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Abstract

Givendissimilarity data on pairs of objectsin a set,
we studythe problemof tting a treemetricto this data
SO as to minimize additive error (i.e. somemeasue
of the differencebetweerthe tree metric and the given
data). This problemarisesin constructingan M -level
hierarchical clusteringof objects(or an ultrametricon
objects)so as to matd the given dissimilarity data —
a basic problemin statistics. Viewedin this way, the
problemis a generlizationof the correlationclustering
problem(which correspondéo M = 1). We givea very
simplerandomizectombinatorialalgorithmfor the M -
level hierarchical clustering problemthat achievesan
approximationratio of M + 2. Thisis a genealizationof
a previousfactor 3 algorithmfor correlation clustering
on completegraphs. Theproblemof tting treemetrics
alsoarisesin phylagenywhete the objectiveis to learn
the evolutiontreeby tting a treeto dissimilarity data
ontaxa. Thequality of the t is measuedby takingthe
“p norm of the differencebetweerthe tree metric con-
structedand the givendata. Previousresultsobtained
a factor 3 approximationfor nding theclosestreetree
metricunderthe *; norm. No non-trivial approxima-
tion for geneml *, normswasknownbefore. We present
a novel LP formulationfor this problemand obtainan
O((log n loglogn)*=P) approximation using this. En
routg we obtainan O((log n loglogn)*=P) approxima-
tion for the closestultrametricunderthe ", norm. Our
techniquesare basedonrepresentingandviewinganul-
trametricasa hierarchy of clusteringsandmaybeuse-
ful in othercontexts.
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1. Intr oduction

We considerthe problemof nding atree metricto
t dissimilarity dataon pairsof objectsfrom a givenset

X . A treemetricis de ned by aweightedtreespanning
X, with distancesetweena pair of objectsdetermined
by the sumof edgeweightsalongthe uniquepathin the
treeconnectinghem. Themainproblemwe consideiis:
How well canwe constructa treemetricto t thegiven
data? A specialkind of tree metricis an ultrametric,
wheretheunderlyingtreehasa specialstructure:all el-
ementsof X areleavesof thetreeandall leavesareat
the samedistancefrom the root. Ultrametricsnaturally
correspondo a hierarchyof clusteringof thedata.An-
otherquestiorof greatinterests: Howwell canwecon-
structanultrametricto t thegivendata?

Such problemsreferredto as numerical taxonomy
arise naturally in numerousdisciplines: in statistics—
for clusteringdatainto hierarchiesandin sciencesuch
aslinguisticsandbiology (seethe surwey [14]), where
treemetricsrepresenevolutionarybranchingprocesses
thatgive rise to the obsened data. Consequentlysuch
problemshave beenstudiedquite extensiely. (seethe
paperof Agarwalaetal[1] andthereferencesherein).

Whenthegivendatacanberealizedexactly by atree
metric (or an ultrametric),it is well known thatthe un-
derlyingtreestructurecanbereconstructedin fact,suc-
cinct necessanandsufcient conditionsare known for
checkingwhethera given dissimilarity function canbe
exactly realizedthus,involving checkinga certaincrite-
rion on all setsof 3 points(for ultrametrics)or 4 points
(for treemetrics).

While the exact problemis well solved, nding the
best tting treemetricwhennone ts exactly is amuch
harderproblem. In orderto quantify the quality of the
t, we view a distancefunction on n objectsasa vec-
tor with g coordinatesorrespondindo pairwisedis-
tancesThe t betweeragivendissimilarityfunctionD



anda treemetric dr is thenmeasuredy the ", norm
kD drkp. Thegoalisto nd atreemetricdr soasto
minimizethis quantity

1.1 RelatedWork

Farach etal [9] showed that under the “; norm,
an optimal ultrametriccan be computedin polynomial
time. Unfortunately these tting problemsare NP-
Hardfor variousothernormsof interest 1, *» (for trees
andultrametrics)and ™ ; (for treemetrics). In factthe
“1 problem(for tree metrics)andthe “; problemfor
treemetricsandultrametricsare APX-Hard (seeWare-
ham[17, 1]). Theonly non-trivial approximatiorresult
is the 3-approximatiorof Agarwalaetal[1] for theclos-
esttreemetric underthe "1 norm. Their work makes
aninterestingconnectionbetweernthe closesttree met-
ric andclosestultrametricproblem. They shav thatan

-approximationfor a restrictedversionof the closest
ultrametricproblemyieldsa 3 approximationfor the
closestreemetricproblemfor ary “, norm. Thisis the
basisfor their 3 approximationfor *; andwe usethis
laterin our resultsfor *,. Recently connectionshave
beenmadebetweentheseresultsfor the *; bestultra-
metricandsomeclassicatesultsin mathematic§3, 13].
Ma etal[15] consideredhe problemof nding thebest
“p t byanultrametricwheredistancesn theultrametric
areno smallerthatthegivendata.For this problem they
obtainedan O(n**P) approximation.Recently Dhamd-
here[6] consideredhe problemof nding a line met-
ric to minimize additive distortionfrom the given data
(measuredby the™ ; norm)andobtainedanO(log n) ap-
proximation.In fact, his motivationfor consideringhis
problemwasto develop techniqueghat might be use-
ful for nding theclosestreemetricwith distancemea-
suredby the 3 norm. Independentlyf ourwork, Harb,
KannanandMcGregor [12] recentlydevelopedafactor
O(minf n'; (k logn)=Pg) approximatiorfor theclos-
esttreemetricunderthe ", normwherek is thenumber
of distinctdistancesn theinput. Of coursethereis rich
literatureonmetricembeddingroblemsvherethemea-
sureof interestis the multiplicative distortion. Several
suchproblemshave beenstudiedin the context of ap-
proximating metric spacesvia tree metrics(e.g. [8]).
Researcherbave also studiedreconstructiorof phylo-
geniesunderstochastienodelsof evolution (seeMossel
etal[16] andthereferencesherein).

1.2 Our Results

We male signi cant improvementgo the stateof the
artfor tting ultrametricsandtreemetricsto givendata

soasto minimize additive distortionaccordingto the ",
measuref t. We presentwo mainresults.
Firstwe considettheproblemof tting anultrametric

1g. Thisnaturallycorrespond$o nding anM -level hi-
erarchicalclusteringto bestmatchthe given data. In
fact,theM = 1 problemis exactly the correlationclus-
teringproblemon completegraphg4, 5]. This problem
hasreceved a lot of attentionrecently We generalize
thealgorithmof [2] to obtaina simplerandomizedom-
binatorial algorithmfor tting an M -level hierarchical
clusteringwith anapproximatiorratioof M + 2. The
algorithmis quite intuitive and proceedsy recursiely
modifying the givendatasoasto eventuallyproducean
ultrametric. Even thoughthe algorithmis completely
combinatorial,the analysisproceedsy constructinga
dualsolutionto a certainLP andthe valuesin this dual
solution are de ned in termsof the probability distri-
bution over the algorithm's actions. We describethese
resultsin Section2.

Secondly we considerthe problemof tting ultra-
metrics and tree metricsto generaldissimilarity data.
For the problemof tting an ultrametric,we introduce
a novel LP formulationwhich arisesfrom viewing an
ultrametricasa hierarchyof clusteringgseeSection3).
The closestultrametricproblemnow becomes hierar
chy of correlationclusteringproblemswhich aredepen-
dentin a certainway. In Section3.1, we shov how to
roundthe LP solution,consistingof a hierarchyof met-
rics, to obtainanO((log n loglogn)*=P) approximation
for the ", norm. (This follows from a Seymour-style
analysisof the divide and conquerapproach).The LP
basednethodis fairly e xible, allowing imposingupper
andlower boundsaswell asequalityconstraintson cer
tain pairsof distancesn the nal ultrametricobtained.
This e xibility enablesusto usethe ultrametricresult
to obtainan O((log n loglogn)'=") approximationfor
tting treemetricsin Section3.3via theresultsof Agar-
walaetal[1].

2. Hierar chical Clustering

Let X beagroundsetof n elementsandletM > 0
be a constaninteger A level M hierarchicalclustering
of X is arootedtreewith the elementf X asleaves
anda pathof lengthexactly M + 1 fromtherootto ary
leaf. For M = 1thisis thestandardde nition of aclus-

1When viewed as an M level hierarchicalclustering, it males
senseto usesmall valuesof M not exceedingO(log n). This has
a preciseinformation-theoretianotivation which we will not pursue
in this version.



teringof X : thechildrenof therootcanbeviewedasthe
clustersForM = 2 we have astandarctlusteringwith
the additionalstructurethat every clusteris further par
titionedinto clusters.This nestedclusteringgeneralizes
toary M.

For alevel M hierarchicalclusteringC we de ne a
distancefunction dc betweendistinct pairsi;j 2 X.
Thedistancedc(i; j) is the heightof the subtreerooted
by the lowestcommonancestorof i andj. Soif i; |
shareaparentthedistancas 1. If i; ] donotshareapar
entbutthey shareagrandparenthedistancds 2, andso
on,wherethemaximaldistancés M + 1. Dependingon
the clusteringapplication,this distancewould measure
theextentto whichi andj aredissimilar Notethatthis
is exactly half the treedistancebetween andj. Abus-
ing notation,we denoteby dc the g coordinatevector
of distances.

Let G bethe completeundirectedgraphon X, with
anintegerweightfunctionl D(i;j) M + 1, rep-
resentingdissimilarity betweenpairsof elementdn X .
We view D asan ) -coordinatevector The geneal-
izedcorrelationclusteringproblemis de ned as nding
alevel M clusteringof X , C, minimizingkD  dck; .

For M = 1, thisis exactly the correlation cluster
ing problemon a completegraph. HereD(i;j) = 1
representa + edgebetween andj, andD(i;j) = 2
indicatesa edge.

Claim 1 (Ultrametric property) Thedistanceunction
dc satis es the following strong triangle inequal-
ity property: For any distinct i; j; k, dc(i;j)
maxt dc(i; k); de(j; k)g.

Note that the strong triangle inequality implies that
de(i;j) = maxfde(i; k); de(; K)g if de(i; k) 6
de(j; K).

Claim 2 Anyultrametricd : X X !
is inducedby somédevelM clusteringC.

The proof of Claim 2 is by simpleinduction: It is easy
to verify thattherelationRy;, X X of alli; j such
thatd(i;j) M is anequialencerelation. Usingin-
ductiononM ,webuild (M  1)-level clusteringqtrees)
ontheequialenceclassesandconnecthemaschildren
of a new root, thusobtaininga clusteringGy. It is im-
mediateto verify thatd = dc,. Notethatthis proofis
constructve. Claims1 and?2 thusgive usalocal charac-
terizationof the distancefunctionsinducedby level M
hierarchicalklusterings.

Algorithm HCLusT-PIvoT (Figurel) builds alevel-
M hierarchicalclusteringrepresentetby an ultrametric
z soasto t agivendissimilarity function D. Before

HCLUST-PIvOT(X)
if X =; return
pick random pivot k2 X.
for t=1:::;M+ 1
set Xi=fi2X:z(k;i)=tg
for al 1 t1<t;, M+1
for all 12 Xy,;j 2 Xy,
() change z(i;j)=t»
for al 1 t M+1
for all distinct i;] 2 Xy
(2) change z(i;j) = minfz(i;j);tg
for t=2:::;M+1
run HCLUST-PIvOT(X¢)

Figure 1. Algorithm HCLuUsST-PIvOoT. Before
calling, set z = D. After execution, z is
solution.

runningthe algorithmwe sef z = D andthealgorithm
progressiely mutatesz, corvertingit into an ultramet-
ric. The hierarchicalklusteringG, canbe easilyderived
from thevectorz after thealgorithmreturns.

Theorem1 Algorithm HCLUST-PIVOT is an expected
2+ M approximationalgorithmfor genemlizedcorre-
lation clustering

The techniqueswve usein the proof are similar to the
onesusedin the proof of Theoreml in [2].

Proof: We rst prove correctnessin otherwords,that
thevectorz afterthe executionof thealgorithmis anul-

trametric.Fix atriple T = fh;i;jg X . Therearetwo

possibleémportanteventsin thelife of T. The rst event
is thatoneof its verticeg(say h) is choseraspivot when
the othertwo areinput to the samerecursve call. But
theneitherline (1) or (2) will x thevalueof z(i; j) so
thatz hasthe ultrametricpropertyonf h; i; j g. (In fact,
thealgorithmwill changehevalueof z(i; j ) in agreedy
way that minimizesthe size of the change.)Now it is

immediateto verify thatthevaluesof z(h; i) andz(h;j)

arefrozenuntil termination andthatnofuturechangeof

z(i; j ) will violatetheultrametricpropertyont. Indeed,
the only way z(i; j ) will changein recursve callsis if

z(h;i) = z(h;j) = |, in whichcasez(i; j ) is setin line

2Think of z asaglobalvariable



(2)tobe 1, andin therecursionon X its valuecan-
not climb above | (seeObsenation1 below). The other
eventis thata fourthvertec k 2 T waschoseraspivot
whenall four h; i; j; k arein thesamerecursvecall, and
the verticesof T are split betweenmore than one re-
cursie calls (in otherwordsz(k; h); z(k;i); z(k;j) are
not all equal). It is not hardto verify that the work of
lines(1) and(2) will enforcetheultrametricpropertyon
t. TherearethreesubcasesFirst subcasez(k;h) <
z(k;i) = I3 < z(k;j) = l,. In thissubcasez(i; j) and
z(h;j) aremutatedandfrozenasl, in line (1), z(h; i)
is mutatedandfrozenasl; in line (1). Secondsubcase:
z(k;h) = z(k;i) = 11 < z(k;j) = l2. Thenz(h;j),
z(i; j ) arefrozenasl, in line (1), andz(h; i) is mutated
in line (2) to avaluenotexceeding 1, abovewhichit will
not climb in the recursion(seeObsenation 1 belaw).
Third subcasez(k; h) = 11 < z(k;i) = z(k;j) = I2.
Thenz(h;i) andz(h;j) arefrozenasl, andz(i; ) is
mutatedto a valuenot exceedind ,, above whichit will
notclimb in therecursion(seeObsenation1 belaw). In
all threesubcasesriangleT now satis esthestrongtri-
angleinequalityandwill notviolateit in therecursion.
We concludetheproofof correctnesby statingtheobvi-
ousclaimthateitherthe rst or thesecondeventoccurs
(exactlyonce)onall triplesT.

We start the approximationfactor guaranteeproof
with the following:

Observation 1 For all distincti;j 2 X the value of
z(i; j ) caneitherincreaseor decreaseduring theexecu-
tion of thealgorithm, but not both.

To seethis, assumethat the value of z(i; j) increased
during the execution. The only possibleincreaseof
z canoccurin line (1), afterwhich i andj are sepa-
ratedinto two differentrecursionbranches.Therefore,
thevalueof z(i; j) will notchangefrom thatpointand
on. Assumethat the value of z(i; j) was decreased
to z® at somepoint. If the decreasenccurredin line
(1), then again,the value of z(i; j) will never change
againbecausef the splitting of i; j into two recursion
branches.If it occurredin line (2), thenthe new value
of z(i; j) = z°will bemaximalamongall valuesof z in
the recursve call correspondindo X ;0. Consequently
thevalueof z(i; j ) will notclimb above z°.

Let T be the setof triples fi; j; kg such that the
largestD -valueamongthethreevaluesD (i; j ), D (i; k),
D (j; k) is strictly larger thanthe secondargestvalue.
(We call suchtriples “violating triples”). ForT 2 T
let 1(T) denotethe largestD-valueof T, (T) the
secondargestD-valueof T, and 3(T) the lowestz-
valueof T (arbitrarily breakingtiesbetween »(T) and

3(T)). LetL(T) = (1) 2(t) > 0. For aninteger
1 b< M+1letTy, T denotethesetof T 2 T
suchthat >(T) band 1(T) > b. Clearly, ary so-
lution hasto pay at leastL (T) on the edgesof T (that
is,kDt zrky L(T) for ary solutionz, wherezy
is the restrictionof avectorin ’  to coordinates}, ).

Also, if T 2 Ty, thenin ary solutionthevalueof atleast
T

oneedgee 2 hasto “cross”b. In otherwords,if it
started< bit will be bandvice-versa.Thefollowing
two LPscapturethis:

LP 1. Minimize P eZ(é) e, S.L. e2 (Tz) e
L(T)forall T2 Tand . Oforalle2 % .
In the correspondingP, the variable . (w.r.t. a
feasibleultrametricsolutiond) tell us the amount
of changeof thevalueof e 2 é (contributionto
the *; distancewhichis jD. dej). Notethata
solutionto the correspondindP doesnot necessar
ily encodea feasibleultrametric(therearemissing
constraints) Theimportantpointis thatits optimal
valueis alowerboundto theoptimalsolutionto the

ultrametricproblem.

LP 2 Minimi Pm s

g : inimize e2(X) b1 6 St
e2(1) b 1foralll b<M+1,T2T,

and 2 Oforalle2 % ;1 b< M + 1 Inthe

correspondingP, themeaningof indicatorvariable

b (w.rt. afeasibleultrametricproblemsolution
d) is asfollows. If 2 = 1 thenthe valueof e
crosses whenchangingfrom D to de (therefore
contributing 1 to the objective function). Again,
the correspondindP formulationdoesnot contain
all theultrametricconstraints.

Fix any solutionz (i.e. an ultrametricon V) with
costc = kD  z k;. Thefollowing are the dualsto
LP 1 and2. Thereforeary feasiblesolutionsarelower
bounddgor c .

P
Bual LP 1. Maximize ,r T1L(T), subjectto

tore ¢ T lforalle2 % and v Ofor

alT2T.

Bual LP 2: Maximize ., 1,7, T,Subjectto
lforalle2 % ;1 b< M +
b<M+ LT 2Ty

b
T2Tpe T T
1,and © Oforalll

Noticethatthroughoutheexecutionof thealgorithm
no new violating triples are created. Fix a triple T =
fi;j; kg 2 T. Thetriple will be chagedif oneof its
vertices,sayi, waschosenaspivot whenthe othertwo
werein thesamerecursvecall, andthevaluez(j; k) was



mutated.Theamountof chageis thesizeof thechange.
Every unit of costpaid by the solutionreturnedby the
algorithmis chaigedto exactly onetriple in T. By Ob-
senationl, thetotal costof the solutionreturnedby the
algorithmis exactly the total amountof chage over all
triples (the obsenationensureshatthereareno cancel-
lations). Every triple canbe chagedat mostonce. Not
all triplesT 2 T arenecessarilchaged: somemaybe
“x ed” duringa choiceof a pivot outsideT . Addition-
ally, notethatif atriple T 2 T is chaged,theamountof
chageis not necessarily 1(T) 2(T). For example,
x atriple T = fh;i;jgwith® z(h;i) = 1(T) = 10,
z(i;j) = 2(T) = Sandz(j h) = 3(T) = 1. So
L(T) = 5. Assumeh;i; j areinputto the samerecur
sive call, and one of themis chosenas pivot. If i is
chosenthenthe valueof z(j; h) will bechangedo 10,
in which casethe chageis 9. We will treatthe rst 4
units of chage (i.e. change 3(T) ! 2(T)) andthe
last5 (i.e. theremainingclimb upto 1(T)) separately
(B -type chage and A-type chages,respectiely). If h
is chosenthenthevalueof z(i; j ) will changeo 10, and
the total chagewill be5 (only A-type chage). If j is
chosenthenthevalueof z(i; j ) will changeto 5, incur-
ring an A-type costof 5. Onemoreeventwe mustbe
awareof: If avertex k 2 T waschosenaspivot (when
all of h; i; j; k werein the samerecursve call), thenthe
valueson T might be mutated. The caseis interesting
only if atthatmomentz(k;i) = z(k;j) = z(k;h) = I,
becausetherwisethe triple T = (i; j; k) will be bro-
ken into at leasttwo recursionbranchesand will not
be chaged. So assumethis is the case. Then 1(T)
candecreaséandthereforel (T) decreases)Note that

2(T) canalsodecreasdut in that casewe will have

1(T) = 2(T) = | (afterthe mutation),andT is no
longeraviolator.

By the above discussionthe setsT and T, cande-
creasaluringtheexecutionof thealgorithm,andaslong
asT 2 T,its 3 and , valuesare x ed.

Forintegerl b< M + landT 2 T, letA? de-
notethe eventthat T waschaged,andT 2 T, at that
point. In otherwords,oneof T'sverticeswaschoseras
pivotwhentheothertwo werein thesamerecursvecall,
andalso 2(T) b< (T) atthatpoint. This event
capturesanA-typechage. Forl b< M letB? de-
notetheeventthatT waschaged, 3(T) b< »(T),
andthe vertex not incidentto the strictly lowestvalued
edgewasthe pivot (this capturesa B -typechage). Let
p® = Pr[A2]andq® = Pr[B2].

By Obsenation1 andthe above discussionthetotal

STheoriginal de nition of s fors = 1;2; 3 usedthe D -values,
but their valuesaremutatedwith the z-values.

costof thealgorithmis therefore

X X X %1
(A7) +
T2T b=1

(BY);

T2T b=1
where () is the indicatorvariablefor an event. The
expectedcostis

1
PriAR]+ Pr[B2]
T2T b=1 T2T b=1
X ¥ , X w1 .
= pr + Or -
T2T b=l T2T b1

It is easyto seethat for a givene 2 é and two

distinct T1; T, 2 T suchthate T1; T2, the events
“A® whenT; neis pivot’ and“A% whenT; neis
pivot” are mutually exclusive. Why? Becauseby Ob-
senation 1 we know thatthe valuez, cancrossb only
once. Conditionedon A-'?l, all threeverticesof T, are
equally likely to be the pivot (and the samefor T5).
Thereforesqgnmlnng probabllltlesof pairwisedisjoint
eventsgives ,r .. 7 P2=3 1lforalle2 % and
1 b<M+ 1L

Using a similar agument,it is not hardto seethat
for a givene 2 é and 1 b < M, the events
BY andBY, aremutuallyexcluswrgfor dIStInCtTl,Tg
suchthate  Tq;To. Therefore, 1,5 .1 & 1

foralle 2 % ;1 b< M (wedonotneedto
divide by 3 here becausehereis only one choice of
pivot eﬁnongthe \{grtlcesof T e that causesB ).
Thus, Molte=M 1) 1foralle2

T2T e T
); . By setting ® = p2=3w get%fea&blesolu-
T2T, py=3is

tion to Dual LP 2, andtherefore 'g"l
a lower boundfor ¢ (T, asde ned before execut|on
asin the de nition oflpual II_.,P 2 - notethatp? = 0
for T 2 Tp). Thus, pl o TeT p2 is at most 3c .
Also, by setting t = 1, "P=(M 1) we geta
fgasiblesolutionto Q;Jal LP 1, andthusc is at least

tor TL(T) 1or T (notethat ¢ = 0Of
T isnota wo&tlng tp,angle beforeexecutmn)and we
concludethat ;,r o, O isatmost(M  1)c .
Therefore,the total expectedapproximationratio is at
most3+ (M 1) = 2+ M, asrequired.

3. A Linear Programming Approach

In this sectionwe describeour LP relaxationfor the
closestultrametric. We rst considerthe closestultra-
metricunderthe *; normandlater generalizeéhe ideas
to general , norms.



It will beusefulto restrictthesolutionto only include
ultrametricswith distancesn thesetf D (i; j )ji; ] 2 X g.
By Lemmal(a)from[12], thisdoesnotchangehevalue
of the optimal solution. LetfD; < D; < < Dmg
denotethe sortedsetof valuesf D (i; j )g whereM =
Oo(n?). LetL; = Dy D; i,forl <t M and

L, = Dj. Thenanultrametricwith distancesn the set
f D{g canbeviewedasanM -level treewheretheedges
at level t have lengthL; asin Figure2. (We number
levelsin increasingorderfrom the leavesto theroot.)

Figure 2. M -level tree with weighted levels.

Equivalently, suchanultrametricon X canbeviewed
asa hierarchyof M clusterings(i.e. partitionsof X)
with lengthL ; associatedvith the clusteringat level t.
Our LP relaxationfor the closestultrametricis basecbn
this view. We modeltheclusteringatlevelt by af 0; 1g
distancefunctionxj; . We relaxthisto allow xj; to bea
[0; 1] distancefunction that satis estriangleinequality
We imposethe constrainthatthe clusteringatlevel t is
are nementof thatfor t + 1, by specifyingthatthedis-
tancefunctionbetweertwo verticesi andj decreaseas
t increasesTheconstraintaresummarizedn Figure3.

Xhe X + X[y 8tk (1)
X X 8t:i; (2)
0 X 1 8t; i j (3)

Figure 3. The closest ultrametric LP con-
straints. The t's are integers from

An integersolutionk}j totheLP s interpretedasan
ultrametricU asfollows: U(i; j) = {V':l Ltk}j . Fora
x edt, af0; 1g solutionk}j correspondso a clustering
of X, becausef the triangleinequality constraintg1).

Further the constraintq2) imply that the clusteringat
level t is a re nementof the clusteringat level t + 1.
This leadsto a weightedtree structureon X whereall
pointsin X are at the leaves of the tree and edgesat
levelt of thistreehave lengthL ;. Notethat®! denotes
whetheri andj aresepa,gatedit level t or not. Thedis-
tancefunctionU(i; j) = thl Ltk}j is (half) theshort-
estpathdistancein this weightedtree,andthusindeed
an ultrametric. Modeling an ultrametricin this way as
a hierarchyof clustersseemsanmoreusefulthantrying to
work with an LP formulation that hasvariablescorre-
spondingo ultrametricdistancedlirectly.

In orderto specifythe LP objective function,we de-
ne constantD] whereDf = 1if D(i;j) D and
D{j = 0if D(i; j) < D¢. TheLP objectve functionis

oW X X
min  L( X + T x): @
t=1 ij :Di‘i =0 ij :Di‘i =1
- Pwm o
Note that D(i;j) = = I; L«Df. ThusjD(i;j)

ug@; jj= thl L¢jDf  #j j. Thisis thecontribution
of pair (i; j ) to the objective function(seeFigure4).
o}
1
F===1
1
. 1
t
Xij RySySpses
B L.
T T T 1 t
t=1 2 k1 k M1 t=M
Ly Lo Lk L

D(i.j)
Figure 4. LP contrib ution from pair (i; j)

We note that the LP relaxationis quite e xible and
easily allows incorporatingadditional constraintssuch
asdifferentweightson pairs(i; j ), andallowed ranges
for pairwisedistancesThiswill beimportantiaterwhen
we adaptthe ideasfor other™, normsandusethe near
estultrametricalgorithmto solve the nearestreemetric
problem.

3.1 Rounding algorithm for closestUltrametric
In describingthe algorithm, it is usefulto keepin

mind the equivalencebetweenan ultrametricand a hi-
erarchy of clusterings. Algorithm HIERARCHICAL-



CLUSTER (seeFigure5) constructsa hierarchicalclus-
tering in a top down fashion. One can also view the
algorithmasconstructingan integer solutionby setting
the LP variablesto 0-1 in a recursve fashion. The al-
gorithm constructsthe clusteringsat higher levels and
then proceedto lower levels. At eachstage,the algo-
rithm works with a subsetZ of points of the original
pointset,ataparticulardevelt 2 f1; M g. Thealgorithm
partitionsZ into clusters(possiblyjust one— leaving Z

unchangedand constructsa hierarchicalclusteringfor
eachclusterstartingatlevelt 1. It is intiatedby call-
ing HIERARCHICAL-CLUSTER(X ; M ). We begin with
somede nitions we will needin describingthe algo-
rithm andits analysis.We startby de ning = LP =n,

whereLP is the optimumvalueof the linear program.

We alsode ne thefollowing variables:

De nition 1
Xt X
Ay = jzZj+ Ls Xj
s=1 ij2z:Df =0
wi = Ls(L Df)
s=1
Xt
= max(( Ls) Dj;0)
s=1
Vi(cr) = fi2z:x5 rg
Ycr) = f(i;;()ji 2 Vi(cir);j 2 ZnV;(cir)g
wier) = wi
(i:.J' )2 tZ(Cir.) X
Az(cr) = jVz(en)j+ LeX}
i 2V; (cr) Dsﬁ =to
X X
+ Ls(r  xg)
lezz\éézic(rcr)) D =0

The -termsin thede nition of theA-variablegA}, and
Al (c;r)) areusedto simplify our analysis Withoutthe
term, it is easyto seethat the A-variablesare simply
portionsof the LP cost. Our main argumentwill shov
how to chage the algorithm cost (capturedby the W -
variat,;l,es)to tth-variabIes. By our de nitions, and
. t s .
since o, Ls 22:0% =0 Xj LP andjZj n,

we have
Obsewation 2 (i) AL= 2n, (i) AL (c;r) ,and
(i) AY  2LP,

We now shaw thatthealgorithmoutputsa valid solu-
tion.

HIERARCHICAL-CLUSTER(Z;1)

(1) call CLUSTER-PARTITION(Z, t)
obtaining partition of Z:
Z=21[ [ Znm

2) for ;,j2z, 1 | m
set R =0

@) for 1 I<1° my1 s ti22Z;j2Zpo
set % =1

4) for I=1;:::;m

call  HIERARCHICAL-CLUSTER(Z|,t 1)
(5) return

CLUSTER-PARTITION(Z; )

1) set m=1
(2) if 8i;j2Z:(xj 2=3_Dj =0) then

set Zm=7Z

return  Z1;::5Zm
(3) pick ij 22Z s.t. xj >2=3 & Dj =0
(4) if AL(i;;1=3) AL=2 then

c=i

else

c=j

(5 pick r 2]0;1=3] s.t.
W3 (c;r)  O(loglogn)AL (c;r)

In(AL =AL (c;r))
(6) set Zm=Vi(cr), Z=2ZnZny
(7) set m=m+1
(8) goto (2)

Figure 5. Algorithm HIERARCHICAL-
CLUSTER and  procedure CLUSTER-
PARTITION.  Note that the precise ex-

pression of the O(loglogn) in line (5) of
CLUSTER-PARTITION is InIn(Al=) InIn2.

Lemmal The solution k}j produced by Algorithm
HIERARCHICAL-CLUSTER isavalid integer solutionto
theLP (1)-(3).

Proof: It is easyto seethateach®! is setexactlyonce
in the algorithm. We shav thatthe valuesof k}j satisfy
the constraintof the LP. Sincethe valuesare 0-1, the
only possibleviolation of inequality (2) is k}j” =1
andk}j = 0. Step(3) ensureghat this doesnot hap-
pen. Also, the only possibleviolation of inequality (1)
is®}, = 1,%) = Oand®j, = 0. Considettherecursie
call of the algorithmwhere®}, wassetto 1. Notethat



i 22Z,j22Zp,161° R} = Oimpliesthatj 2 Z; and
k}k = Oimpliesthatj 2 Zo, giving acontradiction. 2

Lemma?2 In Step (4) of algorithm CLUSTER-
PARTITION, AL (c;1=3) AL =2.

Proof: WeclaimthatA} (i; 1=3)+ A} (j; 1=3) Al.
It is easyto seethis, by verifying that for every pair
i;j 2 Z, thetotal contribution to the LHS is at most
the contribution to the RHS. The choiceof c in Step(4)
now ensureshatthelemmaholds. 2

Lemma3 In Step (5) of algorithm CLUSTER-
PARTITION, ther exists r 2 [0; 1=3]
sud that Wi(c;r) (InIn(AL =)
InIn 2)A} (c;r) In(AL =AY (c;r)).

Proof: NotethatA} (c;r) is anondecreasinfunction
of r. It hasat mostn linear pieceswith possibledis-
continuitiesfor valuesof r = x!; fori 2 Z. Let
R = fr : A} (c;r) is differentiableatrg. Forallr 2 R,

dA} (c;r)
dr

Assumefor contradiction, that the statementof the
lemmais false.Then,for all r 2 [0; 1=3]\ R,

= Wz (cir)

% > (InIn(AY=) Inin2)
AL (c;r)In(AL =AY (c;r)) -
Therefore,
1 dAL (c;r)
AL (c;r)In(AL =AL (c;r))  dr
> (InIn(AL=) InIn2)
dinin(AZ A2 () 5 (nin(AL= ) Inin2):

dr

giving by integrationover[0; 1=3],
InIn(AL =A% (c;0))  InIn(AL =AY (c;1=3))

> (Inin(AY=) InIn2):

By Obseration 2 (ii), InIn(AL=Al (c;0))
InIn(AL=). Also, A} (c;1=3) A%, =2 (by the
choiceof cin Step(4)). Therefore the maximumpossi-
ble valueof theLHS in thelastinequalityderivedabove
isInIn(AY = In In 2. This givesa contradiction. 2

Theorem2 Thecostofthesolution#&}j producecdbythe
algorithmHIERARCHICAL-CLUSTER is within a factor
of O(log n loglogn) timesthevalueof the LP solution.

Proof: We will boundthe cost of the solution pro-
ducedby separatelypoundingthe contribution of k}j set
toOandgj setto 1. Notethatwheneerweset®j = 0,
eitherDf = 0 orxj 2=3. In the former case the
contribution of k}j to the solutionproduceds 0. In the
lattercasethecontributionto thesolutionproduceds at
most3 timesthe contribution of x}j to theLP solution.

in Step (3) of algorithm HIERARCHICAL-CLUSTER,

w.l.o.g. i 2 Z;;j 2 Zp;l < 1%in the partition of

Z producedby procedureCLUSTER-PARTITION. The
total contribution to the solutionis W;j . We bound
this contribution by consideringthe condition ensured
in Step(5) of CLUSTER-PARTITION wheni 2 Z, is

separatedromj :

W3 (c;r)  O(loglogn)AL (c;r) In(AL =A% (c;r)) :

Note that W, is includedin the Wy (c;r) termin the
LHS, by de nition. Thisinequalityensureshatthe cost
W. (c;r) canbe chagedto Al (c;r), which is a por-
tion of AY . In fact, eachunit of A}, (c;r) is chaged
O(log logn) In(A% =AY, (c;r)) times.

Now we shaw thatevery pieceof A} is chagedto
anextentof atmostO(log n loglogn). In virtue of Ob-
senation 2 (iii), this would imply the statementf the
theorem.Considera pairi; j ands with D§ = 0. The
contritutionto AY is Xj (multipliedby L s). Eachtime
this pieceof AY is chaged,i; j arein somesetZz, that
is partitionedatsomelevel t; by growing aball of radius
ry aroundcenterc,. Thechageto this pieceof the LP
is O(log logn) In(A} =AY (ci;1y)). Eitheri andj are
separatedy this partitioning,or i andj arein thesame
partitionasc;, in which casethe LP contribution could
be chagedfurther Supposehat thereare a total of g
suchchages,for | = 1:::qg. Thetotal chageto this
pieceof the LP solutionis atmost

O(loglogn)  In(AY =AY (ci;11))
=1
= O(loglogn) ~ (INAZ InA} (G:n)):
=1
NotethatAgl*j1 AEI (¢;ry) (sincethe LHS includes

fractional contribtutions of edgescut by Z,.; andthe
algorithm might skip a few levels before partitioning
again). Therefore the total chage to a pieceof LP is
atmost

O(loglogn)(in A%, InAZ (cqirq)) :

By Obsenation2 (i) and(ii), thelastexpressions at
mostO(log n loglogn), asrequired. 2



Corollary 3 Algorithm  HIERARCHICAL-CLUSTER
yields an O(lognloglogn) appmoximation for the
problemof nding the closestultrametricunderthe " ;
norm.

Weremarkthatour LP basednethodcanbemodi ed
to incorporateadditionalconstraintonthe pairwisedis-
tancesin particular we canupperandlower boundcer
tain pairwisedistancedy constantandhencealsospec-

ify that certaindistancesshouldbe equalto constants.

This is doneby constrainingthe appropriatex}j vari-
ablesin theLP to beeither0 or 1. Notethattherounding
procedurenasthe propertythatxj = 0) %} = Oand
xj =1) & =1

3.2 Other Objective Functions

The LP rounding algorithm HIERARCHICAL-
CLUSTER is analyzedn Section3.1for the problemof
minimizing the *; distanceof anultrametricto a target
distancefunctionD. We shaw in this sectionthat the
techniguesanbeextendedo ary ", normforp > 1.

More precisigly considerthe problemof minimizing
kd Dk, = (  (d(i;j) D(i; j))P)**P over all ul-
trametricsd. As in the ™ ; case,we will restrictthe so-
lution to include only ultrametricsd with valuesin the
setf D(i; j)ji; j 2 X g. By Lemmal(b)from [12], this
increaseghe value of the optimal solutionby a multi-
plicative factorof at most2. In fact, we will consider
theobjective functionjjd  Djjp. For this objectie, the
optimalvalueis increasedy a factorof atmost2P.

Our LP relaxationusesthe samevariablesand con-
straintsasbefore(in Figure3) with a differentobjective
function. Recallthatf D, < D, < < Dy g arethe
sortedsetof valuesf D (i; j )g. In addition,de ne Do =
0. In orderto write down the objectie function,we de-
ne constantsQ} andRj asfollows (seeFigure 6):
i = max(iDy  D(i;j)i® jDt 1 D(i;j)iP;0),
andRj = max(jDy 1 D(i;j)ji® jD¢ D(i;j)if; 0).
We now write the LP objective functionfor minimizing
jjd Djjp asfollows:

- X
min x}j
i 2X t=1

Pt xpHRE 5 (5)

Notethatthesumsin thede nition of Q; andR| are
telescopinglt is easyto verify thatfor anintegerfeasi-
blesolutionx}j 2 f0; 1gtotheclosesmetricLP, theob-
jective function (5) is exactly i (d«(i;j) D(;jNP,
wheredy is the ultrametricinducedby the feasibleso-
lution x (thatis, dy (i; j) = D¢ for the maximalt such

xDGij) |

Dyy Dy D(i.)) O, Dt

Figure 6. lllustration of Q] and R}jo.

thatx}j = 1). Alsoit is not hardto changethe A and
W -variablesn De nition 1 (andhencealsoCLUSTER-
PARTITION) in a suitableway sothatthe analysislead-
ing to Corollary3 will leadto

Corollary 4 Algorithm  HIERARCHICAL-CLUSTER
yields an O(2Plognloglogn) approximation for
the problem of nding the ultrametric d minimizing
kd Dkf and hence an O((log nloglog n)1=r)
approximationfor the problemof minimizingkd DKk,.

We omit the requiredtechnicalchangesfrom this ab-
stract.

3.3 Closesttreemetric

Agarwala etal [1] shav that the closesttree metric
problemcanbe solved via a reductionto the closesta-
restrictedultrametricproblem(a 2 X). Thisis avari-
ant of the closestultrametric problem, which restricts
the spaceof permissibleultrametricsto thosethat sat-
isfy some additional distancepropertiesexpressedn
termsof distancedrom pointa 2 X. We rst intro-
ducesomenotationto explaintheadditionalrestrictions
needed.Considera 2 X. Letm, = maxfD(a;i)g.
Letli = my D(a;i). Considetthecentoid metricC?
whereC?2(i;j) = li+ [ = 2my  D(a;i) D(a;j).
Now considerthe distancefunctionD + C2. Notethat
the distancefrom a to ary pointi in this new distance
function is 2m,. An ultrametricU is said to be a-
restricted(with respecto distancefunctionD) if it sat-
is es thefollowing constraints:

foralli;j 2max(li;lj)) U(;j) 2m,

U(a;i) = 2m,

The variantof the closestultrametricproblemwe need
to solveis thefollowing: GivendistancegunctionD, a 2



X, nd ana-restrictedultrametricU soasto minimize
jiu (D + Cjjp.

Note that the additionalconstraintasmposedon the
ultrametricare simply upperandlower boundsfor cer
tain pairsof distancesand equality constraintsfor cer
tain pairsof distanceslin factour LP basedmethodfor
the nearestltrametriccanbeeasilymodi ed to givean
O(log nloglogn) approximationfor this variant. (We
needto includethevaluesf |; g in the setof alloweddis-
tancesin writing down our LP relaxation.) Combined
with thereductionof Agarwalaetal[1], thisimpliesthe
following result.

Theorem5 Themeis a polynomialtimealgorithmto ob-
tain an O((log n loglogn)*=") approximation for the
problemof nding the closesttree metric underthe "
norm.

4. Conclusion

It would be interestingto obtain a combinatorial
poly log(n) approximationfor the closest ultramet-
ric/tree metric problem we consider Determining
whetheranO(1) approximatiorcanbeobtaineds afas-
cinatingquestion.The LP formulationusedin ourwork
could eventuallyleadto sucharesult. It would be in-
terestingto look at the problemof aggreyatinga given
setof hierarchicalclusteringsinto a single representa-
tive one. A naturalformulationof sucha questionis to
askfor a single hierarchicalclusteringthat minimizes
the sum of distancesfrom a given set of hierarchical
clusteringsakinto theformulationof aggreyationprob-
lemsin othersettingq7, 10, 11]. A 2-approximatiorfor
this problemis trivial (by picking the bestof the given
clusterings).Goingbeyondfactor2 requiressomenon-
trivial combiningof clusterings. For aggreating clus-
terings(i.e.theM = 1 case)Ailon etal[2] recentlyob-
tainedbetteralgorithmsandit is naturalto askwhether
suchresultscanbe obtainedfor hierarchicalclusterings
aswell. TheLP formulationwe useseemgo beavalu-
abletool for representinglistributionsontreesandmay
have applicationgto otherproblemsinvolving tree met-
rics.
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