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Abstract

We presentdynamicsearch-treedatastructuesthat per
form well in the settingof a hierarchical memory(includ-
ing variouslevels of cache disk, etc.), but do not depend
on the numberof memorylevels, the block sizesand num-
ber of blocks at eadh level, or the relative speedof mem-
ory access. In particular, betweenany pair of levelsin
the memoryhierarchy, whee transfes betweerthe levels
are donein blodks of sizeB, our data structues matd
the optimal seach bound of £(log 3z N) memorytrans-
fers. Thisboundis alsoachievedby the classicB-treedata
structure, but only whenthe blodck sizeB is known,which
in practice requires careful tuning on eac madine plat-
form. One of our data structules supportsinsertionsand
deletionsn £(log g N) amortizednemornytransfes, which
matdesthe B-tree's worst-casebounds. We augmenthis
structue to supportscansoptimally in £( N=B) memory
transfes. In this seconddatastructue insertionsanddele-
tionsrequirr£(log g N + @) amortizedmemornytrans-
fers. Thus, we matd the performanceof the B-tree for
B = -(log N loglogN).

1. Intr oduction

SteepMemory Hierarchy. The memory hierarchiesof
moderncomputer@arebecomingncreasingly'steep; rang-
ing from fastregistersandon-chipcachedown to relatively
slow disksandnetworks. Becausehe speedof processors
is increasingmore quickly thanthe speedof memoryand
disk, the disparity betweenthe variouslevels of the mem-
ory hierarcly is growing. For example,the Alpha 21264
chip candeliver 2 wordsfrom L1 cachein onecycle, but it
requiresapproximatelyl00 cyclesto bring datafrom main
memory[12]. For ary computerthe accesgimesof L1
cacheand disk differ by approximately6 ordersof mag-
nitude. Becausef theselarge variationsin magnitudeijt is
becomingincreasinglydangerougo designalgorithmsas-
suminga “gat” memorywith uniform accessimes.
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The distinguishingfeatureof multilevel memoryhierar
chiesis thatmemorytransfersaredonein blodksin orderto
amortizethe costof a transfer[4]. This amortizationonly
workswheneachtransfercontainamary piecesof datato be
usedby the CPU.Thus,our objective is to maintainlocality
of refeence meaninghatmemoryaccesseareclusteredn
time andspace.

Maintaining Locality in Irr egular and Dynamic Data.
Datalocality is easierto maintainin algorithmicproblems
having regular and/orstatic data,becausdhe cow of data
is predictable.Examplesof suchproblemsinclude matrix
multiplication, fastFourier transform,andLU decomposi-
tion. Evenin sorting, thereis a £xed and predetermined
orderin which the datamustendup. In contrastjt is more
challengingto maintaindatalocality in irregular and dy-
namicproblemsbecausédy de£nitionthe datarow is con-
tinually changingand unpredictablemakingit difEcult to
organizedatalocality a priori.

Irregular and dynamic problems often require data-
structue solutions becausedata structuresspecializein
moving data efEciently throughoutmemory It haslong
beenrecognizedhatthe level of the memoryhierarcly af-
fectsthe choiceof datastructure.For example,oneof the
mostfundamentatlatastructuregor manipulatingarbitrary
datais a balancedsearh tree The basicfunctionality that
we askof a balancedsearchtreeis thatit maintainan or-
deredcollectionof elementsubjecto insertionsdeletions,
and searches. Thus, balancedsearchtreessuchas AVL
trees[1], BB[®] trees[22], red-blacktrees[17], random-
ized searchtrees[29], skip lists [26], and splaytrees[33]
areappropriatgfor main memory whereasB-trees[10] are
moreappropriatdor externalmemory

In this paperwe develop searchtreesthat are memory-
efEcient at all levels of the memory hierarcly. A cen-
tral innovation of our data structuresis that they avoid
any memory-speciEparameterization That is, our data
structuresdo not useary informationaboutmemoryaccess
times,or cache-lineor disk-blocksizes.It maybe surpris-
ing that datastructurescan be madecache-efcient with-
out usingthe parametershat describethe structureof the
memory hierarcly, but we demonstratehat this is possi-
ble. Suchdatastructuresandalgorithmsare called cache-
oblivious[16, 25]. Thecache-oblriousmodelhasbeensuc-
cessfullyexploredin the contet of regularandstaticprob-
lems[16, 25]. This paperinitiatesthe problemof manipu-



lating irregularanddynamicdatacache-obliiously.

Performance Modelsfor Memory Hierarchy. Theclas-
sicwayto measuregherunningtime of analgorithm(e.g.,in
theRAM model)is to countthenumberof machinenstruc-
tions. In amachinewith a memoryhierarcly, animportant
additionalfactorto measurés thenumberof memoryblock
transfersaateachlevel, scaledaccordingo therelative speed
of accesseslheideaof countingmemorytransfersvasin-
troducedin the cell-probemodel[43]. We stresshatthese
memorytransfertimes shouldnot be treatedas constants
becausehey canvary by mary ordersof magnitudeandare
oftenthe dominantfeatureof runningtime.

Thereis atradeof betweertheaccurag of amodeland
its easeof use.Onebody of work exploresmultilevel hier-
archieg[2, 3, 5, 28, 37, 39] andmore complicatedmodels
of memory[6, 27]. A problemwith mary of thesemod-
elsis thatalgorithmsmusttake into accountmary parame-
ters,e.g.therelative speedsindblock sizesateachmemory
level. While thisleadsto accuratdime predictionsjt makes
it difEcultto designandanalyzeoptimalalgorithmsin these
models.

A secondbody of work concentratesn two-level mem-
ory hierarchiesgitherin the context of memoryanddisk
[4,9, 18, 37, 38|, or cacheandmemory[30, 20]. In sucha
modelthereareonly afew parameteranakingit relatively
easyto designefEcientalgorithms.Themotivationis thatit
is commonfor onelevel of the memoryhierarcly to dom-
inatethe runningtime. The dif£culty with this approachs
thatthe programmemustfocusefforts on a particularlevel
of the hierarcly, resultingin a programthatis lessaexible
to different-scaleroblemsanddoesnot adaptto whenthe
dominatinglevel changese.g.,asa programstartsto page
in virtual memory

B-Trees. Before developing our cache-oblrious search
trees,we review the standardsolutionsfor two-level and
multilevel hierarchies.The classictwo-level solution,both
in theoryand practice,is a B-tree[10]. The basicideais
to maintaina balancedreehaving a fanoutproportionalto
the memoryblock size B, ratherthan constantsize. This
meanghatoneblockreaddetermineshenext nodeoutof B
nodessoasearchcompletesn £(log g N) memorytrans-
fers. A simpleinformation-theoretiargumentshows that
this boundis optimal.

The situation becomesmore complex with more than
two levelsof memoryhierarcly. We needamultilevel struc-
ture,onelevel pertransferblock size. Supposd3; > B, >
¢¢¢ > By aretheblock sizesbetweenthek + 1 levels of
memory At thetop level we have a B -tree; eachnodeof
thisB-treeis aB-tree,etc.

At this point sucha datastructurebecomewery difEcult
to manage. Codethat is genericto the numberof mem-
ory levels is complicatedand almostcertainly inefEcient.
Hierarcly-speciEccodeneedsto be rewritten for eachma-

chinearchitecture Evenwith genericcode,the parameters
in the codeneededo be changedor tunedto the specifc
memoryhierarcly eachtime the programis portedto an-
othermachine. This parametetuning canbe dif£cult and
time-consumingand if it is doneimproperlyit can have
worseeffectsthanmuchsimpleralgorithms. Finally, such
tuningis impossiblan aheterogeneousomputingerviron-
mentwhereprocessorsvith differentlocal memorycharac-
teristicsaccesghe samedata, for example,acrossa net-
work, or storedon somedistributable permanenmedium
suchasCD-ROM.

Cache-Oblivious Algorithms. The cache-obliious
model enablesus to reasonabout a simple two-level
memory model, but prove results about an unknovn
multilevel memory model. This model was introduced
by Frigo, Leiserson,Prokop, and Ramachandrafil6, 25]
introducedthe cache-oblrious model as a cleanway to
They shov how several basic problems—namelymatrix
multiplication, matrix transpose Fast Fourier Transform,
and sorting—hae optimal algorithms that are cache-
oblivious. Optimal cache-obltious algorithmshave also
beenfound for LU decomposition[11, 34] and a static,
completebinary tree [25]. All thesealgorithmsperform
anasymptoticallyoptimal numberof memorytransfersfor
any memory hierarcly and at all levels of the hierarcly.
More precisely the numberof memorytransfersbetween
ary two levels is within a constantfactor of optimal. In
particular ary linear combinationof the transfercountsis
optimized.

Thetheoryof cache-obliousalgorithmsis basecnthe
ideal-cadie model of Frigo, Leiserson,Prokop, and Ra-
machandrarj16, 25]. In this modelthereare two levels
in the memoryhierarcly, which we call cache anddisk al-
thoughthey couldrepresenary pair of levels. Thedisk is
partitionedinto memoryblodks eachconsistingof a £xed
numberB of consecutie cells. The cachehasroomfor C
memoryblocks,althoughthe exactvalue of this parameter
will notbeimportantin our applications.The cacheis fully
associativethatis, it cancontainanarbitrarysetof C mem-
ory blocksatary time. Recallthatparameter8 andC are
unknavn to thecache-obliiousalgorithmor datastructure,
andthey shouldnot betreatedasconstants.

Whenthe algorithmaccessea locationin memorythat
is not storedin cache,the relevant memoryblock is au-
tomatically fetchedfrom disk. in whatwe call a memory
transfer If thecacheis full, theidealmemoryblockin the
cacheis electedfor replacementbasedon the future char
acteristicof thealgorithm.

While this model may super£cially seemunrealistic,
Frigo et al. have shawvn thatit canbe simulatedby essen-
tially any memorysystemwith only a smallconstant-ctor
overhead. For example,if we run a cache-oblrious algo-
rithm on a several-lezel memoryhierarcly, we canusethe



ideal-cacheanodelto analyzethe numberof memorytrans-
fers betweeneachpair of adjacentevels. Becausehe al-
gorithmis cache-obliious, it performswell on all levels.
See[16] for details.

The algorithmsin our paperonly needa constantnum-
ber of memoryblocksin the cacheat once,so ary semi-
intelligent block-replacemenstrategyy will sufEce for our
purposes. In general, however, the least-recently-used
(LRU) block-replacemenstratgy canbe usedto approx-
imatethe omniscientstratgy within a constanfactor[16,
32]. Finally, theassumptionsf full associatiity andauto-
matic block replacemenéarealsoreasonablehecausehey
can be implementedin normal memorywith only an ex-
pectedconstanfactoroverhead16].

The conceptof algorithmsthat are uniformly optimal
acrosgnultiple memorymodelswasconsideregreviously
by Aggarwal, Alpern, Chandra,and Snir [2]. Theseau-
thorsintroducethe HMM model,in which the costto ac-
cessmemorylocationx is df (x)e, wheref (x) is mono-
tonenondecreasingndpolynomiallybounded.They shav
matrix multiplication and FFT algorithmsthat are optimal
for ary costfunction f (x). One distinction betweenthe
HMM modelandthe cache-obliious modelis that, in the
HMM model, memoryis managedby the algorithm de-
signer whereasin the cache-obiiious model, memoryis
managedy the existing cachingand pagingmechanisms.
Also, theHMM modeldoesnot modelblock transfersThe
HMM modelwasextendedoy Aggarwal, ChandraandSnir
to the BT modelto take into accountlock transferd3]. In
the BT modelthe algorithmcanchooseandvary the block
size,whereasn the cache-oblriousmodeltheblock sizeis
£xedandunknown.

Results. We develop three cache-obliious search-tree
datastructures Theseresultsdemonstrat¢hatevenirregu-
lar dynamicproblemscanbesolvedefEcientlyin thecache-
oblivious model. Let B be the (unknovn) memoryblock
sizeandlet N bethenumberof elementsn thetree.

Our £rst cache-obliious searchtree is implementedn
a single array of size O(N). This datastructurehasthe
sameoptimal query bound as B-trees,O(logg N) mem-
ory transfers. Furthermore,searchingfrom an arbitrary
nodeat heighth hasanoptimalcostof O(1 + h=B) mem-
ory transfers. Scansof k elementsalso run optimally
in O(1 + k=B) memorytransfers. Insertionsand dele-
tions requireO(logg N + '—‘b‘% log>?N) amortizedmem-
ory transfers.This boundmatcheghe B-treesearchcostof
O(logg N) providedB = -((log N)?(loglogN)%).

The memoryblock size B being at leastpolylogarith-
mic in the problemsizeN is reasonablgustasthetransdi-
chotomousmodel[14] speci£eshatthe numberof bitsin a
machineword is logarithmicin the problemsize. Further

1As with B-trees our goalis to optimizequerytime, notupdatetime as
in buffer treeg[7].

more, we have the mostto gain from locality of reference
whenthe block sizeis large, so our datastructuresare op-
timized for thesecases.As memoryhierarchiegyetdeeper
andthelowestlevel becomesgartherfrom the CPU,ourdata
structuredbecomemoreimportant.

We improve the insertion and deletion costsby using
onelevel of indirection.Our secondcache-obliioussearch
treeagain performssearchesn O(logg N) memorytrans-
fersandscansin O(1 + g—) memorytransfers. However,
insertionsand deletionsare even more efEcient, requiring
O(logg N + @) amortizedmemorytransfersThislast
boundmatchesthe B-tree searchcostof O(logg N) pro-
videdB = -(log N loglogN).

In our third cache-obliious searchtree, we remove the
requirementthat the data structureperform scans. This
datastructurehasthe sameoptimalqueryboundasB-trees,
O(logg N) memorytransfersandthe sameamortizedin-
sert/deletdoundasB-treesO(logg N) amortizednemory
transfers.

Thesedatastructuresusenew tools for cache-oblrious
manipulationof data. Several of thesetools are of more
generalinterestthan searchtrees. Following the work of
Itai, Konheim,and Rodeh[19] and Willard [40, 41, 42],
we develop a paded-memonystructuie for maintainingan
orderedcollection of N itemsin an array of size O(N)

subjectto insertionsand deletionsin O(@) memory
transfers;seeSection2.3. In anothercontet, this struc-
ture canbe thoughtof asa cache-obliious linked list that
supportsscanningk consecutie elementsn O(1 + k=B)

memorytransfers(insteadof the nafve O(k)), andupdates

in O(1 + @) amortizedmemorytransfers.We conjec-
turethattheupdateboundof this cache-oblriouslinkedlist
is bestpossiblesubjectto obtainingthe optimalscanbound
cache-obliiously.

This paclked-memonstructureseemsundamentato the
problemof reoganizingdatacache-obliously. In thecon-
text of balancedsearchtrees,we fold a treelayoutresem-
bling the van Emde Boasdatastructureonto the pacled-
memory structure. We use a strongly weight-balanced
searchtree,which hasdesirablepropertiesfor maintaining
locality of referenceseeSection2.2. The paclked-memory
structureallows us to make room for insertednodes,but
hasthe side effect of moving nodesaround,which invali-
datesthe parentand child pointersof nodes. We develop
additionaltechniquego maintaintheintegrity of the point-
ers,including an analysisof local andlong-distancenodes
(Section3.2), andthe notion and analysisof buffer nodes
(Sections3.3 and 3.4). Finally, we employ indirectionto
improve theupdatebounds(Sectiord).

Notation. One notational corvention that we will use
throughoutis of independeninterest? We de£nethe hy-

2All logarithmsarebase2 if nototherwisespecifed.



peraoorof x, denotedibx e, to be 2°°9x¢ j e, the largest

power of two smallerthanx. Thus,x=2 < bx& - x. Sim-

ilarly, the hypeceiling dixe is deEnedo be 29°9 X¢ Anal-

ogously we de£nehyperhyperaooland hyperhypeteiling

By tioxaz = 2009 X€ gnddiixee = 24°0 X®  Thesesatisfy
X < Hibxa - x andx - diixee < x2.

2. Tools for Cache-Oblvious Data
Structures

2.1.Static Layout and Searches

We £rst presenta cache-obliious static search-treestruc-
ture, which is the startingpoint for our dynamicstructure.
More precisely given a basesearchtree, whereeachnode
hasO(1) children,we describea mappingfrom the nodes
of the treeto positionsin memory We call this mapping
the van EmdeBoaslayout becausét resembleshe recur

sive structurein thevanEmdeBoasdatastructure[35, 36].3

Assumingthe basetreehasheight£(log N), our structure
performsa searchin £(log g N) memorytransferswhich

is optimal to within a constanfactor Our layoutis some-
whatmodi£edfrom the layoutfor completebinary treesof

Prolop [25, pp.61-62].

The basicideaof the van EmdeBoaslayoutis simple.
Supposehe treehasheighth, andsupposerstthath is a
powerof two. Conceptuallysplit thetreeatthemiddlelevel
of edgesbetweemodesof heighth=2 andh=2 + 1. This
breaksthe tree into the top recursive subtee A of height

heighth=2. In particularif all nonleafnodeshave thesame
numbergf children,thentherecyrsive subtreesll have size
roughly’ N, andk isroughly’ N. Thelayoutof thetree
is obtainedby recursvely laying outeachrecursve subtree,
and combiningtheselayoutsin the orderA, By, ..., Bg;
seeFigurel.

If h is not a power of two, the obvious form of round-
ing is to assignthe top bh=2c levels to the top recursve
subtree,andthe bottom dh=2e levels to the bottomrecur
sive subtrees. This roundingis satisactory for the static
structure put it is particularlyusefulfor the dynamicstruc-
tureto usea differentroundingscheme We assigna num-
ber of levels that is a power of two to the bottom recur
sive subtreesandassignthe remaininglevelsto the top re-
cursive subtree.More precisely the bottom subtreeshave
heightdh=2e (= lbh j 1c) andthetop subtreehasheight
hi dh=2e.

We now introducethe notionof levelsof detail. This no-
tion is usefulbothfor understandingvhy searchesisefew
memorytransferdan the van EmdeBoaslayoutandfor un-
derstandinguture manipulationsof the layout. Any level

3We do not usea van Emde Boas tree—weuse a normal tree with
pointersfrom eachnodeto its parentand children—Hhut the order of the
nodesn memoryis reminiscenbf vanEmdeBoastrees.

of detailis a partitionof thetreeinto disjointrecursve sub-
trees.The £nestlevel of detailis level of detail 0, in which
eachnodeis its own recursve subtree Thecoarsestevel of
detail,dog, he, is justthetreeitself. In generaljevel of de-
tail k is derived by startingwith the entiretree,recursvely
partitioningit asdescribedabove, andexiting therecursion
wheneerwe reacharecursve subtreeof height:- 2€. Note
thataccordingto thevan EmdeBoaslayout,eachrecursie
subtreds storedin a contiguoushlock of memory

Oneusefulconsequencef ourmethodof roundingis the
following:

Lemmal Atlevel of detailk, all recursivesubteesexcept
theonecontainingtheroot havethe sameheightof 2¢. The
recursive subtiee containingthe root hasheightbetweenl
and2* inclusive

Lemma 2 ConsideranN -nodeseachtreeT thatis stored
in a van Emde Boas layout. Supposethat eadh node
in T has betweent , 2 and ¢ = O(1) children.
Let h be the heightof T. Thena seach in T usesat
most4dog, ¢ logg N + logg ¢ e = O(logg N) memory
transfes.

2.2.Strongly Weight-BalancedSearch Trees

In orderto corvertthestaticstaticlayoutinto adynamiclay-
out, we needa dynamicbalancedsearchree.Our structure
will ultimatelyrequireimportantpropertief thebalanced
searchireethatmostsearchreeslack. The £rstpropertyis
that, whenerer a nodeis rebalancedmodif£edto keepthe
treebalanced)we canafford to scanall of its descendants.
More formally, we requirethefollowing property:

Property 1 Supposé¢hatwheneer werebalancea nodev

we also touchall of v's descendentsThenthe amortized
numberof elementghat are toudhed per insertionis only

O(logN).

Many weight-balancetrees suchasBB[®] treeq22], have

this property[21]. A treeis weight-balancedf theleft sub-
tree(includingtheroot) andtheright subtreqincludingthe

root) have sizesthatdiffer by atmosta constanfactor This

is strongerthan merely requiring that most modi£cations
areneartheleaves.

We require a stronger form of weight-balancedness
that most weight-balancedreeslack. Standardweight-
balancednessnly guaranteearelative boundbetweersub-
treeswith a commonroot, so the size differencebetween
subtreesof the sameheight may be large. In contrast,a
strongly weight-balancedree satisEeghe following abso-
lute constraintyelatingthe sizesof all subtreestthesame
level.

Property 2 For someconstantd, any nodev at heighth
has£( d") descendents.

One searchtree that satisEesPropertiesl and 2 is the
weight-balanced-tree of Arge andVitter [8], andwe will
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Figure 1. The van Emde Boas layout of a tree of height 5.

usethis structurein our cache-oblrious B-tree.

De£nition 3 (Weight-BalancedB-tree[8]) The weight
w(u) of a nodeu in a treeT is the size of the subtee
rootedat u. We saythat T is a weight-balance®-tree
with branching parameterd, where d > 4, if the following
conditionshold:*
1. All leavesof T havethe samedepth.
2. Therootof T hasmore thanonechild.
3. Balance: Considera nonmot nodeu at heighth in
thetree (Leaveshaveheightl.) Theweightof u is
boundedasfollows:

dhi 1
2

- w(u) - 2d"i L

4. Amortization: If a nonmotnodeu at heighth hasjust
beenrebalancedthenwe will need-( d") insertions
and/ordeletionsbefore u is rebalancedgain. Thatis,
w(u)j d"i 1=2= £(d") and2d"i *j w(u) = £(d").

Thisde£nitionyieldsthefollowing lemma,whichis proved
by a simplecountingargument.

Lemma4 [8] Consider a weight-balancedB-tree with
branching parameterd. Theroot has between2 and 4d
children. All internal nodeshavebetweerd=4 and4d chil-
dren. Theheightof thetreeis O(logy N).

In this paperwe need an additional property about
weight-balancedness subtreesiot containingleaves:

Lemma5 ConsiderthesubtieeA of a weight-balanced-
tree containinga nodev, its children, its grand-dildren,
etc.,downsomenumbera of levels. ThenjAj < 4d2.

We now describehow to do insertsanddeletes.In [8],
deletesare performedusing the global rebalancingtech-
nique of [24], wheredeletednodesare treatedas “ghost”
nodesto beremoredwhenthetreeis periodicallyreassem-
bled. In this paperwe will needto servicedeletedmmedi-
ately which is a staightforvard modi£cationof the presen-
tationin [8].

Insertions. We searchdown the treeto £nd whereto in-
serta new leaf w. After insertingw, someancestor®f w
may becomeunbalancedThatis, someancestonodeu at
heighth mayhave weighthigherthan2d"i 1. We now bring

4In [8] thereis alsoaleaf parameterk > 0, butwe simply £xk = 1.

the ancestor®f w into balancestartingfrom the ancestors
closestto theleaves. (If achild of nodeu is split, this does
notaffecttheweightw(u) of u, andthusthisis agoodorder
in whichto rebalance.)

If a nodeu at height h is out of balance,then we
split u into two nodesu; andu,, which sharethe node
In generalwe cannotpartition

are exactly equal (unlesswe rebalanceu's grandchildren,
great-grandchildrergtc). However, we candivide the chil-
drenfairly evenly asfollows. Find the longestsequencef

thatis, ', w(v;) - dw(u)=2e. Thus,thesmallestvalue
w(up) canhaveis dw(u)=2ej 2d" 2 + 1 andthe largest
valuethatw(u;) canhave is dw(u)=2e. Thereforew(u;)
is boundedasfollows: bw(u)=2c - w(vy) - bw(u)=2c +
2d"i 2; 1. Becausel > 4, we continueto satisfythe prop-
ertiesof De£nition3. In particular atleastE( d") insertions
or deletionsareneededeforeeitheru; or u; is split.

Deletions. Deletionsaresimilar to insertions.As before,
we searctdown thetreeto £ndwhichleafw to delete After
deletingw, someancestor®f w may becomeunbalanced.
Thatis, someancestonodeu at heighth may have weight
lower than 2d"i 1. As before, we bring the ancestorsf
w into balancestarting from the ancestorsclosestto the
leaves. We meige u with oneof its neighbors.After merg-
ing u, however, it might now have a weightlargerthanits
upperbound,sowe immediatelysplit it into two nodesas
describedn theinsertionalgorithm.(Thismayalternatvely
beviewedasu stealingchildrenfrom its neighbor)

Thesepropertiesare also satisEedby the skip list data
structureof [26] in theexpectedsense.

Lemma 6 Skip lists satisfy Properties1 and 2 in the ex-
pectedsense

We conjecturethatif our cache-obliious B-treeis built
with a skip list insteadof aweight-balanced®-tree,we ob-
tain the same(expected)bounds. Becausea moredelicate
analysisis requiredto analyzethis structure,we opt for a
deterministicstructure.

Finally, by Lemma2, we obtainthefollowing corollary:

Corollary 7 Seaching in a strongly weight-balanced
seach treestoredin thevanEmdeBoaslayoutcostsat most



O(1 + logg N) memonytransfes.

2.3.Packed-Memory Maintenance

Now we describea datastructurethat will help us main-
tain a dynamicvan EmdeBoaslayoutof a stronglyweight-
balancedsearchree. TheprimarydifEculty is thatwe must
achiere two seeminglycontradictorygoals. On one hand,
we shouldpackthe nodesdenselyinto memoryto achieve
locality of reference.On the otherhand,we shouldleave
enoughextra spacebetweenthe nodesto permit future in-
sertions.We develop a padked-memongtructure to resohe
thisdilemma.

In the padked-memoryproblem we have N elements

elementhave precedenceonstaintsx; A x, A ¢¢¢A xy
which determinethe orderof the elementin memory We
must supporttwo updateoperations:a new elementmay
be insertedbetweenwo existing elementsandan existing
elementmay be deleted. We mustmaintainthe following
invariantsthroughouthe dynamicchange®f theelements:

1. x; precedes; in arrayA preciselyif x; A Xj .

2. The elementsare evenly distributed in the array A.

is storedin a contiguoussubarrayof sizeO(Kk).

In order to maintain theseinvariants, elementsmust
move in the array A nafve solutionis to maintainall N
elementdightly pacledin exactly N memorycells. Now
traversingthe datastructureusesatmostdN =Be+ 1 mem-
ory transferswhich is within 1 of optimal. Unfortunately
a singleinsertionrequiresE( N=B) memorytransferspe-
causaall theelementsnayhave to be movedto make room
for onemore.

Our solutionhasthefollowing performanceuarantees:

1. Scanning ary set of k contiguous elements

2. Insertingor deletinganew elementusesO(1+ @)
amortizedmemorytransfers.
Oursolutionis closelyrelatedto the paperof Itai, Konheim,
andRodeh[19]. They considerthe problemof storingele-
mentsin anarrayto maintainthe £rstinvariant. Their cost
measures the numberof elementsouched,andthey ob-
tain an O(log® N') amortizedbound. Willard [40, 41, 42]
presentsa morecomplicateddatastructurethatachieresan
O(log? N ) worst-caséound?®
Describedroughly, our packed-memorystructureis as

follows. Whena window of the arraybecomesoo full or
tooempty we evenly spreaduttheelementsithin alarger
window. For correctnesandefEcieny we mustsetthefol-
lowing parametersf1) thewindow size,and(2) thethresh-
oldsdeterminingwhenawindow is too full or too empty

5This problemis closely relatedto, but distinctfrom, the problemof
answerindinked-listorderqueries.Seefor example[13].

Because&ebalancingimply involvesa scanof elements,
we achiese the desiredooundon memorytransfers:

Theorem 8 Thepaded-memonproblemcan be solvedin

o1+ %) amortizedmemorytransfes per insertand
delete

Now wheneer we require extra spacefor a newv node
to insertinto the stronglyweight-balancedearchtree, the
pacled-memorystructuremakes room in O(1 + @)
amortizedmemorytransfers.

3. Main Structure

Ourmainstructurdas theweight-balance@-tree(described
in Section2.2) organizedaccordingto the van EmdeBoas
layout(describedn Section2.1). Thissectiondemonstrates
how to updatethe weight-balanced-tree structure while
maintainingthevanEmdeBoaslayoutandusingfew mem-
ory transfers.

Therearefour componentso the costof anupdate:

1. The initial cost of seaching for the given element,
which is O(logg N) memorytransfersby Lemma?2
in Section2.1.

2. The cost of making room for nodesby using the
pacled-memorystructurefrom Section2.3. By The-
orem8, this costis O(1 + @) amortizedmemory
transfers.

3. The costof updatingpointels to ary hodesmoved as
a resultof the packed-memorystructure. In the data
structurepresentedn Section3.1, we will only be
able to obtainthe (poor) boundof O(log?N) amor
tized memorytransfers.In Sections3.2—3.4,we will
usethe ideaof buffer nodesto improve thisto O(1 +
'%‘% log? N') amortizednemorytransfers.

4. The remainingcostof modifying the structureof the
treeto accomodatsplitsand meigescausedy anup-
date.Thisisthetopicof Section3.1. Wewill showv that
this costis O(1 + 'OQTN) amortizedmemorytransfers.

At theendof this sectionwe will obtainthefollowing:

Theorem9 Thedatastructue with buffer nodesmaintains
an ordered set, subjectto seachesin O(logg N) mem-
ory transfes, scansof k elementsn O(1 + k=B) mem-
ory transfes, andinsertionsand deletionsin O(logg N +
2 log” N) amortizedmemornytransfes.

Corollary 10 If B = -((log N)?(loglogN)#), thenin-
sertionsand deletionstake O(logg N) amortizedmemory
transfes, which matdesthe B-treebound.

3.1.Splits and Merges

In this section,we outline the entireinsertionanddeletion
algorithmsfor our structure,andthenwe analyzethe cost
of splits and meiges (Cost4 above). Splits and memges
causssigni£canthangeso thevanEmdeBoaslayout. This



meansthat we needto move large blocks of nodesaround
in memoryto maintainthe properlayout.

An insertionor deletioninto a weight-balance®-tree
consistf splitsandmeigesalongaleaf-to-rootpath,start-
ing at a leaf and ending at a node at someheight. We
will shav how to split or melge a node at height h in
O(1 + d"=B) memorytransfergplusthe memorytransfers
from a singlepacled-memoryinsertionor deletion.By the
lastpropertyin De£nition3, theamortizedsplit-mege cost
of rebalancinga nodev is O(1=B) memorytransfersper
insertionor deletioninto the subtreerootedatv. Whenwe
insertor deleteanelementthiselemenis addedrremoved
in O(log N) suchsubtrees Hence,the split-mege costof
anupdates O(1 + 'C’QTN) amortizedmemorytransfers.

Next we describehealgorithmto splitanodev. First, if
v is theroot of thetree,we inserta new root nodeat the be-
ginning of the £le, andaddparent-childpointers. Because
of the roundingschemein the van EmdeBoaslayout, the
restof the layout doesnot changewhenthe heightof the
treechanges.

Secondweinsertanew nodevinto thepacked-memory
structurejmmediatelyafterv (Cost2 above). The pacled-
memoryinsertmaycauseseveralnodeso movein memory
in which casewe also updatethe pointersto thosenodes
(Cost3 above). Thenwe redistribute the pointersamongv
andv® accordingto the split algorithmof weight-balanced
B-trees,usingO(1) memorytransfers.

Third, we needto repairthevanEmdeBoaslayout. Con-
siderthe coarsestevel of detailin whichv is theroot of a
recursve subtreeS. SupposeS hasheighth®, which can
only besmallerthanh, theheightof nodev. Let S becom-
posedof top recursie subtreeA of heighth®; bh®=2c

tbh®=2e; referto Figure2. The split algorithmrecursvely
splitsA into A°andA® (In thebasecaseA is thesingleton
treef vg andis alreadysplit into f vg andf v%.)

At this point, A? and A%are next to eachother Now
we mustmove themto the appropriatdocationsin the van

betweenA® and A° This move is accomplishedy three
linearscans Specifcallywe scanto copy A °°to sometem-

afterA°, overwriting A% andthenwe scanto copy thetem-
poraryspacecontainingA °’to immediatelyafterB; .

needto updatethe pointersto the nodesin theseblocks.
First we scanthrough the nodesin A° and updatethe
child pointersof the leavesto point to the new locations

theamountof spaceoccupiedn the packed-memorystruc-
tureby A% includingunusechodes.Secondwve updatethe

parentpointersof theroots,decreasinghemby kA°k. This
canbedonein asinglescanbecausé¢he childrenrecursve

Finally, we analyzethe numberof memory transfers
madeby moving blocksat all levels of detail. At eachlevel
hO of the recursion,we performa scanof all the nodesat
most6 times(3 for themove, and3 for thepointerupdates).
By Property2, thesescangostatmostO(1+ dhO:B) mem-
ory transfers Thetotal split-mege costis givenby the cost
of recursingon thetop recursve subtreeof at mosthalf the
height,and by the costof the 6 scans. This recurrencds
dominated)ythetopslevel:

3
dn’

3
n0=2
c 1+ % +0 94—

T(hY - T(h%2)+c 1+ ¢ B

B
Hence thecostof asplitis O(1 + d"°=B) - O(1 + d"=B)
memorytransfersplusthe costof a pacled-memoryinser
tion.

Merges can be performedwithin the same memaory-
transferbound by using the sameoverall algorithm. In
the beginning, we meige two nodesand apply a pacled-
memorydeletion.In eachstepof therecursionwe perform
the above algorithmin reverse,i.e., the oppositetransfor
mationfrom Figure2.

ThereforeCost4 is small:

Lemma 11 Thesplit-mege costis O(1 + °Z™) amortized
memonytransfes perinsertionor deletion.

3.2.Local VersusLong-DistanceNodes

So far we have shavn that Costs1, 2, and 4 are reason-
ably small, O(logg N + @) amortizedmemorytrans-
fers. It remainsto shav how to boundCost 3, the costof

updatingpointersto nodesmoved by the pacled-memory
structure. Super£ciallyit appearssufEcientto apply the

pacled-memorystructureto move nodes,andwe have al-

readyboundedthis costby O( @). Unfortunately up-

dating pointersto nodesthat have moved is often signi£-

cantly more expensve. This is becauséhe moved nodes
arealwaysconsecutie in memory but the nodesthatpoint

to them (parentsand children) may eachbe in a different
memoryblock. Thus, we may incur an additionalmem-
ory transferfor eachpointerupdate for an (unimpressie)

boundof O(log® N) amortizedmemorytransfersper up-

datein the pacled-memorystructure.

In orderto provide a boundon the numberof additional
memory transfers,we def£netwo classesof nodes,local
nodesand long-distancenodes Informally, a local node
is a node whoseimmediatefamily (parentand children)
are within distanceB in memory and hencein the same
or alutting memoryblock. Otherwise,a nodeis a long-
distancenode.(This terminologyis basedon thetelephone
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Figure 2. Splitting a node. The top shows the modifcation in the recur sive subtree S, and the bottom
shows the modif£cation in the van Emde Boas layout.

system:it is cheapeto call your parentsandchildrenif the
call is localinsteadof long-distance.)

In order to identify which nodesare local nodesand
which nodesmay be long-distancenodes,we examinethe
vanEmdeBoaslayoutattheappropriatdevel of detail. We
considerthe coarsestevel of detail~ suchthatthe leaf re-
cursie subtreegthosecontainingleavesof thetree)have at
mostB nodes.

Lemm 2_The|eaf recursive subteesat level of detail ©
have-( B) nodes.

Wedistinguishthreetypesof nodeswithin eachrecursie
subtreetheroot, the leaves andtheinternal nodes Refer
to Figure 3. All internal nodesare local nodes,because
theirimmediatefamily is in thesamerecursve subtreeThe
root of eachrecursve subtreanaybealong-distancenode,
becauséts parentis in a differentrecursve subtree. The
leavesof thewholetree(i.e.,theleavesof theleafrecursve
subtreesareall localnodes.Theleavesof nonleafrecursve
subtreesnaybelong-distancenodesbecauséheirchildren
arein differentrecursve subtrees.

Figure 3. Local nodes (white) and
distance nodes (gray).

long-

In the nonleafrecursve subtreeshalf of the nodesare
long-distancenodes. To simplify the analysis,we treatall
nodesin nonleafrecursve subtreesslong-distancaodes.

Lemma 13 Within the subtee rooted at any nodein a
strongly weight-balancedseach treg O(1= B) of the
nodesare long-distancenodes.

In particular in the entire tree a fraction of O(1:p B)
of the nodesarelong-distancenodes. If the long-distance

nodeswere evenly distributedin the van Emde Boaslay-
out, we couldimmediatelyobtaina boundof O( 'QBZE—N) on
Cost3. However, local nodesareclusteredheartheleaves,
and long-distancenodesare also clustered;seeFigure 4.
This clusteringis not directly a problembecauseipdatesn
the strongly weight-balancedearchtree are concentrated
neartheleaves.Unfortunately someleavesarelocatednear
large clustersof long-distancenodes. Therefore whenwe
insertaleafinto the pacled-memonystructurejt maymove
mary long-distancenodeswhereeachmove costsanaddi-
tional memorytransfer

1 "N | "N | 1 "N
1 b2 p3 34 oo iOS IDG p7
*N'N "N *N'N "N

Figure 4. Distrib ution of local and long-
distance nodes in the van Emde Boas layout.
Shaded regions are mostly long-distance
nodes, and the clear regions are local nodes.
In this example, regions 3;4;6;7 are leaf re-
cursive subtrees at level of detail ".

3.3.Buffer Nodes

We needto preventlong-distancenodesfrom beingmoved
aroundtoo muchby thepacled-memonstructure Because
we do notknow the memoryblock sizeB, we do notknow
whichnodesarelocalandwhicharelong-distanceThuswe
needto protectall nodeghatmight belong-distancenodes.
We do this by inserting buffers of dummy nodesaround
eachclusterof potentiallong-distancenodes.Thesebuffer
nodesdo not participatein thetreestructure(i.e., they have



no parentandchild pointers),sothey areautomaticallylo-
calnodesandcanbemavedcheaplyby the packed-memory
structure.

Buffer nodesare placedasfollows. Recallthatthe van
EmdeBoaslayoutof a subtreeT is thelayoutof thetop re-
cursive subtreeA, followed by the layouts of the bottom
Dependingon the mem-
ory block size,it may be thatwe areat preciselythe level
of detail °, i.e., the B;'s are the leaf recursve subtrees.
In this case,recursve subtreeA hasmostly long-distance
nodes,sowe mustseparatét from adjacentrecursie sub-
treesof local nodes. For example, at level of detail 1 in
Figure 1, 17,18, 19g is a recursve tree of mostly long-
distancenodes,andit is adjacento leaf recursve subtrees
f14; 15, 169 andf 20; 21; 22g.

Our solutionis to add two buffers, eachwith d"i 1=h
nodes,one immediatelybefore A and the other immedi-
ately after A. Now A hasbeenseparatedrom its neigh-
bors,sowerecursvely lay it outwith thenormalvanEmde
Boaslayout. This may have beentoo coarsea level of de-
tail, sowe recursvely layoutthe bottomrecursve subtrees

We have carefully choserthe size of the buffersto sat-
isfy two seeminglycongictingproperties.First, the buffers
aremuchlarger(nearlyquadraticallyXhanthetoprecursve
subtreethey barrier Secondthetotal sizeof ary recursve
subtreds still linearin thenumberof containedreenodes,
sothequeryboundfrom Lemmaz2 still holds.

Lemma 14 Thebuffers adjacentto top recursivesubtieeA
havesize-( jAj2=logjAj).

Lemma 15 Thetotal sizeof buffers, containedin a recur
sivesubteeat anylevel of detail, is linear in the numberof
treenodesin that subtee In particular, the data structuie
haslinear size

Proof: Focuson the recursie subtreeS of interest,and
let h be its height. Associatethe buffers surroundingA
with the root of A. Recallthat A is layed out using the
normal van Emde Boaslayout, without recursve buffers.
Thus,eachnodein S is associateavith at mosttwo buffers.
Furthermore,only nodesat heighth, dh=2e, dh=2e=2,
ah=2e=4, ... are associatedvith buffers. Thus, it suf-
£cesto countnodesat thoseheightsand multiply themby
the size of the correspondinghuffers. By strongweight-
balancednesghenumberof descendantsf anodeatheight
h is atleast3d"i 1, sothe numberof nodesat heighth is
atmost2jSj=d"i 1. Hencethetotal sizeof buffersat height
2' within S is atmost(2jSj=c? i 1)(2d? i 1=2) = 4jSj=2'.
Summingover all i, the total size of all buffersin S is at
most4jSj + 4jSj=2+ 4jSj=4 + 4jSj=8+ ¢¢¢- §jSj. 2

Next we describehow to maintainbuffers during splits
and meges. Beforea split, thereis a buffer beforeA and
after A. We leave the £rst buffer beforeA, i.e., A°, and

move the secondouffer to after A°© We move half of the
buffer before A° to after A° (by performinga block swap
in threelinear scans) andmove half of the buffer after A°°
to beforeA®? Thenwe doublethe sizesof the buffers by
insertingbuffer nodesinto their middlesusingthe pacled-
memorystructure. Similarly, a mewge is doneas follows.
First we move the buffer after A° to before A% and move
the buffer beforeA%to after A% usinglinear scans.Then
we halwe the sizesof the buffers by deletingbuffer nodes
from their middles,usingthe pacled-memorystructure.

3.4.Costof Updating Pointers

In this section,we shav that buffers reducethe costof up-
datingpointerswhichis the culminationof our analysis.

Lemma 16 Considera nodev thatis eitherin aleafrecur
sivesubteein level of detail * or a buffer nodein themiddle
of a buffer. Consideranyintervall of padkedmemorycon-
taining v. Thenthe numberof long-distancenodesin | is
atmostO(1+ 21 j).

Proof: Considerbuilding the interval by walking from v.
By construction beforewe encountera clusterof x long-
distancenodes,we will £rsthit a clusterof -( x?=logx)

buffer nodes,which are local nodes. Hence,the ratio of
long-distanceto local nodesis O("’%), which is largest
when x is small. Th% smallestcluster of long-distance
nodeshassizex = -(  B), sotheworst possibleratio is

o('¥2). 2

Lemma 17 Thepointerupdatecostis O(1+ ¥=-log” N)
amortizedmemornytransfes perinsertionor deletion.

Proof: An insertionor deletionin thetreeconsistof splits
and/ormemgesin the tree, which causeinsertionsand/or
deletionsin the paclked-memorystructure.We analyzethe
cost of thesepacled-memoryupdatesseparatelyin three
casesandthetotal costis their sum.

1. A nodev is insertedor deletedin the paclked-memory
structurewithin a leaf recursve subtree.The pacled-
memorystructuremovessomeinterval | of nodescon-
tainingv. By Lemmal6, thereare O(1 + ¥2l )
long-distancenodesin |. Thus, the amortizedcost
of a pacled-memorymove is O('%‘%) memorytrans-
fers. By the last propertyin De£nition 3, the amor
tizednumberof pacled-memoryupdatesn thisregion
is O(1) pertreeupdate.The productof thesetwo val-
uesis O('¥2).

2. A nodev is insertedor deletedin the pacled-memory
structurein a nonleafrecursve subtree. In this case,
the costof a pacled-memorymove is O(1) memory
transfers.By the last propertyin De£nition3 andby
Lemmal2, the amortizednumgeﬁ)f pacled-memory
updatesin this regign is O(1= B) per tree update.
Theproductis O(1=" B).



3. A nodev is insertedor deletedin the paclked-memory
structurein the middle of a buffer. Similarto Casel,
by Lemmal6,theamortizedcostof a packed-memory
move is O('%’%B) memorytransfers.By thelastprop-
erty in De£nition3 andby Lemmal5, the amortized
numberof pacled-memoryupdatesin this region is
O(1) pertreeupdate.The productis O(L%'J?B).

By TheorenB, theamortizechumberof pacled-memory
movesper packed-memoryupdateis O(log? N ). Combin-
ing with theabove productsthetotalamortizedcostpertree
updateis O(1 + '¥2-log? N) memorytransfers. 2

Thislemmaconcludeghe proof of theupdateboundsin
Theoren®.

3.5.Queries

Scanscan be supportedoptimally by introducing cousin
pointersbetweenadjacentieaves. This modi£cationdoes
not increasethe pointerupdatecost by more than O(1)
memory transfers. For if an intenal of leavesis moved
by the pacled-memorystructure only the pointersin those
leavesandtheirtwo neighborsareaffected.

Fingerscan be implementedn a similar way, without
changingthe updatebounds,by addingcousinpointersto
all nodes.Theanalysisof theadditionalpointerupdatecost
is left to thefull paper

4. Using Indir ection

Firstwe shav how to useonelevel of indirectionto reduce
the boundsin Theorem9 to the boundswe claimedin the
introduction.We storethe datastructurein two arrays.The
leaf array storesall N of the elements]ogically grouped
into blocks of size £(log N). The tree array storesthe
cache-oblrious search-treestructurefrom Section3 con-
taining the £rstelementin eachblock of the leaf array for
atotal of £( N=logN) elements.Eachleaf of the treear
ray pointsto thecorrespondingdplockin theleafarray(child
pointers) but thereareno pointersfrom theleafarrayto the
treearray(parentpointers).

We useoneof two structurego storethe leaf array de-
pendingon the datastructurethat we ultimately want to
build. Eitherwe maintaintheleaf-arrayblocksorderednto
one £le using the pacled-memorystructure,or we store
themunorderedn arbitrarylocationsin thearray In either
case,insertionsand deletionsto the structurecauselocal
modi£cationdo blocks. Whene&er a block becomedull or
aconstant-fractiommpty we split or meigeit, respectrely,
causingan insertionor deletioninto the treearray Thus,
only a fraction of O(1=logN) of the insertionsanddele-
tionsinto the datastructurecausemodifcationdo the tree
array Consequentlyhe amortizedcostof updatingthetree
arrayis O(logg N) + O('2B logN) = O(logg N). A
querytakesO(logg N) memorytransferdo searcltthrough

the tree array plus O('OQTN) memory transfersto scan
throughablockin theleafarray
If wewishto supportscanningk consecutie elementsn

O(1 + k=B) time,thentheblocksin theleafarraymustbe
maintainedconsecutiely usingthe packed-memorystruc-
ture. As a result, inserting or deleting an elementin a
leaf-arrayblock costsO(@) amortizedmemorytrans-
fersto move nodes. Becausemaving k elementsonly af-
fectsO(1 + k=logN) pointersto theleafarray we canup-
datethesepointersin O(1+ k=(B logN)) time by scanning
leavesof thetreearray

Theorem 18 Theindirect data structue with ordered leaf
blodks maintainsan ordered set, subjectto seachesin
O(logg N) memorytransfes, insertionsand deletionsin
O(logg N + @) amortizednemonytransfes,andscan-
ningk consecutivelementsn O(1 + k=B) memorytrans-
fers.

If scanningis not required, we can insteadstore the
blocksin the leaf arrayin an arbitraryorder This change
meansthat we no longer needthe pacled-memorystruc-
ture,sotheupdatecostmatcheghatof B-trees:

Theorem 19 The indirect data structue with unordered
leaf blodks maintainsan ordered set,subjectto seachesin
O(logg N) memorytransfes, andinsertionsanddeletions
in O(logg N) amortizedmemonytransfes.

In fact,we canusetwo levels of indirectionto avoid the
useof buffer nodes. The top level storesO(N=log®> N )
nodesin the search-treestructurefrom Section3.1. The
middle and bottom levels are composedof blocks of
£(log N) nodesDependingonhow blocksaremaintained,
we obtaintheboundsin Theoreml8 or Theoreml9.

5. Conclusion

We have presentectache-oblrious search-trealatastruc-
tures that perform searchesoptimally. One data struc-
tureis storedin a single£le, permittingoptimal scansand
searchefrom ary nodein thetree. Theinsertionanddele-
tion costsfor this datastructurematchthe B-tree bound
for B = -((log N)2(loglogN)*). A seconddatastruc-
tureusesndirectionandperformsscansoptimally. For this
structure,insertionsand deletionsmatchthe B-tree bound
for B = -(log N loglogN). A third datastructurealso
usesindirection,andinsertionsanddeletionsalwaysmatch
the B-treebound. We believe this work to be animportant
stepin the emeging areaof dynamicirregular datastruc-
turesin the cache-oblriousmodel.
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