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Abstract

Givendissimilaritydataon pairs of objectsin a set,
westudytheproblemof �tting a treemetric to this data
so as to minimizeadditive error (i.e. somemeasure
of the differencebetweenthe treemetric and the given
data). This problemarisesin constructingan M -level
hierarchical clusteringof objects(or an ultrametricon
objects)so as to match the given dissimilarity data –
a basic problemin statistics. Viewed in this way, the
problemis a generalizationof thecorrelationclustering
problem(which correspondsto M = 1). We givea very
simplerandomizedcombinatorialalgorithmfor theM -
level hierarchical clusteringproblemthat achievesan
approximationratio of M + 2. Thisis a generalizationof
a previousfactor 3 algorithmfor correlationclustering
on completegraphs.Theproblemof �tting treemetrics
alsoarisesin phylogenywhere theobjectiveis to learn
the evolution treeby �tting a treeto dissimilarity data
on taxa. Thequality of the �t is measuredby takingthe
`p norm of the differencebetweenthe treemetric con-
structedand the givendata. Previousresultsobtained
a factor3 approximationfor �nding theclosesttreetree
metric underthe `1 norm. No non-trivial approxima-
tion for general `p normswasknownbefore. Wepresent
a novel LP formulationfor this problemand obtain an
O((log n log logn)1=p) approximation using this. En
route, weobtainan O((log n loglogn)1=p) approxima-
tion for theclosestultrametricunderthe `p norm. Our
techniquesarebasedonrepresentingandviewinganul-
trametricasa hierarchyof clusterings,andmaybeuse-
ful in othercontexts.
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1. Intr oduction

We considerthe problemof �nding a treemetric to
�t dissimilaritydataon pairsof objectsfrom a givenset
X . A treemetricis de�ned by aweightedtreespanning
X , with distancesbetweena pair of objectsdetermined
by thesumof edgeweightsalongtheuniquepathin the
treeconnectingthem.Themainproblemweconsideris:
How well canweconstructa treemetricto �t thegiven
data ? A specialkind of treemetric is an ultrametric,
wheretheunderlyingtreehasa specialstructure:all el-
ementsof X areleavesof the treeandall leavesareat
thesamedistancefrom theroot. Ultrametricsnaturally
correspondto ahierarchyof clusteringsof thedata.An-
otherquestionof greatinterestis: Howwell canwecon-
structanultrametricto �t thegivendata?

Such problemsreferredto as numerical taxonomy
arisenaturally in numerousdisciplines: in statistics–
for clusteringdatainto hierarchies,andin sciencessuch
aslinguisticsandbiology (seethe survey [14]), where
treemetricsrepresentevolutionarybranchingprocesses
thatgive rise to the observeddata. Consequently, such
problemshave beenstudiedquite extensively. (seethe
paperof Agarwalaetal[1] andthereferencestherein).

Whenthegivendatacanberealizedexactlyby a tree
metric (or anultrametric),it is well known that theun-
derlyingtreestructurecanbereconstructed.In fact,suc-
cinct necessaryandsuf�cient conditionsareknown for
checkingwhethera given dissimilarity function canbe
exactly realizedthus,involving checkingacertaincrite-
rion on all setsof 3 points(for ultrametrics)or 4 points
(for treemetrics).

While the exact problemis well solved, �nding the
best�tting treemetricwhennone�ts exactly is a much
harderproblem. In orderto quantify the quality of the
�t, we view a distancefunction on n objectsasa vec-
tor with

� n
2

�
coordinatescorrespondingto pairwisedis-

tances.The�t betweenagivendissimilarityfunctionD



anda treemetric dT is thenmeasuredby the `p norm
kD � dT kp. Thegoalis to �nd a treemetricdT soasto
minimizethis quantity.

1.1. RelatedWork

Farach etal [9] showed that under the `1 norm,
an optimal ultrametriccanbe computedin polynomial
time. Unfortunately, these�tting problemsare NP-
Hardfor variousothernormsof interest̀ 1, `2 (for trees
andultrametrics)and`1 (for treemetrics). In fact the
`1 problem(for tree metrics)and the `1 problemfor
treemetricsandultrametricsareAPX-Hard (seeWare-
ham[17, 1]). Theonly non-trivial approximationresult
is the3-approximationof Agarwalaetal[1] for theclos-
est treemetric underthe `1 norm. Their work makes
an interestingconnectionbetweenthe closesttreemet-
ric andclosestultrametricproblem. They show thatan
� -approximationfor a restrictedversionof the closest
ultrametricproblemyields a 3� approximationfor the
closesttreemetricproblemfor any `p norm. This is the
basisfor their 3 approximationfor `1 andwe usethis
later in our resultsfor `p. Recently, connectionshave
beenmadebetweentheseresultsfor the `1 bestultra-
metricandsomeclassicalresultsin mathematics[3, 13].
Ma etal [15] consideredtheproblemof �nding thebest
`p �t by anultrametricwheredistancesin theultrametric
arenosmallerthatthegivendata.For thisproblem,they
obtainedanO(n1=p) approximation.Recently, Dhamd-
here[6] consideredthe problemof �nding a line met-
ric to minimize additive distortionfrom the given data
(measuredby the`1 norm)andobtainedanO(log n) ap-
proximation.In fact,his motivationfor consideringthis
problemwas to develop techniquesthat might be use-
ful for �nding theclosesttreemetricwith distancemea-
suredby the`1 norm. Independentlyof ourwork, Harb,
KannanandMcGregor [12] recentlydevelopeda factor
O(minf n1=p; (k logn)1=pg) approximationfor theclos-
esttreemetricunderthe`p normwherek is thenumber
of distinctdistancesin theinput. Of course,thereis rich
literatureonmetricembeddingproblemswherethemea-
sureof interestis the multiplicativedistortion. Several
suchproblemshave beenstudiedin the context of ap-
proximatingmetric spacesvia tree metrics(e.g. [8]).
Researchershave alsostudiedreconstructionof phylo-
geniesunderstochasticmodelsof evolution(seeMossel
etal[16] andthereferencestherein).

1.2. Our Results

Wemakesigni�cant improvementsto thestateof the
art for �tting ultrametricsandtreemetricsto givendata

soasto minimizeadditivedistortionaccordingto the`p

measureof �t. We presenttwo mainresults.
Firstweconsidertheproblemof �tting anultrametric

to dissimilaritydataspeci�edasintegersin f 1; : : : ; M +
1g. Thisnaturallycorrespondsto �nding anM -level hi-
erarchicalclusteringto bestmatchthe given data. In
fact,theM = 1 problemis exactly thecorrelationclus-
teringproblemoncompletegraphs[4, 5]. Thisproblem
hasreceived a lot of attentionrecently. We generalize
thealgorithmof [2] to obtainasimplerandomizedcom-
binatorialalgorithmfor �tting an M -level hierarchical
clusteringwith anapproximationratio of M + 2.1 The
algorithmis quite intuitive andproceedsby recursively
modifying thegivendatasoasto eventuallyproducean
ultrametric. Even thoughthe algorithm is completely
combinatorial,the analysisproceedsby constructinga
dualsolutionto a certainLP andthevaluesin this dual
solution are de�ned in termsof the probability distri-
bution over the algorithm's actions. We describethese
resultsin Section2.

Secondly, we considerthe problemof �tting ultra-
metricsand tree metrics to generaldissimilarity data.
For the problemof �tting an ultrametric,we introduce
a novel LP formulation which arisesfrom viewing an
ultrametricasa hierarchyof clusterings(seeSection3).
Theclosestultrametricproblemnow becomesa hierar-
chyof correlationclusteringproblemswhicharedepen-
dent in a certainway. In Section3.1, we show how to
roundtheLP solution,consistingof a hierarchyof met-
rics, to obtainanO((log n log logn)1=p) approximation
for the `p norm. (This follows from a Seymour-style
analysisof the divide andconquerapproach).The LP
basedmethodis fairly �e xible, allowing imposingupper
andlowerboundsaswell asequalityconstraintson cer-
tain pairsof distancesin the �nal ultrametricobtained.
This �e xibility enablesus to usethe ultrametricresult
to obtainan O((log n log logn)1=p) approximationfor
�tting treemetricsin Section3.3via theresultsof Agar-
walaetal[1].

2. Hierar chical Clustering

Let X bea groundsetof n elements,andlet M > 0
bea constantinteger. A level M hierarchicalclustering
of X is a rootedtreewith the elementsof X asleaves
anda pathof lengthexactlyM + 1 from theroot to any
leaf. For M = 1 this is thestandardde�nition of a clus-

1When viewed as an M level hierarchicalclustering, it makes
senseto usesmall valuesof M not exceedingO(log n). This has
a preciseinformation-theoreticmotivation which we will not pursue
in this version.



teringof X : thechildrenof therootcanbeviewedasthe
clusters.For M = 2 wehaveastandardclustering,with
theadditionalstructurethatevery clusteris furtherpar-
titionedinto clusters.This nestedclusteringgeneralizes
to any M .

For a level M hierarchicalclusteringC we de�ne a
distancefunction dC betweendistinct pairs i; j 2 X .
ThedistancedC(i; j ) is theheightof thesubtreerooted
by the lowest commonancestorof i and j . So if i; j
shareaparent,thedistanceis 1. If i; j donotshareapar-
entbut they shareagrandparent,thedistanceis 2, andso
on,wherethemaximaldistanceis M + 1. Dependingon
the clusteringapplication,this distancewould measure
theextentto which i andj aredissimilar. Notethatthis
is exactly half the treedistancebetweeni andj . Abus-
ing notation,we denoteby dC the

� n
2

�
coordinatevector

of distances.
Let G be thecompleteundirectedgraphon X , with

an integerweight function1 � D(i; j ) � M + 1, rep-
resentingdissimilaritybetweenpairsof elementsin X .
We view D asan

� n
2

�
-coordinatevector. The general-

izedcorrelationclusteringproblemis de�ned as�nding
a level M clusteringof X , C, minimizingkD � dCk1 .

For M = 1, this is exactly the correlation cluster-
ing problemon a completegraph. Here D(i; j ) = 1
representsa + edgebetweeni andj , andD(i; j ) = 2
indicatesa � edge.

Claim 1 (Ultrametric property) Thedistancefunction
dC satis�es the following strong triangle inequal-
ity property: For any distinct i; j; k, dC(i; j ) �
maxf dC(i; k); dC(j; k)g.

Note that the strong triangle inequality implies that
dC(i; j ) = maxf dC(i; k); dC(j; k)g if dC(i; k) 6=
dC(j; k).

Claim 2 Anyultrametricd : X � X ! f 1; : : : ; M + 1g
is inducedbysomelevelM clusteringC.

Theproof of Claim 2 is by simpleinduction: It is easy
to verify that therelationRM � X � X of all i; j such
that d(i; j ) � M is an equivalencerelation. Using in-
ductiononM , webuild (M � 1)-level clusterings(trees)
on theequivalenceclassesandconnectthemaschildren
of a new root, thusobtaininga clusteringCd. It is im-
mediateto verify that d = dCd . Note that this proof is
constructive. Claims1 and2 thusgiveusa localcharac-
terizationof thedistancefunctionsinducedby level M
hierarchicalclusterings.

Algorithm HCLUST-PIVOT (Figure1) buildsa level-
M hierarchicalclusteringrepresentedby anultrametric
z so as to �t a given dissimilarity function D . Before

HCLUST-PIVOT(X )

if X = ; return
pick random pivot k 2 X .
for t = 1; : : : ; M + 1

set X t = f i 2 X : z(k; i ) = tg
for all 1 � t1 < t2 � M + 1

for all i 2 X t 1 ; j 2 X t 2

(1) change z(i; j ) = t2

for all 1 � t � M + 1
for all distinct i; j 2 X t

(2) change z(i; j ) = minf z(i; j ); tg

for t = 2; : : : ; M + 1
run HCLUST-PIVOT(X t )

Figure 1. Algorithm HCLUST-PIVOT. Before
calling, set z = D. After execution, z is
solution.

runningthealgorithmwe set2 z = D andthealgorithm
progressively mutatesz, converting it into an ultramet-
ric. ThehierarchicalclusteringCz canbeeasilyderived
from thevectorz after thealgorithmreturns.

Theorem1 Algorithm HCLUST-PIVOT is an expected
2 + M approximationalgorithmfor generalizedcorre-
lation clustering.

The techniqueswe usein the proof are similar to the
onesusedin theproofof Theorem1 in [2].
Proof: We �rst prove correctness,in otherwords,that
thevectorz aftertheexecutionof thealgorithmis anul-
trametric.Fix a triple T = f h; i; j g � X . Therearetwo
possibleimportanteventsin thelife of T . The�rst event
is thatoneof its vertices(say, h) is chosenaspivot when
the othertwo areinput to the samerecursive call. But
theneitherline (1) or (2) will �x thevalueof z(i; j ) so
thatz hastheultrametricpropertyon f h; i; j g. (In fact,
thealgorithmwill changethevalueof z(i; j ) in agreedy
way that minimizesthe sizeof the change.)Now it is
immediateto verify thatthevaluesof z(h; i ) andz(h; j )
arefrozenuntil termination,andthatnofuturechangeof
z(i; j ) will violatetheultrametricpropertyont. Indeed,
the only way z(i; j ) will changein recursive calls is if
z(h; i ) = z(h; j ) = l , in whichcasez(i; j ) is setin line

2Think of z asaglobalvariable



(2) to be � l , andin therecursionon X l its valuecan-
not climb above l (seeObservation1 below). Theother
event is thata fourth vertex k =2 T waschosenaspivot
whenall four h; i; j; k arein thesamerecursivecall, and
the verticesof T are split betweenmore than one re-
cursive calls (in otherwordsz(k; h); z(k; i ); z(k; j ) are
not all equal). It is not hard to verify that the work of
lines(1) and(2) will enforcetheultrametricpropertyon
t. Thereare threesubcases.First subcase:z(k; h) <
z(k; i ) = l1 < z(k; j ) = l2. In this subcase,z(i; j ) and
z(h; j ) aremutatedandfrozenasl2 in line (1), z(h; i )
is mutatedandfrozenasl1 in line (1). Secondsubcase:
z(k; h) = z(k; i ) = l1 < z(k; j ) = l2. Thenz(h; j ),
z(i; j ) arefrozenasl2 in line (1), andz(h; i ) is mutated
in line (2) to avaluenotexceedingl1, abovewhichit will
not climb in the recursion(seeObservation 1 below).
Third subcase:z(k; h) = l1 < z(k; i ) = z(k; j ) = l2.
Thenz(h; i ) andz(h; j ) are frozenas l2 andz(i; j ) is
mutatedto a valuenotexceedingl2, abovewhich it will
notclimb in therecursion(seeObservation1 below). In
all threesubcasestriangleT now satis�esthestrongtri-
angleinequalityandwill not violate it in the recursion.
Weconcludetheproofof correctnessbystatingtheobvi-
ousclaim thateitherthe�rst or thesecondeventoccurs
(exactlyonce)onall triplesT .

We start the approximationfactor guaranteeproof
with thefollowing:

Observation 1 For all distinct i; j 2 X the value of
z(i; j ) caneitherincreaseor decreaseduringtheexecu-
tion of thealgorithm,but notboth.

To seethis, assumethat the value of z(i; j ) increased
during the execution. The only possibleincreaseof
z can occur in line (1), after which i and j are sepa-
ratedinto two differentrecursionbranches.Therefore,
thevalueof z(i; j ) will not changefrom thatpoint and
on. Assumethat the value of z(i; j ) was decreased
to z0 at somepoint. If the decreaseoccurredin line
(1), then again,the value of z(i; j ) will never change
againbecauseof the splitting of i; j into two recursion
branches.If it occurredin line (2), thenthe new value
of z(i; j ) = z0 will bemaximalamongall valuesof z in
the recursive call correspondingto X z0. Consequently,
thevalueof z(i; j ) will notclimb abovez0.

Let T be the set of triples f i; j; kg such that the
largestD-valueamongthethreevaluesD(i; j ), D (i; k),
D (j; k) is strictly larger than the secondlargestvalue.
(We call suchtriples “violating triples”). For T 2 T
let � 1(T ) denotethe largestD-value of T , � 2(T ) the
secondlargestD-valueof T , and � 3(T ) the lowestz-
valueof T (arbitrarily breakingtiesbetween� 2(T ) and

� 3(T )). Let L (T) = � 1(t) � � 2(t) > 0. For aninteger
1 � b < M + 1, let Tb � T denotethesetof T 2 T
suchthat � 2(T ) � b and� 1(T ) > b. Clearly, any so-
lution hasto pay at leastL (T) on the edgesof T (that
is, kDT � zT k1 � L (T ) for any solutionz, wherezT

is therestrictionof a vectorin
� X

2

�
to coordinates

� T
2

�
).

Also, if T 2 Tb, thenin any solutionthevalueof at least
oneedgee 2

� T
2

�
hasto “cross” b. In otherwords,if it

started< b it will be� bandvice-versa.Thefollowing
two LPscapturethis:

LP 1: Minimize
P

e2 (X
2 ) � e, s.t.

P
e2 (T

2 ) � e �

L (T ) for all T 2 T and� e � 0 for all e 2
� X

2

�
.

In the correspondingIP, the variable� e (w.r.t. a
feasibleultrametricsolutiond) tell us the amount
of changeof thevalueof e 2

� X
2

�
(contribution to

the `1 distance,which is jD e � dej). Note that a
solutionto thecorrespondingIP doesnot necessar-
ily encodea feasibleultrametric(therearemissing
constraints).Theimportantpoint is thatits optimal
valueis alowerboundto theoptimalsolutionto the
ultrametricproblem.

LP 2: Minimize
P

e2 (X
2 )

P M
b=1 
 b

e s.t.
P

e2 (T
2 ) 
 b

e � 1 for all 1 � b < M + 1, T 2 Tb,

and
 b
e � 0 for all e 2

� X
2

�
; 1 � b < M + 1. In the

correspondingIP, themeaningof indicatorvariable

 b

e (w.r.t. a feasibleultrametricproblemsolution
d) is as follows. If 
 b

e = 1 then the value of e
crossesb whenchangingfrom D e to de (therefore
contributing 1 to the objective function). Again,
thecorrespondingIP formulationdoesnot contain
all theultrametricconstraints.

Fix any solutionz� (i.e. an ultrametricon V ) with
cost c = kD � z� k1. The following are the duals to
LP 1 and2. Therefore,any feasiblesolutionsarelower
boundsfor c� .

Dual LP 1: Maximize
P

T 2T � T L(T), subjectto
P

T 2T :e� t � T � 1 for all e 2
� X

2

�
and� T � 0 for

all T 2 T .

Dual LP 2: Maximize
P M

b=1

P
T 2T b

� b
T , subjectto

P
T 2T b :e� T � b

T � 1 for all e 2
� X

2

�
; 1 � b < M +

1, and� b
T � 0 for all 1 � b < M + 1; T 2 Tb.

Noticethatthroughouttheexecutionof thealgorithm
no new violating triples arecreated. Fix a triple T =
f i; j; kg 2 T . The triple will be chargedif oneof its
vertices,sayi , waschosenaspivot whentheothertwo
werein thesamerecursivecall,andthevaluez(j; k) was



mutated.Theamountof chargeis thesizeof thechange.
Every unit of costpaid by the solutionreturnedby the
algorithmis chargedto exactly onetriple in T . By Ob-
servation1, thetotal costof thesolutionreturnedby the
algorithmis exactly the total amountof chargeover all
triples(theobservationensuresthatthereareno cancel-
lations). Every triple canbechargedat mostonce.Not
all triplesT 2 T arenecessarilycharged:somemaybe
“�x ed” duringa choiceof a pivot outsideT. Addition-
ally, notethatif a triple T 2 T is charged,theamountof
chargeis not necessarily� 1(T ) � � 2(T ). For example,
�x a triple T = f h; i; j g with3 z(h; i ) = � 1(T ) = 10,
z(i; j ) = � 2(T ) = 5 andz(j; h) = � 3(T ) = 1. So
L(T) = 5. Assumeh; i; j areinput to thesamerecur-
sive call, and one of them is chosenas pivot. If i is
chosen,thenthevalueof z(j; h) will bechangedto 10,
in which casethe charge is 9. We will treat the �rst 4
units of charge (i.e. change� 3(T ) ! � 2(T )) andthe
last5 (i.e. theremainingclimb up to � 1(T )) separately
(B -typechargeandA-type charges,respectively). If h
is chosen,thenthevalueof z(i; j ) will changeto 10, and
the total chargewill be 5 (only A-type charge). If j is
chosen,thenthevalueof z(i; j ) will changeto 5, incur-
ring an A-type costof 5. Onemoreevent we mustbe
awareof: If a vertex k =2 T waschosenaspivot (when
all of h; i; j; k werein thesamerecursivecall), thenthe
valueson T might be mutated.The caseis interesting
only if at thatmomentz(k; i ) = z(k; j ) = z(k; h) = l ,
becauseotherwisethe triple T = (i; j; k) will be bro-
ken into at least two recursionbranchesand will not
be charged. So assumethis is the case. Then � 1(T )
candecrease(andthereforeL (T) decreases).Notethat
� 2(T ) canalsodecreasebut in that casewe will have
� 1(T ) = � 2(T ) = l (after the mutation),andT is no
longeraviolator.

By the above discussion,the setsT andTb cande-
creaseduringtheexecutionof thealgorithm,andaslong
asT 2 T , its � 3 and� 2 valuesare�x ed.

For integer1 � b < M + 1 andT 2 T , let Ab
T de-

notethe event that T wascharged,andT 2 Tb at that
point. In otherwords,oneof T 'sverticeswaschosenas
pivot whentheothertwo werein thesamerecursivecall,
andalso� 2(T ) � b < � 1(T ) at thatpoint. This event
capturesanA-typecharge. For 1 � b < M let B b

T de-
notetheeventthatT wascharged,� 3(T ) � b < � 2(T ),
andthevertex not incidentto thestrictly lowestvalued
edgewasthepivot (this capturesa B -typecharge). Let
pb

T = Pr[Ab
T ] andqb

T = Pr[B b
T ].

By Observation1 andtheabove discussion,thetotal

3Theoriginal de�nition of � s for s = 1; 2; 3 usedthe D -values,
but their valuesaremutatedwith thez-values.

costof thealgorithmis therefore

X

T 2T

MX

b=1

� (Ab
T ) +

X

T 2T

M � 1X

b=1

� (B b
T );

where� (�) is the indicatorvariablefor an event. The
expectedcostis

X

T 2T

MX

b=1

Pr[Ab
T ] +

X

T 2T

M � 1X

b=1

Pr[B b
T ]

=
X

T 2T

MX

b=1

pb
T +

X

T 2T

M � 1X

b=1

qb
T :

It is easyto seethat for a given e 2
� X

2

�
and two

distinct T1; T2 2 T suchthat e � T1; T2, the events
“Ab

T1
when T1 n e is pivot” and “Ab

T2
whenT2 n e is

pivot” aremutually exclusive. Why? Becauseby Ob-
servation1 we know that the valueze cancrossb only
once. Conditionedon Ab

T1
, all threeverticesof T1 are

equally likely to be the pivot (and the samefor T2).
Therefore,summingupprobabilitiesof pairwisedisjoint
eventsgives

P
T 2T :e� T pb

T =3 � 1 for all e 2
� X

2

�
and

1 � b < M + 1.
Using a similar argument,it is not hard to seethat

for a given e 2
� X

2

�
and 1 � b < M , the events

B b
T1

andB b
T2

aremutually exclusive for distinctT1; T2

suchthat e � T1; T2. Therefore,
P

T 2T :e�T qb
T � 1

for all e 2
� X

2

�
; 1 � b < M (we do not needto

divide by 3 herebecausethere is only one choiceof
pivot amongthe verticesof T � e that causesB b

T ).
Thus,

P
T 2T :e� T

P M � 1
b=1 qb

T =(M � 1) � 1 for all e 2
� X

2

�
. By setting � b

T = pb
T =3 we get a feasiblesolu-

tion to Dual LP 2, andtherefore
P M

b=1

P
T 2T b

pb
T =3 is

a lower boundfor c� (Tb as de�ned before execution,
as in the de�nition of Dual LP 2 - note that pb

T = 0
for T =2 Tb). Thus,

P M
b=1

P
T 2T pb

T is at most 3c� .
Also, by setting� T =

P M � 1
b=1 qb

T =(M � 1) we get a
feasiblesolution to Dual LP 1, and thus c� is at leastP

T 2T � T L(T) �
P

T 2T � T (note that � T = 0 if
T is not a violating trianglebeforeexecution)andwe
concludethat

P
T 2T

P M � 1
b=1 qb

T is at most(M � 1)c� .
Therefore,the total expectedapproximationratio is at
most3 + (M � 1) = 2 + M , asrequired.

3. A Linear Programming Approach

In this section,we describeour LP relaxationfor the
closestultrametric. We �rst considerthe closestultra-
metricunderthe `1 normandlatergeneralizethe ideas
to general̀ p norms.



It will beusefulto restrictthesolutionto only include
ultrametricswith distancesin thesetf D (i; j )ji; j 2 X g.
By Lemma1(a)from[12], thisdoesnotchangethevalue
of theoptimalsolution. Let f D 1 < D2 < � � � < DM g
denotethe sortedsetof valuesf D(i; j )g whereM =
O(n2). Let L t = D t � D t � 1, for 1 < t � M and
L 1 = D1. Thenanultrametricwith distancesin theset
f D t g canbeviewedasanM -level treewheretheedges
at level t have length L t as in Figure2. (We number
levelsin increasingorderfrom theleavesto theroot.)

L

L

L

1

2

M

Figure 2. M -level tree with weighted levels.

Equivalently, suchanultrametriconX canbeviewed
as a hierarchyof M clusterings(i.e. partitionsof X )
with lengthL t associatedwith theclusteringat level t.
OurLP relaxationfor theclosestultrametricis basedon
this view. We modeltheclusteringat level t by a f 0; 1g
distancefunctionx t

ij . We relaxthis to allow x t
ij to bea

[0; 1] distancefunction that satis�es triangleinequality.
We imposetheconstraintthat theclusteringat level t is
a re�nementof thatfor t + 1, by specifyingthatthedis-
tancefunctionbetweentwo verticesi andj decreasesas
t increases.Theconstraintsaresummarizedin Figure3.

x t
ik � x t

ij + x t
j k 8t; i; j; k (1)

x t
ij � x t +1

ij 8t; i; j (2)

0 � x t
ij � 1 8t; i; j (3)

Figure 3. The closest ultrametric LP con-
straints. The t's are integ ers from
f 1; : : : ; M g and the i; j; k's are from X .

An integersolutionx̂ t
ij to theLP is interpretedasan

ultrametricU asfollows: U(i; j ) =
P M

t =1 L t x̂ t
ij . For a

�x edt, a f 0; 1g solutionx̂ t
ij correspondsto a clustering

of X , becauseof the triangleinequalityconstraints(1).

Further, the constraints(2) imply that the clusteringat
level t is a re�nement of the clusteringat level t + 1.
This leadsto a weightedtreestructureon X whereall
points in X are at the leaves of the tree and edgesat
level t of this treehave lengthL t . Notethatx̂ t

ij denotes
whetheri andj areseparatedat level t or not. Thedis-
tancefunctionU(i; j ) =

P M
t =1 L t x̂ t

ij is (half) theshort-
estpathdistancein this weightedtree,andthusindeed
an ultrametric. Modeling an ultrametricin this way as
a hierarchyof clustersseemsmoreusefulthantrying to
work with an LP formulation that hasvariablescorre-
spondingto ultrametricdistancesdirectly.

In orderto specifytheLP objective function,we de-
�ne constantsD t

ij whereD t
ij = 1 if D (i; j ) � D t and

D t
ij = 0 if D (i; j ) < D t . TheLP objective functionis

min
MX

t =1

L t (
X

ij :D t
ij =0

x t
ij +

X

ij :D t
ij =1

(1 � x t
ij )) : (4)

Note that D(i; j ) =
P M

t =1 L t D t
ij . Thus jD (i; j ) �

U(i; j )j =
P M

t =1 L t jD t
ij � x̂ t

ij j. This is thecontribution
of pair (i; j ) to theobjective function(seeFigure4).

2 k M�1 t...
k�1

...

1

...

...

t=M
... ...

xt
ij

D

D(i,j)

L L L L

t=1

ij
t

1 2 k M

Figure 4. LP contrib ution from pair (i; j )

We note that the LP relaxationis quite �e xible and
easily allows incorporatingadditionalconstraintssuch
asdifferentweightson pairs(i; j ), andallowed ranges
for pairwisedistances.Thiswill beimportantlaterwhen
we adaptthe ideasfor other`p normsandusethenear-
estultrametricalgorithmto solve thenearesttreemetric
problem.

3.1. Rounding algorithm for closestUltrametric

In describingthe algorithm, it is useful to keepin
mind the equivalencebetweenan ultrametricanda hi-
erarchy of clusterings. Algorithm HIERARCHICAL-



CLUSTER (seeFigure5) constructsa hierarchicalclus-
tering in a top down fashion. One can also view the
algorithmasconstructingan integersolutionby setting
the LP variablesto 0-1 in a recursive fashion. The al-
gorithm constructsthe clusteringsat higher levels and
thenproceedto lower levels. At eachstage,the algo-
rithm works with a subsetZ of points of the original
pointset,ataparticularlevel t 2 f 1; M g. Thealgorithm
partitionsZ into clusters(possiblyjust one– leaving Z
unchanged)andconstructsa hierarchicalclusteringfor
eachclusterstartingat level t � 1. It is intiatedby call-
ing HIERARCHICAL-CLUSTER(X ; M ). We begin with
somede�nitions we will needin describingthe algo-
rithm andits analysis.We startby de�ning � = LP =n,
whereLP is the optimumvalueof the linear program.
We alsode�ne thefollowing variables:

De�nition 1

A t
Z = � jZ j +

tX

s=1

L s

X

ij 2 Z :D s
ij =0

xs
ij

W t
ij =

tX

s=1

L s(1 � D s
ij )

= max((
tX

s=1

L s) � D ij ; 0)

V t
Z (c;r ) = f i 2 Z : x t

ci � r g

� t
Z (c;r ) = f (i; j )ji 2 V t

Z (c;r ); j 2 Z n V t
Z (c;r )g

W t
Z (c;r ) =

X

( i;j )2 � t
Z (c;r )

W t
ij

A t
Z (c;r ) = � jV t

Z (c;r )j +
X

i;j 2 V t
Z (c;r )

X

s � t
D s

ij =0

L sxs
ij

+
X

i 2 V t
Z ( c;r )

j 2 Z n V t
Z ( c;r )

X

s � t
D s

ij =0

L s(r � x t
ci )

The� -termsin thede�nition of theA-variables(A t
Z and

A t
Z (c;r )) areusedto simplify ouranalysis.Without the

term, it is easyto seethat the A-variablesare simply
portionsof the LP cost. Our main argumentwill show
how to charge the algorithmcost (capturedby the W -
variables)to the A-variables. By our de�nitions, and
since

P t
s=1 L s

P
ij 2 Z :D s

ij =0 xs
ij � LP and jZ j � n,

we have

Observation 2 (i) A t
Z =� � 2n, (ii) A t

Z (c;r ) � � , and
(iii) AM

X � 2LP ,

Wenow show thatthealgorithmoutputsavalid solu-
tion.

HIERARCHICAL-CLUSTER(Z; t)
(1) call CLUSTER-PARTITION( Z , t)

obtaining partition of Z :
Z = Z1 [ : : : [ Zm

(2) for i; j 2 Z l , 1 � l � m
set x̂ t

ij = 0
(3) for 1 � l < l0 � m; 1 � s � t; i 2 Z l ; j 2 Z l 0

set x̂s
ij = 1

(4) for l = 1; : : : ; m
call HIERARCHICAL-CLUSTER( Z l , t � 1)

(5) return

� � � � � � � � � � � � � � � � � � � � � � �
CLUSTER-PARTITION(Z; t)
(1) set m = 1
(2) if 8i; j 2 Z : (x t

ij � 2=3 _ D t
ij = 0) then

set Zm = Z
return Z1; : : : ; Zm

(3) pick ij 2 Z s.t. x t
ij > 2=3 & D t

ij = 0
(4) if A t

Z (i; 1=3) � A t
Z =2 then

c = i
else

c = j
(5) pick r 2 [0; 1=3] s.t.

W t
Z (c;r ) � O(log logn)A t

Z (c;r ) �
ln(A t

Z =A t
Z (c;r ))

(6) set Zm = V t
Z (c;r ), Z = Z n Zm

(7) set m = m + 1
(8) goto (2)

Figure 5. Algorithm HIERARCHICAL-
CLUSTER and procedure CLUSTER-
PARTITION. Note that the precise ex-
pression of the O(log logn) in line (5) of
CLUSTER-PARTITION is ln ln(A t

z=� ) � ln ln 2.

Lemma 1 The solution x̂ t
ij produced by Algorithm

HIERARCHICAL-CLUSTER is a valid integer solutionto
theLP (1)-(3).

Proof: It is easyto seethateachx̂ t
ij is setexactlyonce

in thealgorithm.We show that thevaluesof x̂ t
ij satisfy

the constraintsof the LP. Sincethe valuesare0-1, the
only possibleviolation of inequality (2) is x̂ t +1

ij = 1
and x̂ t

ij = 0. Step(3) ensuresthat this doesnot hap-
pen. Also, the only possibleviolation of inequality(1)
is x̂ t

ik = 1, x̂ t
ij = 0 andx̂ t

j k = 0. Considertherecursive
call of thealgorithmwherex̂ t

ik wassetto 1. Note that



i 2 Z l , j 2 Z l 0, l 6= l0. x̂ t
ij = 0 impliesthatj 2 Z l and

x̂ t
j k = 0 impliesthatj 2 Z l 0, giving a contradiction. 2

Lemma 2 In Step (4) of algorithm CLUSTER-
PARTITION, A t

Z (c;1=3) � A t
Z =2.

Proof: WeclaimthatA t
Z (i; 1=3)+ A t

Z (j; 1=3) � A t
Z .

It is easyto seethis, by verifying that for every pair
i; j 2 Z , the total contribution to the LHS is at most
thecontribution to theRHS.Thechoiceof c in Step(4)
now ensuresthatthelemmaholds. 2

Lemma 3 In Step (5) of algorithm CLUSTER-
PARTITION, there exists r 2 [0; 1=3]
such that W t

Z (c;r ) � (ln ln(A t
Z =� ) �

ln ln 2)A t
Z (c;r ) ln(A t

Z =A t
Z (c;r )) .

Proof: NotethatA t
Z (c;r ) is anondecreasingfunction

of r . It hasat most n linear pieceswith possibledis-
continuitiesfor valuesof r = x t

ci for i 2 Z . Let
R = f r : A t

Z (c;r ) is differentiableat rg. For all r 2 R,

dAt
Z (c;r )
dr

= W t
Z (c;r )

Assume for contradiction, that the statementof the
lemmais false.Then,for all r 2 [0; 1=3] \ R,

dAt
Z (c;r )
dr

> (ln ln(A t
Z =� ) � ln ln 2)�

A t
Z (c;r ) ln(A t

Z =A t
Z (c;r )) :

Therefore,

1
A t

Z (c;r ) ln(A t
Z =A t

Z (c;r ))
dAt

Z (c;r )
dr

> (ln ln(A t
Z =� ) � ln ln 2)

�
d ln ln(A t

Z =A t
Z (c;r ))

dr
> (ln ln(A t

Z =� ) � ln ln 2) ;

giving by integrationover [0; 1=3],

ln ln(A t
Z =A t

Z (c;0)) � ln ln(A t
Z =A t

Z (c;1=3))

> (ln ln(A t
Z =� ) � ln ln 2) :

By Observation 2 (ii), ln ln(A t
Z =A t

Z (c;0)) �
ln ln(A t

Z =� ). Also, A t
Z (c;1=3) � A t

Z =2 (by the
choiceof c in Step(4)). Therefore,themaximumpossi-
blevalueof theLHS in thelastinequalityderivedabove
is ln ln(A t

Z =� ) � ln ln 2. Thisgivesacontradiction. 2

Theorem2 Thecostof thesolutionx̂ t
ij producedbythe

algorithmHIERARCHICAL-CLUSTER is within a factor
of O(log n log logn) timesthevalueof theLP solution.

Proof: We will bound the cost of the solution pro-
ducedby separatelyboundingthecontributionof x̂ t

ij set
to 0 andx̂ t

ij setto 1. Notethatwheneverwesetx̂ t
ij = 0,

eitherD t
ij = 0 or x t

ij � 2=3. In the former case,the
contribution of x̂ t

ij to thesolutionproducedis 0. In the
lattercase,thecontributionto thesolutionproducedis at
most3 timesthecontributionof x t

ij to theLP solution.
Note that if x̂s

ij is set to 1 for s 2 f 1; : : : ; tg
in Step (3) of algorithm HIERARCHICAL-CLUSTER,
w.l.o.g. i 2 Z l ; j 2 Z l 0; l < l0 in the partition of
Z producedby procedureCLUSTER-PARTITION. The
total contribution to the solution is W t

ij . We bound
this contribution by consideringthe condition ensured
in Step(5) of CLUSTER-PARTITION when i 2 Z l is
separatedfrom j :

W t
Z (c;r ) � O(log logn)A t

Z (c;r ) ln(A t
Z =A t

Z (c;r )) :

Note that W t
ij is includedin the W t

Z (c;r ) term in the
LHS, by de�nition. This inequalityensuresthatthecost
W t

Z (c;r ) can be charged to A t
Z (c;r ), which is a por-

tion of AM
X . In fact, eachunit of A t

Z (c;r ) is charged
O(log logn) ln(A t

Z =A t
Z (c;r )) times.

Now we show thatevery pieceof AM
X is chargedto

anextentof at mostO(log n log logn). In virtue of Ob-
servation 2 (iii), this would imply the statementof the
theorem.Considera pair i; j ands with D s

ij = 0. The
contributionto AM

X is xs
ij (multipliedby L s). Eachtime

this pieceof AM
X is charged,i; j arein somesetZ l that

is partitionedatsomelevel t l by growing aball of radius
r l aroundcentercl . The charge to this pieceof theLP
is O(log logn) ln(A t l

Z l
=A t l

Z l
(cl ; r l )) . Either i andj are

separatedby this partitioning,or i andj arein thesame
partitionascl , in which casetheLP contribution could
be chargedfurther. Supposethat therearea total of q
suchcharges,for l = 1 : : : q. The total charge to this
pieceof theLP solutionis at most

O(log logn)
qX

l =1

ln(A t l
Z l

=A t l
Z l

(cl ; r l ))

= O(log logn)
qX

l =1

(ln A t l
Z l

� ln A t l
Z l

(cl ; r l )) :

Note thatA t l +1

Z l +1
� A t l

Z l
(cl ; r l ) (sincetheLHS includes

fractional contributions of edgescut by Z l +1 and the
algorithm might skip a few levels before partitioning
again). Therefore,the total charge to a pieceof LP is
atmost

O(log logn)(ln Aq1
Z 1

� ln A t q

Z q
(cq; rq)) :

By Observation2 (i) and(ii), thelastexpressionis at
mostO(log n log logn), asrequired. 2



Corollary 3 Algorithm HIERARCHICAL-CLUSTER

yields an O(log n log logn) approximation for the
problemof �nding the closestultrametricunderthe `1

norm.

WeremarkthatourLP basedmethodcanbemodi�ed
to incorporateadditionalconstraintsonthepairwisedis-
tances.In particular, wecanupperandlowerboundcer-
tainpairwisedistancesbyconstantsandhencealsospec-
ify that certaindistancesshouldbe equalto constants.
This is doneby constrainingthe appropriatex t

ij vari-
ablesin theLP to beeither0 or 1. Notethattherounding
procedurehasthepropertythatx t

ij = 0 ) x̂ t
ij = 0 and

x t
ij = 1 ) x̂ t

ij = 1.

3.2. Other ObjectiveFunctions

The LP rounding algorithm HIERARCHICAL-
CLUSTER is analyzedin Section3.1 for theproblemof
minimizing the `1 distanceof anultrametricto a target
distancefunction D . We show in this sectionthat the
techniquescanbeextendedto any `p normfor p > 1.

More precisely, considertheproblemof minimizing
kd � Dkp = (

P
ij (d(i; j ) � D (i; j ))p)1=p over all ul-

trametricsd. As in the `1 case,we will restrict the so-
lution to includeonly ultrametricsd with valuesin the
setf D (i; j )ji; j 2 X g. By Lemma1(b) from [12], this
increasesthe valueof the optimal solutionby a multi-
plicative factorof at most2. In fact, we will consider
theobjective functionjjd � D jj p

p. For this objective,the
optimalvalueis increasedby a factorof at most2p.

Our LP relaxationusesthe samevariablesandcon-
straintsasbefore(in Figure3) with a differentobjective
function. Recallthat f D 1 < D2 < � � � < DM g arethe
sortedsetof valuesf D(i; j )g. In addition,de�ne D 0 =
0. In orderto write down theobjective function,we de-
�ne constantsQt

ij and R t
ij as follows (seeFigure 6):

Qt
ij = max(jD t � D (i; j )jp � jD t � 1 � D (i; j )jp; 0),

andR t
ij = max(jD t � 1 � D (i; j )jp � jD t � D (i; j )jp; 0).

We now write theLP objective functionfor minimizing
jjd � D jjp

p asfollows:

min
X

i;j 2 X

MX

t =1

�
x t

ij Qt
ij + (1 � x t

ij )R t
ij

�
; (5)

Notethatthesumsin thede�nition of Qt
ij andR t

ij are
telescoping.It is easyto verify that for anintegerfeasi-
blesolutionx t

ij 2 f 0; 1g to theclosestmetricLP, theob-
jective function(5) is exactly

P
ij (dx (i; j ) � D (i; j ))p,

wheredx is the ultrametricinducedby the feasibleso-
lution x (that is, dx (i; j ) = D t for the maximalt such

Rij
t'

Q
ij
t

|
p

x�D(i,j)|

L Lt' t

D tt�1t't'�1 D D DD(i,j)

Figure 6. Illustration of Qt
ij and Rt 0

ij .

that x t
ij = 1). Also it is not hardto changethe A and

W -variablesin De�nition 1 (andhencealsoCLUSTER-
PARTITION) in a suitableway so that theanalysislead-
ing to Corollary3 will leadto

Corollary 4 Algorithm HIERARCHICAL-CLUSTER

yields an O(2p logn loglogn) approximation for
the problem of �nding the ultrametric d minimizing
kd � Dkp

p and hence an O((log n log logn)1=p)
approximationfor theproblemof minimizingkd � Dkp.

We omit the requiredtechnicalchangesfrom this ab-
stract.

3.3. Closesttr eemetric

Agarwala etal [1] show that the closesttree metric
problemcanbe solvedvia a reductionto theclosesta-
restrictedultrametricproblem(a 2 X ). This is a vari-
ant of the closestultrametricproblem,which restricts
the spaceof permissibleultrametricsto thosethat sat-
isfy someadditional distancepropertiesexpressedin
termsof distancesfrom point a 2 X . We �rst intro-
ducesomenotationto explain theadditionalrestrictions
needed.Considera 2 X . Let ma = maxi f D (a; i )g.
Let l i = ma � D (a; i ). Considerthecentroid metricCa

whereCa(i; j ) = l i + l j = 2ma � D (a; i ) � D (a; j ).
Now considerthedistancefunctionD + Ca . Note that
the distancefrom a to any point i in this new distance
function is 2ma. An ultrametric U is said to be a-
restricted(with respectto distancefunctionD) if it sat-
is�es thefollowing constraints:

for all i; j 2max(l i ; l j ) � U(i; j ) � 2ma

U(a; i ) = 2ma

The variantof the closestultrametricproblemwe need
to solveis thefollowing: GivendistancefunctionD , a 2



X , �nd ana-restrictedultrametricU soasto minimize
jjU � (D + Ca )jjp.

Note that the additionalconstraintsimposedon the
ultrametricaresimply upperandlower boundsfor cer-
tain pairsof distancesandequalityconstraintsfor cer-
tain pairsof distances.In factour LP basedmethodfor
thenearestultrametriccanbeeasilymodi�ed to givean
O(log n log logn) approximationfor this variant. (We
needto includethevaluesf l i g in thesetof alloweddis-
tancesin writing down our LP relaxation.) Combined
with thereductionof Agarwalaetal [1], this impliesthe
following result.

Theorem5 Thereis a polynomialtimealgorithmto ob-
tain an O((log n log logn)1=p) approximation for the
problemof �nding the closesttreemetric under the `p

norm.

4. Conclusion

It would be interesting to obtain a combinatorial
poly log(n) approximation for the closest ultramet-
ric/tree metric problem we consider. Determining
whetheranO(1) approximationcanbeobtainedis afas-
cinatingquestion.TheLP formulationusedin ourwork
could eventually leadto sucha result. It would be in-
terestingto look at the problemof aggregatinga given
setof hierarchicalclusteringsinto a single representa-
tive one. A naturalformulationof sucha questionis to
ask for a single hierarchicalclusteringthat minimizes
the sum of distancesfrom a given set of hierarchical
clusterings,akin to theformulationof aggregationprob-
lemsin othersettings[7, 10, 11]. A 2-approximationfor
this problemis trivial (by picking thebestof thegiven
clusterings).Goingbeyondfactor2 requiressomenon-
trivial combiningof clusterings.For aggregatingclus-
terings(i.e. theM = 1 case),Ailon etal[2] recentlyob-
tainedbetteralgorithmsandit is naturalto askwhether
suchresultscanbeobtainedfor hierarchicalclusterings
aswell. TheLP formulationwe useseemsto bea valu-
abletool for representingdistributionson treesandmay
have applicationsto otherproblemsinvolving treemet-
rics.
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