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Abstract

Weinvestigatevariantsof Lloyd'sheuristicfor clustering
high dimensionabatain an attemptto explainits popular
ity (a half centuryafter its introduction)amongpractition-
ers,andin orderto suggestimprovementsn its application.
We proposeand justify a clusterbility criterion for data
sets. We presentvariants of Lloyd's heuristicthat quickly
leadto provablynearoptimalclusteringsolutionswhenap-
plied to well-clusteable instances.Thisis the r st perfor-
manceguaranteefor a variant of Lloyd's heuristic. The
provision of a guaranteeon outputquality doesnot come
at the expenseof speed:someof our algorithmsare candi-
datesfor beingfasterin practicethan currently usedvari-
antsof Lloyd's method. In addition, our other algorithms
are fasteron well-clusteable instanceghan recentlypro-
posedapproximationalgorithms, while maintaining simi-
lar guaranteeon clusteringquality. Our mainalgorithmic
contributionis a novel probabilisticseedingprocesgor the
startingcon guration of a Lloyd-typeiteration.

1. Intr oduction

Overview. Thereis presentlya wide and unsatiséctory
gapbetweenthe practicalandtheoreticalclusteringlitera-
tures. For decadespractitionershave beenusing heuris-
tics of greatspeecbut uncertainmerit; the latter shouldnot
be surprisingsincethe problemis NP-hardin almostary
formulation. However, in thelastfew years,algorithmsre-
searcherBave madeconsiderablénnovations andevenob-
tained polynomial-timeapproximationschemegPTAS's)
for someof the mostpopularclusteringformulations. Yet
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thesecontributions have not had a noticeableimpact on
practice. Practitionersnsteadcontinueto usea variety of
heuristics(Lloyd, EM, agglomeratre methods,etc.) that
have no known performanceyuarantees.

Thereare two ways to approachthis disjuncture. The
mostohviousis to continuedevelopingnew techniquesin-
til they are so good—davn to the implementations—that
they displaceentrenchednethods.The otheris to look to-
ward popularheuristicsand askwhethertherearereasons
thatjustify their extensive use,but eludethe standardheo-
reticalcriteria;andin addition,whethertheoreticakcrutiry
suggestsmprovementdn their application. This is the ap-
proachwe take in this paper

As in otherprominentcaseqd45] suchan analysistypi-
cally involvessomeabandonmendf the worst-caseinputs
criterion. (In fact,partof thechallengés to identify simple
conditionson the input, that allow oneto prove a perfor
manceguaranteef wide applicability) Our startingpoint
is the notionthat (asdiscussedn [43]) oneshouldbe con-
cernedwith -clusteringdatathat possessea meaningful

-clustering. What doesit meanfor the datato have a
meaningful -clustering?Herearetwo examplesof settings
whereone would intuitively not considerthe datato pos-
sessaameaningful -clustering.If nearlyoptimumcostcan
be achiered by two very different -way partitionsof the
datathenthe identity of the optimal partition carrieslittle
meaning(for example,if thedatawasgeneratedby random
samplingfrom a source,then the optimal clusterregions
might shift drasticallyuponresampling) Alternatively, if a
nearoptimal -clusteringcanbeachievedby apartitioninto
fewerthan clustersthenthatsmallervalueof shouldbe
usedto clusterthe data. If nearoptimal -clusteringsare
hardto nd only whenthey provide ambiguousclassi ca-
tion or mamginalbene t (i.e.,in theabsencef ameaningful

-clustering),then suchhardnesshouldnot be viewed as
an acceptablebstacleto algorithmdevelopment. Instead,
the performanceriteriashouldberevised.

Speci cally, we considerthe -meansformulation of
clustering:givena nite set , hd points(“cen-
ters”) to minimize the sumover all points of the
squaredlistancebetween andthecenterto whichit is as-
signed. In anoptimal solution, eachcenteris assignedhe



datain its Voronoiregionandis locatedatthecenterof mass
of thisdata.Perhapshe mostpopularheuristicusedfor this

problemis Lloyd's method which consistof thefollowing
two phases(a)“Seed”theproceswith someinitial centers
(theliteraturecontainsmary competingsuggestionsf how
to dothis); (b) Iteratethefollowing LIoyd stepuntil theclus-
teringis “good enough”: clusterall the datain the Voronoi

region of a centertogetherandthenmove the centerto the

centroidof its cluster

Although Lloyd-style methodsare widely used,to our

knowledge thereis noknown mathematicahnalysighatat-

temptsto explainor predicttheperformancef theseheuris-
tics on high-dimensionabata. In this paper we take the

rst suchstep.We show thatif the datais well-clusteable
accordingto a certain“clusterability” or “separation”con-

dition (that we introduceandjustify), thenvarious Lloyd-

stylemethodgloindeedperformwell andreturna provably
nearoptimalclustering Our contributionsarethreefold:

(1) We introducea separatiorconditionandjustify it asa
reasonablabstractiorof well-clusterabilityfor theanalysis
of -meansclusteringalgorithms.Our conditionis simple,
andabstractsa notion of well-clusterabilityalludedto ear

lier: letting denotethe costof anoptimal -means

solutionof input , we saythat is -sepaatedfor -

meansf . (A similar conditionfor
wasusedfor  edge-costlusteringin [43].)

Onemotivationfor proposinghis conditionis thata signi -

cantdropin the -clusteringcostis alreadyusedin practice
asadiagnostidor choosinghevalueof (seg14] 10.10).
Furthermorewe shaw (in Section5) that: (i) The datasat-
is es our separatiorconditionif andonly if it satis esthe
otherintuitive notion of well-clusterability suggestedar

lier, namelythatany two low-cost -clusteringsdisagreen
only asmallfractionof thedata;and(ii) Theconditionis ro-
bustundernoisy (evenadwersarial)perturbatiorof thedata.

(2) We presenta novel andef cient samplingprocesgor
seedingLloyd's methodwith initial centerswhich allows
usto provetheeffectivenesof thesemethods.

(3) We demonstratehe effectivenessof (our variantsof)
the Lloyd heuristicunderthe separatiorcondition. Specif-
ically: (i) Our simplestvariant usesonly the newv seed-
ing procedure requiresa single Lloyd-type descentstep,
and achieves a constant-fctor approximationin time lin-
earin . Thisalgorithmhassuccesgprobabilityexponen-
tially smallin , but we shaw that(ii) aslightly morecom-
plicatedseedingprocesshasedon our samplingprocedure
yieldsa constant-fictorapproximatiorguaranteavith con-
stantprobability, againin lineartime. Sinceonly onerun
of seeding+desceid requiredin bothalgorithms theseare
candidatedor beingfasterin practicethancurrentlyused
Lloyd variants,which are usedwith multiple re-seedings
and mary Lloyd stepsper re-seeding. (iii) We also give

a PTAS by combiningour seedingorocesswith a sampling
proceduref Kumar Sabhanal andSen[30], whosewhose
runningtime is linear in and the dimension,and ex-
ponentialin . This PTAS is signi cantly faster andalso
simpler, thanthe PTAS of Kumaret al. [30] (applyingthe
separatiorconditionto both algorithms;the latter doesnot
run fasterunderthe condition).

Literatur e and problem formulation. Let be
the givenpoint setand . In the -meansproblem,
the objective is to partition into  clusters

and assigneachpoint in every cluster  to a common

center , SO asto minimize the “ -meanscost”

,where denoteshe norm.We
let denotetheoptimum -meanscost.Obsene that
giventhecenters , it is easyto determinethe best

clusteringcorrespondingo thesecenters:cluster ~ sim-
ply consistsof all points for which isthenearest
center(breakingties arbitrarily). Corverselygivena clus-
tering , the bestcenterscorrespondingo this
clusteringareobtainecdby setting to bethecenterof mass
(centroid)of cluster , thatis, setting — .

It follows thatboth of thesepropertiessimultaneoushhold
in an optimal solution,thatis, is the centroidof cluster
, andeachpointin  has asits nearestenter

The problemof minimizing the -meanscostis one of
the earliestand most intensiely studied formulations of
the clusteringproblem, both becauseof its mathematical
eleganceand becauset bearsclosely on statistical esti-
mationof mixture modelsof point sourcesunderspher
ically symmetric Gaussianoise. We briey surwey the
mostrelevantliteraturehere. The -meangproblemseems
to have been rst consideredby Steinhausin 1956 [46].
A simplegreedyiterationto minimize costwas suggested
in 1957 by Lloyd [32] (andlessmethodicallyin the same
yearby Cox [9]; alsoapparentlyby psychologistbetween
1959-67[47]). This and similar iteratve descentmeth-
ods soon becamethe dominantapproachego the prob-
lem [35, 33, 12, 31] (seealso[19, 20, 24] andthe refer
encegherein);they remainsotoday andarestill beingim-
proved[1, 40, 42, 28]. Lloyd'smethod(in ary variant)con-
vergesonly to local optimahowever, andis sensitve to the
choiceof theinitial centerd38]. Consequentlya lot of re-
searchhasbeendirectedtoward seedingmethodsthat try
to startoff Lloyd's methodwith a good initial con gura-
tion [18, 29, 17, 23, 44, 5, 36, 41]. Very few theoretical
guaranteeareknown aboutLloyd's methodor its variants.
The corvergencerateof Lloyd's methodhasrecentlybeen
investigatedn [10, 22, 2] andin particulay [2] shows that
Lloyd's methodcanrequirea superpolynomiahumberof
iterationsto corverge.

The -meansproblemis NP-hardevenfor [13].



Recentlytherehasbeensubstantiaprogressn developing
approximatioralgorithmsfor this problem. Matousek[34]
gave the rst PTAS for this problem, with runningtime
polynomialin ,fora x ed anddimension.Subsequently
a successiorof algorithmshave appeared39, 4, 11, 15,
16, 21, 30] with varyingruntimedependengon , and
the dimension. The mostrecentof theseis the algorithm
of Kumar, Sabharal andSen[30], which presents linear
time PTAS for a x ed . Therearealsovariousconstant-
factor approximationalgorithmsfor the related -median
problem[26, 7, 6, 25, 37], which alsoyield approximation
algorithmsfor -meansandhave runningtime polynomial
in , andthe dimension;recently Kanungoet al. [27]
adaptedhe -medianalgorithmof [3] to obtaina -
approximatioralgorithmfor -means.

However, none of thesemethodsmatchthe simplicity
andspeedf thepopularLloyd's method.Researcherson-
cernedwith the runtime of Lloyd's method bemoanthe
needfor nearest-neighboromputationsn eachdescent
step[28] ! Interestingly the lastreferenceprovidesa data
structurethat provably speedsip the nearest-neighbazal-
culationsof Lloyd descentsteps,underthe conditionthat
theoptimalclustersarewell-separated(Thisis unrelatedo
providing performanceguaranteesor the outcome.)Their
datastructuremay be usedin ary Lloyd-variant,including
ours,andis well suitedto the conditionsunderwhich we
prove performanceof our method; however, ironically, it
may not be worthwhile to precomputeheir datastructure
sinceour methodrequiressofew descensteps.

2. Preliminaries

We usethe following notationthroughout. For a point

set ,weuse to denotethe centerof massof . Let

partition beanoptimal -meansclus-

teringof theinput , andlet and

So

Let , , and ——, thatis,
is the “mean squarederror” in cluster De ne

. We assumethroughoutthat
is -separatedor -meansthatis, ,
where with  beinga suitablysmall constant.
We usethefollowing basiclemmasquitefrequently

Lemma2.1 For every
. Hence

Lemma?2.2 Let , and
with . Let

. Then, (i)
, and (ii)

be a partition of
, and

Proof: Let and . We have

Thelastequalityfollows from Lemma2.1 by noting that
is alsothe centerof massof the point setwhere points
arelocatedat and pointsarelocatedat , andsothe
optimal 1-meanscostof this point setis given by
. This provespart(i). Part (ii) follows by
in part(i) and
terms. [ |

substituting
droppingthe and

3. The 2-meansproblem

We rst considerthe -meanscase. We assumethat
the input is -separatedor 2-means. We presentan
algorithm that returns a solution of cost at most

in lineartime, for a suitablyde ned function
that satis es . An appealingfeatureof
our algorithmis its simplicity, bothin descriptionandanal-
ysis.In Section4, wherewe considetthe -meansasewe
will build uponthis algorithmto obtainboth a linear time
constant-dctor(of theform ) approximatioralgo-
rithm anda PTAS with runningtime exponentialin , but
linearin

The chief algorithmicnovelty in our 2-meansalgorithm
is a non-uniformsamplingprocessto pick two seedcen-
ters. Our samplingprocesss very simple: we pick the pair

with probability proportional to . This
biasesthe distribution towardspairsthat contribute a large
amountto (notingthat

). We emphasizehat, asimproving the seedingis the
only wayto getLloyd's methodto nd ahigh-qualityclus-
tering, the topic of picking the initial seedcentershasre-
ceived much attentionin the experimentalliterature (see,
e.g.,[41] andreferencegherein). However, to the bestof
our knowledge, this simple and intuitive seedingmethod
is new to the vastliteratureon the -meansproblem. By
puttingmoreweighton pairsthatcontributealot to ,
the samplingprocessaimsto pick the initial centersfrom
the cores of the two optimal clusters. We de ne the core
of a clusterpreciselylater, but looselyspeakingijt consists
of pointsin the clusterthat are signi cantly closerto this
clustercenterthanto ary othercenter Lemmas3.1and3.2
malethebene tsof thisapproactprecise.Thus,in essence,
we are ableto leveragethe separatiorconditionto nearly
isolatethe optimal centers. Oncewe have the initial cen-
terswithin the coresof the two optimal clusters,we shav
thata simple Lloyd-like step,which is alsosimpleto ana-
lyze, yields a good performanceguaranteewe considera



suitableball aroundeachcenterandmove the centerto the
centroidof this ball to obtainthe nal centers.This “ball-
-means”stepis adoptedfrom Effros and Schulman[16],
whereit is shavn thatif the -meansostof thecurrentso-
lution is small comparedo (which holdsfor us
sincetheinitial centerdie in theclustercores)}thenalloyd
stepfollowedby a ball- -meansstepyieldsa clusteringof
costcloseto . In our casewe areableto eliminate
the Lloyd step,and show thatthe ball- -meansstepalone
guaranteea goodclustering.

1. Sampling. Randomlyselecta pair of pointsfrom the
set to sene astheinitial centers picking the pair
with probability proportionalto
Let denotethe two pickedcenters.

2. “Ball- -means”step. Foreach , considetheball of

radius around andcomputethecentroid
of theportionof  in thisball. Return asthe
nal centers.

Running time The entirealgorithmrunsin time

Step2 clearly takes only time. We shaw that the
samplingstepcan be implementedto run in time.
Considerthe following two-stepsamplingprocedure: (a)
rst pick center by choosinga point with

probability equalto

(using Lemma2.1); (b) pick the second

centerby choosingpoint with probability equalto
. This two-stepsam-

pling procedureis equivalentto the sampling processin
stepl, thatis, it picks pair with probability
. Eachsteptakesonly time since

canbe precomputedh time.

Analysis The analysishingeson the importantfact that
underthe separationcondition, the radius  of eachop-
timal clusteris substantiallysmallerthanthe inter-cluster
separation (Lemmag3.1). This allows usto shav
in Lemma3.2 that with high probability, eachinitial cen-
ter liesin thecore (suitablyde ned) of adistinctoptimal
clustersay ,andhence is muchlargerthanthe
distances for . Assumingthat lie
in the coresof the clusterswe provein Lemma3.3thatthe
ballaround containsonly, andmostof themassof cluster

, andthereforethecentroid  of this ball is very “close”
to . Thisin turn implies that the cost of the clustering

around is small.
Lemma3.1 —
Proof: By part (i) of LemmaZ2.2 we have

— which is equivalentto —

This implies that

— - — . [ |
Let ——. Werequirethat . Wede ne thecore
of cluster astheset — .
By Markov'sinequality for
Lemma 3.2 lie in distinctcores

Proof:  To simplify our expressions,we assumethat
the points are scaledby We have

— by part (i) of LemmaZ2.2, so

—. Let . By part (i) of
Lemma2.2 (with , ),
—— . Theprobability of the statedeventis where
, and
——. By thebounds
on andLemma3.1, we get
. So . ]

Sowe mayassumehateachinitial center liesin
Let and

Recallthat is the centroidof
Lemma 3.3 For eadh , wehave . Hence
Proof: By Lemma3.1andthede nition of , we have
for where —
—.So- — -, Forary we have
- , SO . For ary
) Ty SO . N()VV
by part (i) of LemmaZ2.2,with and , we
get — since . ]

Theorem 3.4 Theabove algorithm returnsa clusteringof

costatmost with probability at least intime
, Whee
Proof: Thecostof thesolutionis atmost
_ [ ]

4. The -meansproblem

We now considerthe -meanssetting. We assumehat
. We describealineartime constant-
factorapproximationalgorithm,anda PTAS thatreturnsa



-optimal solutionin time . Theal-
gorithmsconsistof variousingredientswhich we describe
separatelyrst for easeof understandingbefore gluing
themtogetherto obtainthe nal algorithm.

Conceptuallypothalgorithmsproceedn two stagesThe
rst stagds aseedingstage, which performsthebulk of the
work andguaranteethatatthe endof this stagethereare
seedcentergositionedat nearlytheright locations.By this
we meanthat if we considerdistancesat the scaleof the
inter-clusterseparationthenat the end of this stage,each
optimalcenterhasa (distinct)initial centerlocatedin close
proximity — this is preciselythe leveragethat we obtain
from the -meansseparatiorcondition(asin the 2-means
case). We emplgy threesimple seedingprocedureswith
varyingtime vs. quality guaranteeshat exploit this sepa-
rationconditionto seedthe centersatlocationsvery close
to the optimal centers.In Section4.1.1,we considera nat-
ural generalizatiorof the samplingprocedureusedfor the
2-meangase andshaw thatthis picksthe initial centers
from the coresof the optimalclusters.This samplingproce-
durerunsin lineartime but it succeedsvith probabilitythat
is exponentiallysmallin . In Section4.1.2,we presenta
very simpledeterministiagreedydeletionprocedurewhere
we start off with all pointsin  asthe centersandthen
greedilydeletepoints (and move centers)until thereare
centerdeft. Therunningtime hereis . Ourdeletion
procedureis similar to the reverse greedyalgorithm pro-
posedby ChrobakKenyonandYoung]8] for the -median
problem. Chrobaket al. show thattheir reversegreedyal-
gorithm attainsan approximatiorratio of , Which
is tight up to a factor of . In contrast,for the -
meansproblem; if , we shaw that
our greedydeletionprocedurdollowed by a clean-upstep
(in thesecondstage)yieldsa -approximatioral-
gorithm.Finally in Section4.1.3we combinethe sampling
and deletionprocedurego obtainan -time
initialization procedure. We sample centers,which
ensureghat every clusterhasaninitial centerin a slightly
expandedrersionof thecore,andthenrunthedeletionpro-
cedureon aninstanceof size derived from the sam-
pledpointsto obtainthe seedcenters.

Oncetheinitial centershave beenpositionedsufciently
closeto the optimal centers,we canproceedin two ways
in the second-stge (Section4.2). Oneoptionis to usea
ball- -meansstep,asin 2-meanswhich yieldsa clustering
of cost dueto exactly the samereasons
asin the2-meanscase.Thus,combinedwith theinitializa-
tion procedureof Sectiond.1.3,thisyieldsaconstant-fctor
approximatioralgorithmwith runningtime
Theentirealgorithmis summarizedn Section4.3.

The otheroption,which yieldsa PTAS, is to usea sam-
pling ideaof Kumaretal. [30]. For eachinitial center we
computea list of candidatecentersfor the corresponding

optimal clusterasfollows: we samplea smallsetof points
uniformly at randomfrom a slightly expandedvoronoire-
gion of theinitial centerandconsidetthe centroidof every
subsebdf thesampledsetof acertainsizeasa candidateWe
exhaustvely searchfor the candidategpicking onecan-
didateper initial center)thatyield the leastcostsolution,
and outputtheseasour nal centers. The fact that each
optimalcenter hasaninitial centerin closeproximity al-
lows us to amguethatthe entire optimal cluster  is con-
tainedin the expandedvoronoiregion of thisinitial center
andmoreorer that is a signi cant fraction of thetotal
massin this region. Giventhis property asarguedby Ku-
maretal. (Lemmaz2.3in [30]), arandomsamplefrom the
expandedvoronoiregion also(essentiallyyieldsarandom

samplefrom | which allows usto computea good esti-
mateof thecentroidof , andhenceof . Weobtain
a -optimalsolutionin time with con-

stantprobability. Sinceweincuranexponentialdependence
on aryway, we just usethe simplesamplingprocedureof
Section4.1.1in the rst-stageto pick the initial centers.
Althoughtherunningtime is exponentialin , it is signi -
cantly betterthanthe runningtime of in-
curredby the algorithmof Kumaret al.; we alsoobtaina
simpler PTAS. Both of thesefeaturescanbe tracedto the
separatiorcondition,which enablesusto nearlyisolatethe
positionsof the optimal centersin the rst stage. Kumar
et al. do not have ary suchfacility, and thereforeneed
to sequentially‘guess”(i.e., exhaustvely search}he vari-
ouscentroidsjncurringacorrespondingncreasen therun
time. This PTAS is describedn Section4.4.

4.1 Seedingproceduresusedin stagel

4.1.1 Sampling. Wepick initial centersasfollows: rst
pick two centers asin the 2-meanscase, that is,
choose with probability proportionalto

Supposeve have alreadypicked centers .
Now pick a randompoint with probability propor
tionalto andsetthatascenter

Running time The samplingprocedureconsistsof  it-
erationsgachof which takes time. Thisis because
aftersamplinga new point , We canupdatethequantity

for eachpoint in time. So
theoverallrunningtimeis

Analysis Let be a parametethatwe will set
later As in the 2-meansasewe de ne the coreof cluster

as — . Weshaw that
underour separatiorassumptionthe above samplingpro-
cedurewill pickthe initial centerdo lie in the coresof the

clusters with probability . Wealso



shaw thatif we samplemorethan , but still , points,
thenwith constantprobability, every clusterwill containa
sampledpoint that lies in a somavhatlarger core,thatwe
calltheoutercore of thecluster Thisanalysiswill beuseful
in Sectior4.1.3.

Lemma4.1 Wth probability , the r sttwo cen-

ters lie in the cores of different clustes, that is,
and
Proof: The key obsenation is that for ary pair of

distinct clusters , the 2-meansseparationcondi-

tion holds for , that is,
So using
Lemma 3.2 we obtain that
. Summingover all
pairs yieldsthelemma. [ ]

Now inductively supposehat the rst
lie in thecoresof clusters
that conditionedon this event,
with probability . Givenaset of points,we use
to denote

centerspicked
. Weshow

Lemma4.2 liesin

lie in the coresof

Proof: For corveniencewe re-index the clustersso that
. Let . For ary

cluster , let be suchthat
Let , and
. Obsene that the probabil-
ity of the event statedin the lemmais exactly . Let
denotethe maximumover all of the quantity

. Forary point

, wehave . By Lemma3.1,
for a small

enough . Therefore,

On the other hand, for ary point

, we have
. For , liesin , SO
—. Therefore,
. Finally, for ary ,
if we assignall the pointsin cluster  to the point
thenthe increasein costis exactly and at

. Therefore —
for ary , and

least

. Comparingwith  andplug-
gingin thevalueof ,wegetthat —
If weset , we obtain . [ |

Next, we analyzethe casewhenmorethan pointsare
sampled. Let De ne the outer core of to

be — . Note that

. Let — where
is a desirederror tolerance. By mimicking the proof of
Lemma4.2,onecanshov (Lemma4.3) thatat every sam-
pling step,thereis a constantprobability that the sampled
pointliesin the coreof someclusterwhoseoutercoredoes
not containa previously sampledpoint. Obsene thatwhile
Lemmad4.2 only shows thatthe“good” eventhappenson-
ditionedonthefactthatprevioussamplesverealso“good”,
Lemmad4.3 givesanunconditionalbound.This crucial dif-
ferenceallows usto argue,via a straightforvard martingale
analysis,that if we sample pointsfrom , thenwith
someconstantprobability, eachoutercore will con-
tain asampledpoint. Corollary4.4 summarizesheresults.

Lemma 4.3 Supposethat we have sampled points
from . Let be all the clustes
whoseouter cores contain somesampledpoint . Then
Corollary 4.4 (i) If we sample points , then
with probability , ead point
liesin a distinctcore , SO ~

@iy If we sample — ——— points
~, thenwith probability , eact

outercore containssome , so

4.1.2 Greedydeletion procedure. We maintaina setof
centers thatareusedto cluster . We initialize
anddeletecenterdill centersemain. For ary point

, let denotethe pointsof  in the VVoronoi
regionof (giventhe setof centers ). We call the
Voronoisetof . Repeathefollowing stepsuntil

, the costof

, compute
, where

B1. Compute

clustering around . For every

is theVoronoisetof giventhecenterset

B2. Pick thecenter for which is minimum

andset

B3. Recomputehe Voronoi sets
for each(remaining)center . Now we “move”
the centersto the centroidsof their respectie (new)
Voronoi sets, that is, for every set , We update



Running time Thereare
Eachiterationtakes

iterationsof theB1-B3loop.
time: computing andthesets
for each takes time andwe canthencom-
puteeach in time (sincewhile computing
, we canalso computefor eachpoint its second-nearest
centerin ). Thereforetheoverallrunningtimeis

Analysis Let be a parameter such that
— —. Recallthat
. De ne . We usea differentnotion of

a clustercore here,but onethat still captureghe factthat
thecoreconsistof pointsthatarequite closeto thecluster
centercomparedo the inter-clusterdistance and contains
mostof the massof the cluster Let

. Dene ~ andthecore
of as Obsenre that , SO
by Markov's inequality . Also, since

we havethat .
Therefore, . We prove that, at the startof
everyiteration,for every , thereis a (distinct)center
thatliesin . Call this invariant(*). Clearly (*) holdsat
the beginning, since and for every clus-
ter . First, we ague (Lemma4.5) that if is the
only centerthatliesin aslightly enlagedversionof theball
for some , then is not deleted. The intuition is that
theremustbe someothercenter whoseVoronoiregion
(wrt. optimal centerset)containsat leasttwo centersrom
, anddeletingone of thesecentersthe onefurther away
from , shouldbelessexpensie. Lemma4.6 thenshavs
thatevenafteracenter is deleted|f the nen Voronoire-
gion of acenter capturegointsfrom some
, then cannot‘extend” too farinto someother
cluster ,thatis, for ary where ,
is not muchlargerthan . Thisis dueto
thefactthatfor bothclusters and , thereareundeleted
centergdueto theinvariantandLemma4.5) and
. Thus,since , it mustbethat
is relatively closeto , Also, since is capturecby and
not , onecanlowerbound , andhence ,
in termsof (and —), whichin turn canbelower

boundedn termsof (and —). Lemma4.7 puts
everythingtogetheito shav thatinvariant(*) is maintained.

Lemma4.5 Supposd*) holdsat the start of an iteration,
and is the only centerin — for some

cluster ,then after stepB2.

Lemma4.6 Supposeenter is deletedin stepB2.
Let be sudh that for
some . Thenfor any we have

Lemma 4.7 Supposehat property (*) holdsat the begin-
ning of someiteration in the deletionphase Then(*) also
holdsat theendof theiteration, i.e., after stepB3.

Proof: Supposethat we deletecenter that lies
in the Voronoi region of center  (wrt. optimal centers)
in stepB2. Let and
for ary Fix a cluster . Let

and We

show thatthereis someset whosecentroid

liesintheball , whichwill provethelemma.
By Lemma4.6 andnotingthat — for every
for ary where , we have
e . Also
Sub-
stituting for we get that
where — . Usingthis we obtainthat
We also have
Since we
have , SO
—— . Theboundson ensurethat — , sothat
—. [ |

Corollary 4.8 Afterthedeletionphasefor every , thereis
acenter with _

4.1.3 A linear time seedingprocedure. We now com-
binethesamplingideawith thedeletionprocedurdo obtain
aseedingrocedurghatrunsin time andsuc-
ceedswith high probability We rst sample points
from  usingthe samplingprocedure. Thenwe run the
deletionprocedureon an -size instanceconsistingof
the centroidsof the Voronoiregionsof the sampledpoints,
with eachcentroidhaving a weightequalto the massof

in its corresponding/oronoiregion. The samplingprocess
ensureshatwith high probability, everycluster  contains
apoint thatis closeto its center . Thiswill allow usto
arguethatthe costof the sampledinstanceis much
smallerthanits cost,andthatthe optimal centers
for thesamplednstancdie nearthe optimal centerdor

By the analysisof the previous section,onecanthenshowv
thatafterthe deletionprocedurghe centersarestill close
to the optimal centersfor the samplednstanceandhence
alsocloseto the optimalcentersfor . Fix B

C1. Sampling. Sample points
from usingthesamplingproceduref Sectiord.1.1.
Let denotethesetof sampledooints.



C2. Deletion phase. For each , let
be its Voronoi
set(wrt. the set ). We now ignore , andcon-
sider a weightedinstancewith point-set
, Whereeach hasa weight
. Runthe deletionprocedureof Sec-

tion4.1.2,on toobtain centers

Running time StepC1 takes time.
Therun-timeanalysisof thedeletionphasan Sectiord.1.2,

shaws that stepC2 takes time. Sothe
overallrunningtimeis
Analysis Recallthat ", Let . Let

— . Let

— denotethe outercoreof cluster . By
part(ii) of Corollary4.4we know thatwith probability

, everycluster containsasampledointin its outer

coreafterstepCl. Soassumehatthis eventhappensLet
denoteheoptimal centerdor and

be the centersreturnedby the deletionphase.Lemma4.9

shavsthatthe -meansseparatiorconditionalsoholdsfor

, andthe optimal centersfor  arecloseto the optimal

centerdor . Thisimpliesthatthe centerseturnedby the
deletionphasearecloseto the optimalcenterdor

Lemma4.9 . For each optimal
center ,therissome sud that — —.

Lemma4.10 For each center , thereis a center sud

that —.

Proof: Let . Then —
where — ———.Since T, we

canensurethat —. Choosing for thedeletionphase

suitably by Corollary 4.8, we canensurethatwe obtain
suchthat —. Thus, —. [ ]

4.2 Proceduresusedin stagell

Given seedcenters locatedsufciently close
to the optimal centersafter stagel, we usetwo procedures
in stagell to obtaina nearoptimal clustering: the ball- -
meansstep,whichyieldsa -approximatioralgo-
rithm, or the centioid estimationstep,basedon a sampling
ideaof Kumaretal. [30], whichyieldsaPTAS with running
time exponentialin . De ne

in aball of
. Return

Ball- -meansstep. Let
radius

bethe pointsof
around ,and bethecentroidof
asthe nal centers.

Centroid estimation. For each , we will obtaina setof
candidatecentersfor cluster . Fix . Let

be the expandedVoronoi region of . Sample— points
independenthanduniformly atrandomfrom , where is
agiveninput parameterto obtainarandomsubset
Computethe centroidof every subsetof  of size —; let
be the set consistingof all thesecentroids. Selectthe
candidates thatyield the least-cost
solution,andreturntheseasthe nal centers.

Analysis Recallthat . Let

——. Theproof of Lemma4.11,which analyzeghe ball-
-meansstep,is essentiallyidenticalto thatof Lemma3.3.

Lemma4.11 Let — . If
for each , then , and

Lemma4.12 Suppose foreach . Then

,whee isasde nedabove and
Proof: We have — —. Considerary
thatlies in the Voronoiregionof . We have

, therefore

; SO . Suppose . Let _—
So— ——. Considerthe clusteringwherewe arbi-
trarily assignsome—— pointsof  tocenter for each
. Forary and , we have

. Sothecostof reassigningpoints

in is at most
— . We alsoknow

thatfor ary
whichimpliesthat -
canbound by —
Hence,the cost of this clusteringis at most

. Thecostof this clus-

teringis alsoat least . This is a contradictionto
theassumptiorhat . [ ]

. Thereforewe

4.3 A linear time constant-factor approximation
algorithm

D1. Executethe seedingprocedureof Section4.1.3to ob-
tain initial centers

D2. Runtheball- -meansstepof Sectiond.2to obtainthe
nal centers.

Therunningtimeis
know thatwith probability

. By Lemma4.10,we
~ , for each ,thereis



adistinctcenter suchthat . Combined
with Lemmad4.11,thisyieldsthefollowing theorem.

Theorem4.13 If

for a smallenough , the

abovealgorithmreturnsa solutionof costat most
with probability ~ intime

4.4. A PTAS for any xed

The PTAS combinesthe sampling procedureof Sec-
tion 4.1.1with the centroidestimatiorstep.

El. Usetheprocedurén Sectiord.1.1topick initial cen-

ters

E2. Runthecentroid estimation procedureof Section4.2
to obtainthe nal centers.

Therunningtime is dominatedoy the exhaustve search
in stepE2 which takestime . We shaw that
thecostof the nal solutionis atmost , with
probability  for someconstant . By repeatingheproce-
dure times,we canboostthis to a constant.

Theorem4.14 Assuminghat fora
small enough , there is a PTASfor the -meansproblem
thatreturnsa -optimal solutionwith constantprob-

ability in time

Proof: By appropriatelysetting
dure,we canensurethat with probability
centers suchthatfor each ,
(part (i) of Corollary 4.4). So by Lemma4.12 we know
that for every . Now LemmaZ2.3in [30]
shaws that for every , with constantprobability, thereis
somecandidategoint suchthat

. The cost of the best-candidatsolution
is at mostthe costof the solutiondueto the points

. The overall successprobability for one
call of theproceduras  for someconstant , Soby
repeatingthe procedure timeswe canobtaincon-
stantsuccesgrobability. ]

in the samplingproce-
, it returns

5. The separationcondition

We show that our separationcondition implies, andis
implied by, the condition that ary two nearoptimal -
clusteringsdisagreeon only a small fraction of the data.
Let denotehecostof clustering around
the centers . We use to denotethe
Voronoiregionof point (thecenterswill beclearfromthe
context). Let denotethe
symmetricdifferenceof  and

Theorem5.1 Let
is -sepaated for
following hold:

. Supposéhat
-meansfor a small enough . The

() If there are centes suc that

, then for ead

there is a distinct optimal center sud that

(i) If is obtainedby perturbingead by a dis-
tanceof ——— then

Noticethatpart(i) alsoyieldsthatif is -separateéor
-meansthenary -clusteringof costat most —
has small Hamming distanceto the optimal -clustering
(more strongly eachclusterhassmall Hammingdistance
to adistinctoptimal cluster).We now shav the corverse.

Theorem5.2 Let -. Supposethat for every -
clustering of  of costat most ,
() there existsa bijection sud that
. Then, is -sepaatedfor -means;

(i) thereis a bijection sud that

— .Then, is -sepaatedfor -means.
Proof: Let beanoptimal -meansso-
lution. Wewill constructare nementof and
arguethatthis haslarge Hammingdistanceo ,
and hencehigh cost, implying that is
large. Let bethe largestcluster We startwith anar
bitraryre nement where

If this has high cost,
thenwe aredone,otherwiselet bethe claimedbijection.
For part (i), we introducea large disagreemenby split-
ting and into two equal-sized
halves, and respectrely, and“mis-
matching”them. More precisely we claim thatthe cluster
ing

has large Hamming distance. For

ary bijection , if for , then

; otherwise,

, SO —
since .
For part (ii), since —, we have

— . After theabove mis-

matchoperation,for ary bijection , the total disagree-
mentis at least
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