wepresentdynamicsearch-treedatastructuresthatper-
form well in the settingof a hierarchical memory(includ-
ing various levelsof cache, disk, etc.), but do not depend
on the numberof memorylevels,the block sizesand num-
ber of blocks at each level, or the relativespeedsof mem-
ory access. In particular, betweenany pair of levels in
the memoryhierarchy, where transfers betweenthe levels
are done in blocks of size B , our data structures match
the optimal search bound of £(log B N ) memorytrans-
fers. Thisboundis alsoachievedby theclassicB-treedata
structure, but only whenthe block sizeB is known,which
in practice requires careful tuning on each machine plat-
form. Oneof our data structuressupportsinsertionsand
deletionsin £(log B N ) amortizedmemorytransfers,which
matchesthe B-tree's worst-casebounds.We augmentthis
structure to supportscansoptimally in £( N=B) memory
transfers. In this seconddatastructure insertionsanddele-
tionsrequire£(log B N + log 2 N

B ) amortizedmemorytrans-
fers. Thus, we match the performanceof the B-tree for
B = ­(log N log logN ).

1. Intr oduction
SteepMemory Hierar chy. The memoryhierarchiesof
moderncomputersarebecomingincreasingly“steep,” rang-
ing from fastregistersandon-chipcachedown to relatively
slow disksandnetworks. Becausethespeedof processors
is increasingmorequickly thanthe speedof memoryand
disk, the disparitybetweenthe variouslevels of the mem-
ory hierarchy is growing. For example,the Alpha 21264
chip candeliver 2 wordsfrom L1 cachein onecycle,but it
requiresapproximately100cyclesto bring datafrom main
memory [12]. For any computerthe accesstimes of L1
cacheand disk differ by approximately6 ordersof mag-
nitude.Becauseof theselargevariationsin magnitude,it is
becomingincreasinglydangerousto designalgorithmsas-
suminga “¤at” memorywith uniformaccesstimes.
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Thedistinguishingfeatureof multilevel memoryhierar-
chiesis thatmemorytransfersaredonein blocksin orderto
amortizethe costof a transfer[4]. This amortizationonly
workswheneachtransfercontainsmany piecesof datato be
usedby theCPU.Thus,ourobjective is to maintainlocality
of reference, meaningthatmemoryaccessesareclusteredin
timeandspace.

Maintaining Locality in Irr egular and Dynamic Data.
Datalocality is easierto maintainin algorithmicproblems
having regular and/orstatic data,becausethe¤ow of data
is predictable.Examplesof suchproblemsincludematrix
multiplication, fastFourier transform,andLU decomposi-
tion. Even in sorting, thereis a £xed and predetermined
orderin which thedatamustendup. In contrast,it is more
challengingto maintaindatalocality in irregular and dy-
namicproblemsbecauseby de£nitionthedata¤ow is con-
tinually changingandunpredictable,making it dif£cult to
organizedatalocality apriori.

Irregular and dynamic problems often require data-
structure solutions becausedata structuresspecializein
moving dataef£ciently throughoutmemory. It has long
beenrecognizedthat the level of thememoryhierarchy af-
fectsthechoiceof datastructure.For example,oneof the
mostfundamentaldatastructuresfor manipulatingarbitrary
datais a balancedsearch tree. Thebasicfunctionality that
we askof a balancedsearchtreeis that it maintainan or-
deredcollectionof elementssubjectto insertions,deletions,
and searches.Thus, balancedsearchtreessuchas AVL
trees[1], BB[®] trees[22], red-blacktrees[17], random-
ized searchtrees[29], skip lists [26], andsplaytrees[33]
areappropriatefor mainmemory, whereasB-trees[10] are
moreappropriatefor externalmemory.

In this paperwe develop searchtreesthat arememory-
ef£cient at all levels of the memory hierarchy. A cen-
tral innovation of our data structuresis that they avoid
any memory-speci£cparameterization. That is, our data
structuresdonotuseany informationaboutmemoryaccess
times,or cache-lineor disk-blocksizes.It maybesurpris-
ing that datastructurescanbe madecache-ef£cient with-
out usingthe parametersthat describethe structureof the
memoryhierarchy, but we demonstratethat this is possi-
ble. Suchdatastructuresandalgorithmsarecalledcache-
oblivious[16, 25]. Thecache-obliviousmodelhasbeensuc-
cessfullyexploredin thecontext of regularandstaticprob-
lems[16, 25]. This paperinitiatestheproblemof manipu-



lating irregularanddynamicdatacache-obliviously.

PerformanceModels for Memory Hierar chy. Theclas-
sicwayto measuretherunningtimeof analgorithm(e.g.,in
theRAM model)is to countthenumberof machineinstruc-
tions. In a machinewith a memoryhierarchy, animportant
additionalfactorto measureis thenumberof memoryblock
transfersateachlevel, scaledaccordingto therelativespeed
of accesses.Theideaof countingmemorytransferswasin-
troducedin thecell-probemodel[43]. We stressthat these
memorytransfertimes shouldnot be treatedas constants
becausethey canvaryby many ordersof magnitudeandare
oftenthedominantfeatureof runningtime.

Thereis a tradeoff betweentheaccuracy of a modeland
its easeof use.Onebodyof work exploresmultilevel hier-
archies[2, 3, 5, 28, 37, 39] andmorecomplicatedmodels
of memory[6, 27]. A problemwith many of thesemod-
els is thatalgorithmsmusttake into accountmany parame-
ters,e.g.,therelativespeedsandblocksizesateachmemory
level. While thisleadsto accuratetimepredictions,it makes
it dif£cult to designandanalyzeoptimalalgorithmsin these
models.

A secondbodyof work concentrateson two-level mem-
ory hierarchies,either in the context of memoryanddisk
[4, 9, 18, 37, 38], or cacheandmemory[30, 20]. In sucha
modelthereareonly a few parameters,makingit relatively
easyto designef£cientalgorithms.Themotivationis thatit
is commonfor onelevel of thememoryhierarchy to dom-
inatetherunningtime. Thedif£culty with this approachis
thattheprogrammermustfocuseffortsonaparticularlevel
of thehierarchy, resultingin a programthat is less¤exible
to different-scaleproblems,anddoesnot adaptto whenthe
dominatinglevel changes,e.g.,asa programstartsto page
in virtual memory.

B-Trees. Before developing our cache-oblivious search
trees,we review the standardsolutionsfor two-level and
multilevel hierarchies.Theclassictwo-level solution,both
in theoryandpractice,is a B-tree [10]. The basicidea is
to maintaina balancedtreehaving a fanoutproportionalto
the memoryblock sizeB , ratherthanconstantsize. This
meansthatoneblockreaddeterminesthenext nodeoutof B
nodes,soa searchcompletesin £(log B N ) memorytrans-
fers. A simple information-theoreticargumentshows that
thisboundis optimal.

The situation becomesmore complex with more than
two levelsof memoryhierarchy. Weneedamultilevel struc-
ture,onelevel pertransferblocksize.SupposeB1 > B2 >
¢¢¢ > Bk arethe block sizesbetweenthe k + 1 levels of
memory. At the top level we have a B1-tree;eachnodeof
thisB1-treeis aB2-tree,etc.

At thispointsuchadatastructurebecomesverydif£cult
to manage. Codethat is genericto the numberof mem-
ory levels is complicatedand almostcertainly inef£cient.
Hierarchy-speci£ccodeneedsto berewritten for eachma-

chinearchitecture.Evenwith genericcode,theparameters
in the codeneededto be changedor tunedto the speci£c
memoryhierarchy eachtime the programis portedto an-
othermachine.This parametertuning canbe dif£cult and
time-consuming,and if it is doneimproperly it can have
worseeffectsthanmuchsimpleralgorithms.Finally, such
tuningis impossiblein aheterogeneouscomputingenviron-
mentwhereprocessorswith differentlocalmemorycharac-
teristicsaccessthe samedata, for example,acrossa net-
work, or storedon somedistributablepermanentmedium
suchasCD-ROM.

Cache-Oblivious Algorithms. The cache-oblivious
model enablesus to reason about a simple two-level
memory model, but prove results about an unknown
multilevel memory model. This model was introduced
by Frigo, Leiserson,Prokop, and Ramachandran[16, 25]
introducedthe cache-oblivious model as a clean way to
They show how several basic problems—namelymatrix
multiplication, matrix transpose,Fast Fourier Transform,
and sorting—have optimal algorithms that are cache-
oblivious. Optimal cache-oblivious algorithmshave also
beenfound for LU decomposition[11, 34] and a static,
completebinary tree [25]. All thesealgorithmsperform
anasymptoticallyoptimalnumberof memorytransfersfor
any memoryhierarchy and at all levels of the hierarchy.
More precisely, the numberof memorytransfersbetween
any two levels is within a constantfactor of optimal. In
particular, any linear combinationof the transfercountsis
optimized.

Thetheoryof cache-obliviousalgorithmsis basedonthe
ideal-cache model of Frigo, Leiserson,Prokop, and Ra-
machandran[16, 25]. In this model thereare two levels
in thememoryhierarchy, which we call cacheanddisk, al-
thoughthey could representany pair of levels. Thedisk is
partitionedinto memoryblocks eachconsistingof a £xed
numberB of consecutive cells. Thecachehasroomfor C
memoryblocks,althoughtheexactvalueof this parameter
will notbeimportantin ourapplications.Thecacheis fully
associative, thatis, it cancontainanarbitrarysetof C mem-
ory blocksat any time. RecallthatparametersB andC are
unknown to thecache-obliviousalgorithmor datastructure,
andthey shouldnotbetreatedasconstants.

Whenthealgorithmaccessesa locationin memorythat
is not storedin cache,the relevant memoryblock is au-
tomatically fetchedfrom disk. in what we call a memory
transfer. If thecacheis full, theidealmemoryblock in the
cacheis electedfor replacement,basedon the futurechar-
acteristicsof thealgorithm.

While this model may super£ciallyseemunrealistic,
Frigo et al. have shown that it canbe simulatedby essen-
tially any memorysystemwith only asmallconstant-factor
overhead.For example,if we run a cache-oblivious algo-
rithm on a several-level memoryhierarchy, we canusethe



ideal-cachemodelto analyzethenumberof memorytrans-
fers betweeneachpair of adjacentlevels. Becausethe al-
gorithm is cache-oblivious, it performswell on all levels.
See[16] for details.

The algorithmsin our paperonly needa constantnum-
ber of memoryblocks in the cacheat once,so any semi-
intelligent block-replacementstrategy will suf£ce for our
purposes. In general, however, the least-recently-used
(LRU) block-replacementstrategy canbe usedto approx-
imatethe omniscientstrategy within a constantfactor[16,
32]. Finally, theassumptionsof full associativity andauto-
maticblock replacementarealsoreasonable,becausethey
can be implementedin normal memorywith only an ex-
pectedconstantfactoroverhead[16].

The conceptof algorithmsthat are uniformly optimal
acrossmultiple memorymodelswasconsideredpreviously
by Aggarwal, Alpern, Chandra,and Snir [2]. Theseau-
thors introducethe HMM model, in which the cost to ac-
cessmemorylocation x is df (x)e, wheref (x) is mono-
tonenondecreasingandpolynomiallybounded.They show
matrix multiplication andFFT algorithmsthat areoptimal
for any cost function f (x). One distinction betweenthe
HMM modelandthe cache-oblivious modelis that, in the
HMM model, memory is managedby the algorithm de-
signer, whereasin the cache-oblivious model, memoryis
managedby the existing cachingandpagingmechanisms.
Also, theHMM modeldoesnotmodelblock transfers.The
HMM modelwasextendedby Aggarwal,Chandra,andSnir
to theBT modelto take into accountblock transfers[3]. In
theBT modelthealgorithmcanchooseandvary theblock
size,whereasin thecache-obliviousmodeltheblocksizeis
£xedandunknown.

Results. We develop three cache-oblivious search-tree
datastructures.Theseresultsdemonstratethatevenirregu-
lar dynamicproblemscanbesolvedef£cientlyin thecache-
oblivious model. Let B be the (unknown) memoryblock
sizeandlet N bethenumberof elementsin thetree.

Our £rst cache-oblivious searchtree is implementedin
a single array of size O(N ). This datastructurehasthe
sameoptimal query boundas B-trees,O(logB N ) mem-
ory transfers.1 Furthermore,searchingfrom an arbitrary
nodeat heighth hasanoptimalcostof O(1 + h=B) mem-
ory transfers. Scansof k elementsalso run optimally
in O(1 + k=B) memory transfers. Insertionsand dele-
tions requireO(logB N + log Bp

B
log2 N ) amortizedmem-

ory transfers.This boundmatchestheB-treesearchcostof
O(logB N ) providedB = ­((log N )2(log logN )4).

The memoryblock size B being at leastpolylogarith-
mic in theproblemsizeN is reasonable,justasthetransdi-
chotomousmodel[14] speci£esthatthenumberof bits in a
machineword is logarithmic in theproblemsize. Further-

1As with B-trees,ourgoalis to optimizequerytime,notupdatetimeas
in buffer trees[7].

more,we have the mostto gain from locality of reference
whentheblock sizeis large,soour datastructuresareop-
timizedfor thesecases.As memoryhierarchiesgetdeeper
andthelowestlevel becomesfartherfrom theCPU,ourdata
structuresbecomemoreimportant.

We improve the insertionand deletioncostsby using
onelevel of indirection.Oursecondcache-oblivioussearch
treeagain performssearchesin O(logB N ) memorytrans-
fers andscansin O(1 + N

B ) memorytransfers.However,
insertionsanddeletionsareeven moreef£cient, requiring
O(logB N + log 2 N

B ) amortizedmemorytransfers.This last
boundmatchesthe B-treesearchcost of O(logB N ) pro-
videdB = ­(log N log logN ).

In our third cache-oblivious searchtree,we remove the
requirementthat the data structureperform scans. This
datastructurehasthesameoptimalqueryboundasB-trees,
O(logB N ) memorytransfers,andthe sameamortizedin-
sert/deleteboundasB-trees,O(logB N ) amortizedmemory
transfers.

Thesedatastructuresusenew tools for cache-oblivious
manipulationof data. Several of thesetools are of more
generalinterestthan searchtrees. Following the work of
Itai, Konheim,and Rodeh[19] and Willard [40, 41, 42],
we develop a packed-memorystructure for maintainingan
orderedcollection of N items in an array of size O(N )
subjectto insertionsand deletionsin O( log 2 N

B ) memory
transfers;seeSection2.3. In anothercontext, this struc-
ture canbe thoughtof asa cache-oblivious linked list that
supportsscanningk consecutive elementsin O(1 + k=B)
memorytransfers(insteadof thenaÈ́ve O(k)), andupdates
in O(1 + log 2 N

B ) amortizedmemorytransfers.We conjec-
turethattheupdateboundof thiscache-obliviouslinkedlist
is bestpossiblesubjectto obtainingtheoptimalscanbound
cache-obliviously.

Thispacked-memorystructureseemsfundamentalto the
problemof reorganizingdatacache-obliviously. In thecon-
text of balancedsearchtrees,we fold a treelayout resem-
bling the van EmdeBoasdatastructureonto the packed-
memory structure. We use a strongly weight-balanced
searchtree,which hasdesirablepropertiesfor maintaining
locality of reference;seeSection2.2. Thepacked-memory
structureallows us to make room for insertednodes,but
hasthe sideeffect of moving nodesaround,which invali-
datesthe parentandchild pointersof nodes. We develop
additionaltechniquesto maintaintheintegrity of thepoint-
ers,includingananalysisof local andlong-distancenodes
(Section3.2), andthe notion andanalysisof buffer nodes
(Sections3.3 and3.4). Finally, we employ indirection to
improve theupdatebounds(Section4).

Notation. One notational convention that we will use
throughoutis of independentinterest.2 We de£nethe hy-

2All logarithmsarebase2 if nototherwisespeci£ed.



per¤oorof x, denotedbbxcc, to be 2blog x c, i.e., the largest
power of two smallerthanx. Thus,x=2 < bbxcc · x. Sim-
ilarly, thehyperceiling ddxee is de£nedto be2dlog x e. Anal-
ogously, we de£nehyperhyper¤oorandhyperhyperceiling
by bbbxccc = 2bblog x cc anddddxeee = 2ddlog x ee. Thesesatisfyp

x < bbbxccc · x andx · dddxeee < x2.

2. Tools for Cache-Oblivious Data
Structur es

2.1.Static Layout and Searches
We £rst presenta cache-oblivious static search-treestruc-
ture,which is the startingpoint for our dynamicstructure.
More precisely, given a basesearchtree,whereeachnode
hasO(1) children,we describea mappingfrom the nodes
of the tree to positionsin memory. We call this mapping
thevanEmdeBoaslayout, becauseit resemblesthe recur-
sivestructurein thevanEmdeBoasdatastructure[35, 36].3

Assumingthebasetreehasheight£(log N ), our structure
performsa searchin £(log B N ) memorytransfers,which
is optimal to within a constantfactor. Our layout is some-
whatmodi£edfrom thelayoutfor completebinarytreesof
Prokop [25, pp.61–62].

The basicideaof the van EmdeBoaslayout is simple.
Supposethe treehasheighth, andsuppose£rst thath is a
powerof two. Conceptuallysplit thetreeat themiddlelevel
of edges,betweennodesof heighth=2 andh=2 + 1. This
breaksthe tree into the top recursive subtree A of height
h=2, andseveral bottomrecursivesubtreesB1; : : : ; Bk of
heighth=2. In particular, if all nonleafnodeshave thesame
numberof children,thentherecursivesubtreesall havesize
roughly

p
N , andk is roughly

p
N . Thelayoutof thetree

is obtainedby recursively layingouteachrecursivesubtree,
andcombiningtheselayoutsin the orderA, B1, . . . , Bk ;
seeFigure1.

If h is not a power of two, the obvious form of round-
ing is to assignthe top bh=2c levels to the top recursive
subtree,andthe bottomdh=2e levels to the bottomrecur-
sive subtrees. This roundingis satisfactory for the static
structure,but it is particularlyusefulfor thedynamicstruc-
ture to usea differentroundingscheme.We assigna num-
ber of levels that is a power of two to the bottom recur-
sive subtrees,andassigntheremaininglevelsto thetop re-
cursive subtree.More precisely, the bottomsubtreeshave
heightddh=2ee (= bbh ¡ 1cc) andthetop subtreehasheight
h ¡ ddh=2ee.

Wenow introducethenotionof levelsof detail. Thisno-
tion is usefulbothfor understandingwhy searchesusefew
memorytransfersin thevanEmdeBoaslayoutandfor un-
derstandingfuture manipulationsof the layout. Any level

3We do not usea van EmdeBoastree—weusea normal tree with
pointersfrom eachnodeto its parentandchildren—but the orderof the
nodesin memoryis reminiscentof vanEmdeBoastrees.

of detailis apartitionof thetreeinto disjoint recursivesub-
trees.The£nestlevel of detail is level of detail0, in which
eachnodeis its own recursivesubtree.Thecoarsestlevel of
detail,dlog2 he, is just thetreeitself. In general,level of de-
tail k is derivedby startingwith theentiretree,recursively
partitioningit asdescribedabove,andexiting therecursion
wheneverwereacharecursivesubtreeof height· 2k . Note
thataccordingto thevanEmdeBoaslayout,eachrecursive
subtreeis storedin acontiguousblockof memory.

Oneusefulconsequenceof ourmethodof roundingis the
following:

Lemma 1 At levelof detail k, all recursivesubtreesexcept
theonecontainingtheroothavethesameheightof 2k . The
recursivesubtreecontainingtheroot hasheightbetween1
and2k inclusive.

Lemma 2 ConsideranN -nodesearch treeT that is stored
in a van Emde Boas layout. Supposethat each node
in T has between± ¸ 2 and ¢ = O(1) children.
Let h be the height of T. Then a search in T usesat
most4dlog± ¢ logB N + logB ¢ e = O(logB N ) memory
transfers.

2.2.Strongly Weight-BalancedSearch Trees
In ordertoconvertthestaticstaticlayoutintoadynamiclay-
out,weneeda dynamicbalancedsearchtree.Ourstructure
will ultimatelyrequireimportantpropertiesof thebalanced
searchtreethatmostsearchtreeslack. The£rstpropertyis
that,whenever a nodeis rebalanced(modi£edto keepthe
treebalanced),we canafford to scanall of its descendants.
More formally, we requirethefollowing property:

Property 1 Supposethat whenever werebalancea nodev
we also touchall of v's descendents.Thenthe amortized
numberof elementsthat are touchedper insertion is only
O(log N ).

Many weight-balancedtrees,suchasBB[®] trees[22], have
thisproperty[21]. A treeis weight-balancedif theleft sub-
tree(includingtheroot)andtheright subtree(includingthe
root)havesizesthatdiffer by atmostaconstantfactor. This
is strongerthan merely requiring that most modi£cations
areneartheleaves.

We require a stronger form of weight-balancedness
that most weight-balancedtrees lack. Standardweight-
balancednessonly guaranteesarelativeboundbetweensub-
treeswith a commonroot, so the sizedifferencebetween
subtreesof the sameheight may be large. In contrast,a
strongly weight-balancedtreesatis£esthe following abso-
lute constraint,relatingthesizesof all subtreesat thesame
level.

Property 2 For someconstantd, any nodev at heighth
has£( dh ) descendents.

One searchtree that satis£esProperties1 and 2 is the
weight-balancedB-treeof ArgeandVitter [8], andwe will
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Figure 1. The van Emde Boas layout of a tree of height 5.

usethisstructurein ourcache-obliviousB-tree.

De£nition 3 (Weight-BalancedB-tr ee[8]) The weight
w(u) of a node u in a tree T is the size of the subtree
rootedat u. We say that T is a weight-balancedB-tree
with branching parameterd, where d > 4, if the following
conditionshold:4

1. All leavesof T havethesamedepth.
2. Therootof T hasmore thanonechild.
3. Balance: Considera nonroot nodeu at height h in

the tree. (Leaveshaveheight1.) Theweightof u is
boundedasfollows:

dh¡ 1

2
· w(u) · 2dh¡ 1:

4. Amortization:If a nonroot nodeu at heighth hasjust
beenrebalanced,thenwe will need­( dh ) insertions
and/ordeletionsbeforeu is rebalancedagain. Thatis,
w(u) ¡ dh¡ 1=2 = £( dh ) and2dh¡ 1 ¡ w(u) = £( dh ).

Thisde£nitionyieldsthefollowing lemma,which is proved
by asimplecountingargument.

Lemma 4 [8] Consider a weight-balancedB-tree with
branching parameterd. The root has between2 and 4d
children. All internal nodeshavebetweend=4 and4d chil-
dren.Theheightof thetreeis O(logd N ).

In this paper we need an additional property about
weight-balancednessof subtreesnotcontainingleaves:

Lemma 5 ConsiderthesubtreeA of a weight-balancedB-
tree containinga nodev, its children, its grand-children,
etc.,downsomenumbera of levels.ThenjAj < 4da .

We now describehow to do insertsanddeletes.In [8],
deletesare performedusing the global rebalancingtech-
niqueof [24], wheredeletednodesare treatedas “ghost”
nodesto beremovedwhenthetreeis periodicallyreassem-
bled. In this paper, we will needto servicedeletesimmedi-
ately, which is a staightforwardmodi£cationof thepresen-
tationin [8].

Insertions. We searchdown the treeto £ndwhereto in-
serta new leaf w. After insertingw, someancestorsof w
maybecomeunbalanced.That is, someancestornodeu at
heighth mayhaveweighthigherthan2dh¡ 1. Wenow bring

4In [8] thereis alsoa leafparameterk > 0, but wesimply£x k = 1.

theancestorsof w into balancestartingfrom theancestors
closestto theleaves. (If a child of nodeu is split, this does
notaffecttheweightw(u) of u, andthusthisis agoodorder
in which to rebalance.)

If a node u at height h is out of balance,then we
split u into two nodesu1 and u2, which sharethe node
u's children, v1; : : : ; vk . In generalwe cannotpartition
v1; : : : ; vk betweenu1 and u2 so that w(u1) and w(u2)
are exactly equal(unlesswe rebalanceu's grandchildren,
great-grandchildren,etc). However, we candivide thechil-
drenfairly evenly asfollows. Find the longestsequenceof
v1; : : : ; vk 0 suchthattheir totalweightis atmostdw(u)=2e,
that is,

P k 0

i =1 w(vi ) · dw(u)=2e. Thus,thesmallestvalue
w(u1) canhave is dw(u)=2e ¡ 2dh¡ 2 + 1 andthe largest
valuethatw(u1) canhave is dw(u)=2e. Therefore,w(u2)
is boundedasfollows: bw(u)=2c · w(v2) · bw(u)=2c +
2dh¡ 2 ¡ 1. Becaused > 4, wecontinueto satisfytheprop-
ertiesof De£nition3. In particular, at least£( dh ) insertions
or deletionsareneededbeforeeitheru1 or u2 is split.

Deletions. Deletionsaresimilar to insertions.As before,
wesearchdown thetreeto £ndwhichleafw to delete.After
deletingw, someancestorsof w maybecomeunbalanced.
Thatis, someancestornodeu at heighth mayhave weight
lower than 1

2 dh¡ 1. As before,we bring the ancestorsof
w into balancestarting from the ancestorsclosestto the
leaves.We mergeu with oneof its neighbors.After merg-
ing u, however, it might now have a weight larger thanits
upperbound,so we immediatelysplit it into two nodesas
describedin theinsertionalgorithm.(Thismayalternatively
beviewedasu stealingchildrenfrom its neighbor.)

Thesepropertiesarealsosatis£edby the skip list data
structureof [26] in theexpectedsense.

Lemma 6 Skip lists satisfyProperties1 and 2 in the ex-
pectedsense.

We conjecturethat if our cache-obliviousB-treeis built
with a skip list insteadof a weight-balancedB-tree,we ob-
tain the same(expected)bounds.Becausea moredelicate
analysisis requiredto analyzethis structure,we opt for a
deterministicstructure.

Finally, by Lemma2, weobtainthefollowing corollary:

Corollary 7 Searching in a strongly weight-balanced
search treestoredin thevanEmdeBoaslayoutcostsat most



O(1 + logB N ) memorytransfers.

2.3.Packed-Memory Maintenance

Now we describea datastructurethat will help us main-
taina dynamicvanEmdeBoaslayoutof a stronglyweight-
balancedsearchtree.Theprimarydif£culty is thatwemust
achieve two seeminglycontradictorygoals. On onehand,
we shouldpackthenodesdenselyinto memoryto achieve
locality of reference.On the otherhand,we shouldleave
enoughextra spacebetweenthe nodesto permit future in-
sertions.We developa packed-memorystructure to resolve
thisdilemma.

In the packed-memoryproblem, we have N elements
x1; x2; : : : ; xN to bestoredin anarrayA of sizeO(N ). The
elementshaveprecedenceconstraintsx1 Á x2 Á ¢¢¢Á xN

which determinetheorderof theelementsin memory. We
must supporttwo updateoperations:a new elementmay
beinsertedbetweentwo existing elements,andanexisting
elementmay be deleted. We mustmaintainthe following
invariantsthroughoutthedynamicchangesof theelements:

1. x i precedesx j in arrayA preciselyif x i Á x j .
2. The elementsare evenly distributed in the array A.

That is, any setof k contiguouselementsx i 1 ; : : : ; x i k

is storedin acontiguoussubarrayof sizeO(k).
In order to maintain theseinvariants, elementsmust

move in the array. A naÈ́ve solution is to maintainall N
elementstightly packed in exactly N memorycells. Now
traversingthedatastructureusesatmostdN=Be+ 1 mem-
ory transfers,which is within 1 of optimal. Unfortunately,
a singleinsertionrequires£( N=B) memorytransfers,be-
causeall theelementsmayhave to bemovedto makeroom
for onemore.

Oursolutionhasthefollowing performanceguarantees:
1. Scanning any set of k contiguous elements

x i 1 ; : : : ; x i k usesO(1 + k=B) memorytransfers.
2. Insertingor deletinganew elementusesO(1+ log 2 N

B )
amortizedmemorytransfers.

Oursolutionis closelyrelatedto thepaperof Itai, Konheim,
andRodeh[19]. They considertheproblemof storingele-
mentsin anarrayto maintainthe£rst invariant. Their cost
measureis the numberof elementstouched,andthey ob-
tain an O(log2 N ) amortizedbound. Willard [40, 41, 42]
presentsa morecomplicateddatastructurethatachievesan
O(log2 N ) worst-casebound.5

Describedroughly, our packed-memorystructureis as
follows. Whena window of the arraybecomestoo full or
tooempty, weevenlyspreadouttheelementswithin alarger
window. For correctnessandef£ciency wemustsetthefol-
lowing parameters:(1) thewindow size,and(2) thethresh-
oldsdeterminingwhenawindow is too full or tooempty.

5This problemis closelyrelatedto, but distinct from, the problemof
answeringlinked-listorderqueries.Seefor example[13].

Becauserebalancingsimply involvesascanof elements,
weachieve thedesiredboundonmemorytransfers:

Theorem8 Thepacked-memoryproblemcanbesolvedin
O(1 + log 2 N

B ) amortizedmemorytransfers per insert and
delete.

Now whenever we requireextra spacefor a new node
to insert into the stronglyweight-balancedsearchtree,the
packed-memorystructuremakes room in O(1 + log 2 N

B )
amortizedmemorytransfers.

3. Main Structur e
Ourmainstructureis theweight-balancedB-tree(described
in Section2.2) organizedaccordingto thevanEmdeBoas
layout(describedin Section2.1).Thissectiondemonstrates
how to updatethe weight-balancedB-treestructure,while
maintainingthevanEmdeBoaslayoutandusingfew mem-
ory transfers.

Therearefour componentsto thecostof anupdate:
1. The initial cost of searching for the given element,

which is O(logB N ) memorytransfersby Lemma2
in Section2.1.

2. The cost of making room for nodes by using the
packed-memorystructurefrom Section2.3. By The-
orem8, this costis O(1 + log 2 N

B ) amortizedmemory
transfers.

3. The costof updatingpointers to any nodesmoved as
a resultof the packed-memorystructure. In the data
structurepresentedin Section3.1, we will only be
able to obtain the (poor) boundof O(log2 N ) amor-
tized memorytransfers.In Sections3.2–3.4,we will
usethe ideaof buffer nodesto improve this to O(1 +
log Bp

B
log2 N ) amortizedmemorytransfers.

4. The remainingcostof modifying the structureof the
treeto accomodatesplitsandmergescausedby anup-
date.Thisis thetopicof Section3.1.Wewill show that
thiscostis O(1 + log N

B ) amortizedmemorytransfers.
At theendof this section,wewill obtainthefollowing:

Theorem9 Thedatastructurewith buffer nodesmaintains
an ordered set, subject to searches in O(logB N ) mem-
ory transfers, scansof k elementsin O(1 + k=B) mem-
ory transfers, and insertionsanddeletionsin O(logB N +
log Bp

B
log2 N ) amortizedmemorytransfers.

Corollary 10 If B = ­((log N )2(log logN )4), then in-
sertionsand deletionstake O(logB N ) amortizedmemory
transfers,which matchestheB-treebound.

3.1.Splits and Merges
In this section,we outline theentireinsertionanddeletion
algorithmsfor our structure,andthenwe analyzethe cost
of splits and merges (Cost 4 above). Splits and merges
causesigni£cantchangesto thevanEmdeBoaslayout.This



meansthat we needto move large blocksof nodesaround
in memoryto maintaintheproperlayout.

An insertionor deletioninto a weight-balancedB-tree
consistsof splitsandmergesalongaleaf-to-rootpath,start-
ing at a leaf and ending at a node at someheight. We
will show how to split or merge a node at height h in
O(1 + dh =B) memorytransfersplusthememorytransfers
from a singlepacked-memoryinsertionor deletion.By the
lastpropertyin De£nition3, theamortizedsplit-mergecost
of rebalancinga nodev is O(1=B) memorytransfersper
insertionor deletioninto thesubtreerootedat v. Whenwe
insertordeleteanelement,thiselementisaddedor removed
in O(log N ) suchsubtrees.Hence,thesplit-mergecostof
anupdateis O(1 + log N

B ) amortizedmemorytransfers.
Next wedescribethealgorithmto split anodev. First, if

v is therootof thetree,we insertanew rootnodeat thebe-
ginningof the£le, andaddparent-childpointers.Because
of the roundingschemein the van EmdeBoaslayout, the
restof the layout doesnot changewhenthe heightof the
treechanges.

Second,weinsertanew nodev0 into thepacked-memory
structure,immediatelyafterv (Cost2 above). Thepacked-
memoryinsertmaycauseseveralnodesto movein memory,
in which casewe also updatethe pointersto thosenodes
(Cost3 above). Thenwe redistributethepointersamongv
andv0 accordingto the split algorithmof weight-balanced
B-trees,usingO(1) memorytransfers.

Third,weneedto repairthevanEmdeBoaslayout.Con-
siderthecoarsestlevel of detail in which v is the root of a
recursive subtreeS. SupposeS hasheighth0, which can
only besmallerthanh, theheightof nodev. Let S becom-
posedof top recursive subtreeA of height h0 ¡ bbh0=2cc
and bottom recursive subtreesB1; : : : ; Bk eachof height
bbh0=2cc; refer to Figure2. Thesplit algorithmrecursively
splitsA into A0andA00. (In thebasecase,A is thesingleton
treef vg andis alreadysplit into f vg andf v0g.)

At this point, A0 andA00arenext to eachother. Now
we mustmove themto theappropriatelocationsin thevan
EmdeBoaslayout. Let B1; : : : ; B i be the childrenrecur-
sive subtreesof A0, and let B i +1 ; : : : ; Bk be the children
recursive subtreesof A00. We needto move B1; : : : ; B i in
betweenA0 andA00. This move is accomplishedby three
linearscans.Speci£cally, wescanto copy A 00to sometem-
poraryspace,thenwescanto copy B1; : : : ; B i immediately
afterA0, overwritingA00, andthenwescanto copy thetem-
poraryspacecontainingA00to immediatelyafterB i .

Now that A00 and B1; : : : ; B i have been moved, we
needto updatethe pointersto the nodesin theseblocks.
First we scan through the nodesin A0, and updatethe
child pointersof the leaves to point to the new locations
of B1; : : : ; B i . That is, we increasethepointersby kA00k,
theamountof spaceoccupiedin thepacked-memorystruc-
tureby A00, includingunusednodes.Secondwe updatethe

parentpointersof B i +1 ; : : : ; Bk to A00, decreasingthemby
kB1k + ¢¢¢+ kBk k. Finally, wescantherecursivesubtrees
of heighth0 thatarechildrenof B1; : : : ; B i , andupdatethe
parentpointersof theroots,decreasingthemby kA00k. This
canbedonein a singlescanbecausethechildrenrecursive
subtreesof B1; : : : ; B i arestoredcontiguously.

Finally, we analyzethe numberof memory transfers
madeby moving blocksat all levelsof detail.At eachlevel
h0 of the recursion,we performa scanof all the nodesat
most6 times(3 for themove,and3 for thepointerupdates).
By Property2, thesescanscostatmostO(1+ dh0

=B) mem-
ory transfers.Thetotal split-mergecostis givenby thecost
of recursingon thetop recursive subtreeof at mosthalf the
height,andby the costof the 6 scans.This recurrenceis
dominatedby thetop level:

T(h0) · T(h0=2)+ c
³

1 + dh 0

B

´
· c

³
1 + dh 0

B

´
+ O

³
dh 0= 2

B

´
:

Hence,thecostof asplit is O(1 + dh0
=B) · O(1 + dh =B)

memorytransfers,plusthecostof a packed-memoryinser-
tion.

Merges can be performedwithin the samememory-
transferbound by using the sameoverall algorithm. In
the beginning, we merge two nodesand apply a packed-
memorydeletion.In eachstepof therecursion,weperform
the above algorithmin reverse,i.e., the oppositetransfor-
mationfrom Figure2.

Therefore,Cost4 is small:

Lemma 11 Thesplit-mergecostis O(1 + log N
B ) amortized

memorytransfers per insertionor deletion.

3.2.Local VersusLong-DistanceNodes
So far we have shown that Costs1, 2, and 4 are reason-
ably small,O(logB N + log 2 N

B ) amortizedmemorytrans-
fers. It remainsto show how to boundCost3, the costof
updatingpointersto nodesmoved by the packed-memory
structure. Super£ciallyit appearssuf£cient to apply the
packed-memorystructureto move nodes,andwe have al-
readyboundedthis costby O( log 2 N

B ). Unfortunately, up-
datingpointersto nodesthat have moved is often signi£-
cantly moreexpensive. This is becausethe moved nodes
arealwaysconsecutive in memory, but thenodesthatpoint
to them(parentsandchildren)may eachbe in a different
memoryblock. Thus, we may incur an additionalmem-
ory transferfor eachpointerupdate,for an (unimpressive)
boundof O(log2 N ) amortizedmemorytransfersper up-
datein thepacked-memorystructure.

In orderto provide a boundon thenumberof additional
memory transfers,we de£netwo classesof nodes,local
nodesand long-distancenodes. Informally, a local node
is a node whoseimmediatefamily (parentand children)
are within distanceB in memory, and hencein the same
or abutting memoryblock. Otherwise,a nodeis a long-
distancenode.(This terminologyis basedon thetelephone
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Figure 2. Splitting a node . The top sho ws the modi£cation in the recur sive subtree S, and the bottom
sho ws the modi£cation in the van Emde Boas layout.

system:it is cheaperto call yourparentsandchildrenif the
call is local insteadof long-distance.)

In order to identify which nodesare local nodesand
which nodesmay be long-distancenodes,we examinethe
vanEmdeBoaslayoutat theappropriatelevel of detail.We
considerthecoarsestlevel of detail ` suchthat the leaf re-
cursivesubtrees(thosecontainingleavesof thetree)haveat
mostB nodes.

Lemma 12 Theleaf recursivesubtreesat level of detail `
have­(

p
B ) nodes.

Wedistinguishthreetypesof nodeswithin eachrecursive
subtree,the root, the leaves, andthe internal nodes. Refer
to Figure 3. All internal nodesare local nodes,because
their immediatefamily is in thesamerecursivesubtree.The
rootof eachrecursivesubtreemaybea long-distancenode,
becauseits parentis in a different recursive subtree. The
leavesof thewholetree(i.e., theleavesof theleaf recursive
subtrees)areall localnodes.Theleavesof nonleafrecursive
subtreesmaybelong-distancenodes,becausetheirchildren
arein differentrecursivesubtrees.

bblogB cc

Figure 3. Local nodes (white) and long­
distance nodes (gray).

In the nonleafrecursive subtrees,half of the nodesare
long-distancenodes.To simplify the analysis,we treatall
nodesin nonleafrecursivesubtreesaslong-distancenodes.

Lemma 13 Within the subtree rooted at any node in a
strongly weight-balancedsearch tree, O(1=

p
B ) of the

nodesare long-distancenodes.

In particular, in the entire treea fraction of O(1=
p

B )
of the nodesarelong-distancenodes. If the long-distance

nodeswereevenly distributed in the van EmdeBoaslay-
out,we couldimmediatelyobtaina boundof O( log 2 Np

B
) on

Cost3. However, local nodesareclusteredneartheleaves,
and long-distancenodesare also clustered;seeFigure 4.
Thisclusteringis notdirectlyaproblembecauseupdatesin
the strongly weight-balancedsearchtree are concentrated
neartheleaves.Unfortunately, someleavesarelocatednear
largeclustersof long-distancenodes.Therefore,whenwe
inserta leaf into thepacked-memorystructure,it maymove
many long-distancenodes,whereeachmove costsanaddi-
tionalmemorytransfer.
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Figure 4. Distrib ution of local and long­
distance nodes in the van Emde Boas layout.
Shaded regions are mostl y long­distance
nodes, and the clear regions are local nodes.
In this example , regions 3; 4; 6; 7 are leaf re­
cur sive subtrees at level of detail `.

3.3.Buffer Nodes
We needto prevent long-distancenodesfrom beingmoved
aroundtoomuchby thepacked-memorystructure.Because
we do not know thememoryblocksizeB , we do not know
whichnodesarelocalandwhicharelong-distance.Thuswe
needto protectall nodesthatmightbelong-distancenodes.
We do this by insertingbuffers of dummy nodesaround
eachclusterof potentiallong-distancenodes.Thesebuffer
nodesdonotparticipatein thetreestructure(i.e., they have



no parentandchild pointers),so they areautomaticallylo-
calnodesandcanbemovedcheaplyby thepacked-memory
structure.

Buffer nodesareplacedasfollows. Recall that the van
EmdeBoaslayoutof asubtreeT is thelayoutof thetop re-
cursive subtreeA, followed by the layoutsof the bottom
recursive subtreesB1; : : : ; Bk . Dependingon the mem-
ory block size,it may be that we areat preciselythe level
of detail `, i.e., the B i 's are the leaf recursive subtrees.
In this case,recursive subtreeA hasmostly long-distance
nodes,sowe mustseparateit from adjacentrecursive sub-
treesof local nodes. For example,at level of detail 1 in
Figure 1, f 17; 18; 19g is a recursive tree of mostly long-
distancenodes,andit is adjacentto leaf recursive subtrees
f 14; 15; 16g andf 20; 21; 22g.

Our solution is to add two buffers, eachwith dh¡ 1=h
nodes,one immediatelybeforeA and the other immedi-
ately after A. Now A hasbeenseparatedfrom its neigh-
bors,sowerecursively lay it outwith thenormalvanEmde
Boaslayout. This mayhave beentoo coarsea level of de-
tail, sowe recursively layout thebottomrecursive subtrees
B1; : : : ; Bk usingthebufferedvanEmdeBoaslayout.

We have carefully chosenthe sizeof the buffers to sat-
isfy two seeminglycon¤ictingproperties.First, thebuffers
aremuchlarger(nearlyquadratically)thanthetoprecursive
subtreethey barrier. Second,thetotal sizeof any recursive
subtreeis still linearin thenumberof containedtreenodes,
sothequeryboundfrom Lemma2 still holds.

Lemma 14 Thebuffersadjacentto toprecursivesubtreeA
havesize­( jAj2=log jAj).

Lemma 15 Thetotal sizeof buffers, containedin a recur-
sivesubtreeat anylevelof detail, is linear in thenumberof
treenodesin that subtree. In particular, thedatastructure
haslinear size.

Proof: Focuson the recursive subtreeS of interest,and
let h be its height. Associatethe buffers surroundingA
with the root of A. Recall that A is layed out using the
normal van EmdeBoaslayout, without recursive buffers.
Thus,eachnodein S is associatedwith atmosttwo buffers.
Furthermore,only nodesat height h, ddh=2ee, ddh=2ee=2,
ddh=2ee=4, . . . are associatedwith buffers. Thus, it suf-
£cesto countnodesat thoseheightsandmultiply themby
the size of the correspondingbuffers. By strongweight-
balancedness,thenumberof descendantsof anodeatheight
h is at least 1

2 dh¡ 1, so the numberof nodesat heighth is
atmost2jSj=dh¡ 1. Hencethetotal sizeof buffersatheight
2i within S is atmost(2jSj=d2i ¡ 1)(2d2i ¡ 1=2i ) = 4jSj=2i .
Summingover all i , the total sizeof all buffers in S is at
most4jSj + 4jSj=2 + 4jSj=4 + 4jSj=8 + ¢¢¢· 8jSj. 2

Next we describehow to maintainbuffers during splits
andmerges. Beforea split, thereis a buffer beforeA and
after A. We leave the £rst buffer beforeA, i.e., A 0, and

move the secondbuffer to after A00. We move half of the
buffer beforeA0 to after A0 (by performinga block swap
in threelinearscans),andmove half of thebuffer afterA00

to beforeA00. Thenwe doublethe sizesof the buffers by
insertingbuffer nodesinto their middlesusingthepacked-
memorystructure. Similarly, a merge is doneas follows.
First we move the buffer after A0 to beforeA0, andmove
thebuffer beforeA00to afterA00, usinglinearscans.Then
we halve the sizesof the buffers by deletingbuffer nodes
from theirmiddles,usingthepacked-memorystructure.

3.4.Costof Updating Pointers
In this section,we show thatbuffersreducethecostof up-
datingpointers,which is theculminationof ouranalysis.

Lemma 16 Considera nodev that is eitherin a leaf recur-
sivesubtreein levelof detail ` or a buffer nodein themiddle
of a buffer. Consideranyinterval I of packedmemorycon-
taining v. Thenthe numberof long-distancenodesin I is
at mostO(1 + log Bp

B
jI j).

Proof: Considerbuilding the interval by walking from v.
By construction,beforewe encountera clusterof x long-
distancenodes,we will £rst hit a clusterof ­( x 2=logx)
buffer nodes,which are local nodes. Hence,the ratio of
long-distanceto local nodesis O( log x

x ), which is largest
when x is small. The smallestcluster of long-distance
nodeshassizex = ­(

p
B ), so the worst possibleratio is

O( log Bp
B

). 2

Lemma 17 Thepointer-updatecostis O(1+ log Bp
B

log2 N )
amortizedmemorytransfersper insertionor deletion.

Proof: An insertionor deletionin thetreeconsistsof splits
and/or merges in the tree, which causeinsertionsand/or
deletionsin thepacked-memorystructure.We analyzethe
cost of thesepacked-memoryupdatesseparatelyin three
cases,andthetotal costis their sum.

1. A nodev is insertedor deletedin thepacked-memory
structurewithin a leaf recursive subtree.Thepacked-
memorystructuremovessomeinterval I of nodescon-
taining v. By Lemma16, thereare O(1 + log Bp

B
jI j)

long-distancenodesin I . Thus, the amortizedcost
of a packed-memorymove is O( log Bp

B
) memorytrans-

fers. By the last propertyin De£nition 3, the amor-
tizednumberof packed-memoryupdatesin thisregion
is O(1) pertreeupdate.Theproductof thesetwo val-
uesis O( log Bp

B
).

2. A nodev is insertedor deletedin thepacked-memory
structurein a nonleafrecursive subtree. In this case,
the costof a packed-memorymove is O(1) memory
transfers.By the last propertyin De£nition3 andby
Lemma12, theamortizednumberof packed-memory
updatesin this region is O(1=

p
B ) per tree update.

Theproductis O(1=
p

B ).



3. A nodev is insertedor deletedin thepacked-memory
structurein themiddleof a buffer. Similar to Case1,
by Lemma16,theamortizedcostof apacked-memory
move is O( log Bp

B
) memorytransfers.By thelastprop-

erty in De£nition3 andby Lemma15, the amortized
numberof packed-memoryupdatesin this region is
O(1) pertreeupdate.Theproductis O( log Bp

B
).

By Theorem8, theamortizednumberof packed-memory
movesperpacked-memoryupdateis O(log2 N ). Combin-
ing with theaboveproducts,thetotalamortizedcostpertree
updateis O(1 + log Bp

B
log2 N ) memorytransfers. 2

This lemmaconcludestheproofof theupdateboundsin
Theorem9.

3.5.Queries
Scanscan be supportedoptimally by introducing cousin
pointersbetweenadjacentleaves. This modi£cationdoes
not increasethe pointer-updatecost by more than O(1)
memory transfers. For if an interval of leaves is moved
by thepacked-memorystructure,only thepointersin those
leavesandtheir two neighborsareaffected.

Fingerscan be implementedin a similar way, without
changingthe updatebounds,by addingcousinpointersto
all nodes.Theanalysisof theadditionalpointer-updatecost
is left to thefull paper.

4. Using Indir ection
First we show how to useonelevel of indirectionto reduce
the boundsin Theorem9 to the boundswe claimedin the
introduction.We storethedatastructurein two arrays.The
leaf array storesall N of the elements,logically grouped
into blocks of size £(log N ). The tree array storesthe
cache-oblivious search-treestructurefrom Section3 con-
taining the£rstelementin eachblock of the leaf array, for
a total of £( N=logN ) elements.Eachleaf of the treear-
raypointsto thecorrespondingblockin theleafarray(child
pointers),but therearenopointersfrom theleafarrayto the
treearray(parentpointers).

We useoneof two structuresto storethe leaf array, de-
pendingon the datastructurethat we ultimately want to
build. Eitherwemaintaintheleaf-arrayblocksorderedinto
one £le using the packed-memorystructure,or we store
themunorderedin arbitrarylocationsin thearray. In either
case,insertionsand deletionsto the structurecauselocal
modi£cationsto blocks.Whenever a block becomesfull or
aconstant-fractionempty, wesplit or mergeit, respectively,
causingan insertionor deletioninto the treearray. Thus,
only a fraction of O(1=logN ) of the insertionsanddele-
tions into thedatastructurecausemodi£cationsto the tree
array. Consequentlytheamortizedcostof updatingthetree
array is O(logB N ) + O( log B

B logN ) = O(logB N ). A
querytakesO(logB N ) memorytransfersto searchthrough

the tree array, plus O( log N
B ) memory transfersto scan

throughablock in theleafarray.
If wewishto supportscanningk consecutiveelementsin

O(1 + k=B) time, thentheblocksin theleafarraymustbe
maintainedconsecutively usingthe packed-memorystruc-
ture. As a result, inserting or deleting an elementin a
leaf-arrayblock costsO( log 2 N

B ) amortizedmemorytrans-
fers to move nodes. Becausemoving k elementsonly af-
fectsO(1 + k=logN ) pointersto theleafarray, wecanup-
datethesepointersin O(1+ k=(B logN )) timeby scanning
leavesof thetreearray.

Theorem18 Theindirect datastructure with ordered leaf
blocks maintains an ordered set, subject to searches in
O(logB N ) memorytransfers, insertionsand deletionsin
O(logB N + log 2 N

B ) amortizedmemorytransfers,andscan-
ningk consecutiveelementsin O(1 + k=B) memorytrans-
fers.

If scanningis not required, we can insteadstore the
blocksin the leaf arrayin an arbitraryorder. This change
meansthat we no longer needthe packed-memorystruc-
ture,sotheupdatecostmatchesthatof B-trees:

Theorem19 The indirect data structure with unordered
leaf blocksmaintainsan orderedset,subjectto searchesin
O(logB N ) memorytransfers,andinsertionsanddeletions
in O(logB N ) amortizedmemorytransfers.

In fact,we canusetwo levelsof indirectionto avoid the
useof buffer nodes. The top level storesO(N=log2 N )
nodesin the search-treestructurefrom Section3.1. The
middle and bottom levels are composedof blocks of
£(log N ) nodes.Dependingonhow blocksaremaintained,
weobtaintheboundsin Theorem18or Theorem19.

5. Conclusion
We have presentedcache-oblivious search-treedatastruc-
tures that perform searchesoptimally. One data struc-
ture is storedin a single£le, permittingoptimal scansand
searchesfrom any nodein thetree.Theinsertionanddele-
tion costsfor this datastructurematch the B-tree bound
for B = ­((log N )2(log logN )4). A seconddatastruc-
tureusesindirectionandperformsscansoptimally. For this
structure,insertionsanddeletionsmatchthe B-treebound
for B = ­(log N log logN ). A third datastructurealso
usesindirection,andinsertionsanddeletionsalwaysmatch
theB-treebound.We believe this work to bean important
stepin the emerging areaof dynamicirregular datastruc-
turesin thecache-obliviousmodel.
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