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Abstract

Weinvestigatevariantsof Lloyd'sheuristicfor clustering
high dimensionaldatain anattemptto explain its popular-
ity (a half centuryafter its introduction)amongpractition-
ers,andin order to suggestimprovementsin its application.
We proposeand justify a clusterability criterion for data
sets. We presentvariantsof Lloyd's heuristic that quickly
leadto provablynear-optimalclusteringsolutionswhenap-
plied to well-clusterable instances.This is the �r st perfor-
manceguaranteefor a variant of Lloyd's heuristic. The
provision of a guaranteeon outputquality doesnot come
at theexpenseof speed:someof our algorithmsare candi-
datesfor beingfasterin practicethancurrentlyusedvari-
antsof Lloyd's method. In addition, our other algorithms
are fasteron well-clusterable instancesthan recentlypro-
posedapproximationalgorithms,while maintainingsimi-
lar guaranteesonclusteringquality. Our mainalgorithmic
contribution is a novelprobabilisticseedingprocessfor the
startingcon�gurationof a Lloyd-typeiteration.

1. Intr oduction

Overview. Thereis presentlya wide and unsatisfactory
gapbetweenthe practicalandtheoreticalclusteringlitera-
tures. For decades,practitionershave beenusing heuris-
tics of greatspeedbut uncertainmerit; thelattershouldnot
be surprisingsincethe problemis NP-hard in almostany
formulation.However, in the last few years,algorithmsre-
searchershavemadeconsiderableinnovations,andevenob-
tained polynomial-timeapproximationschemes(PTAS's)
for someof the mostpopularclusteringformulations. Yet
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thesecontributions have not had a noticeableimpact on
practice. Practitionersinsteadcontinueto usea variety of
heuristics(Lloyd, EM, agglomerative methods,etc.) that
havenoknown performanceguarantees.

Thereare two ways to approachthis disjuncture. The
mostobviousis to continuedevelopingnew techniquesun-
til they are so good—down to the implementations—that
they displaceentrenchedmethods.Theotheris to look to-
ward popularheuristicsandaskwhethertherearereasons
that justify their extensiveuse,but eludethestandardtheo-
reticalcriteria;andin addition,whethertheoreticalscrutiny
suggestsimprovementsin their application.This is theap-
proachwetake in thispaper.

As in otherprominentcases[45] suchan analysistypi-
cally involvessomeabandonmentof theworst-caseinputs
criterion.(In fact,partof thechallengeis to identify simple
conditionson the input, that allow one to prove a perfor-
manceguaranteeof wide applicability.) Our startingpoint
is thenotionthat (asdiscussedin [43]) oneshouldbecon-
cernedwith 	 -clusteringdatathat possessesa meaningful

	 -clustering. What doesit meanfor the data to have a
meaningful	 -clustering?Herearetwo examplesof settings
whereonewould intuitively not considerthe datato pos-
sessa meaningful	 -clustering.If nearlyoptimumcostcan
be achieved by two very different 	 -way partitionsof the
datathenthe identity of the optimal partition carrieslittle
meaning(for example,if thedatawasgeneratedby random
samplingfrom a source,then the optimal cluster regions
might shift drasticallyuponresampling).Alternatively, if a
near-optimal 	 -clusteringcanbeachievedbyapartitioninto
fewer than 	 clusters,thenthatsmallervalueof 	 shouldbe
usedto clusterthe data. If near-optimal 	 -clusteringsare
hardto �nd only whenthey provide ambiguousclassi�ca-
tion or marginalbene�t (i.e., in theabsenceof ameaningful

	 -clustering),thensuchhardnessshouldnot be viewed as
an acceptableobstacleto algorithmdevelopment.Instead,
theperformancecriteriashouldberevised.

Speci�cally, we considerthe 	 -meansformulation of
clustering:givena �nite set 
���
�� , �nd 	 points(“cen-
ters”) to minimize the sum over all points ����
 of the
squareddistancebetween� andthecenterto which it is as-
signed. In anoptimalsolution,eachcenteris assignedthe
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datain its Voronoiregionandis locatedatthecenterof mass
of thisdata.Perhapsthemostpopularheuristicusedfor this
problemis Lloyd'smethod,whichconsistsof thefollowing
two phases:(a)“Seed”theprocesswith someinitial centers
(theliteraturecontainsmany competingsuggestionsof how
to dothis);(b) IteratethefollowingLloydstepuntil theclus-
teringis “good enough”:clusterall thedatain theVoronoi
region of a centertogether, andthenmove thecenterto the
centroidof its cluster.

Although Lloyd-style methodsare widely used,to our
knowledge,thereisnoknownmathematicalanalysisthatat-
temptsto explainor predicttheperformanceof theseheuris-
tics on high-dimensionaldata. In this paper, we take the
�rst suchstep.We show that if thedata is well-clusterable
accordingto a certain“clusterability” or “separation”con-
dition (that we introduceandjustify), thenvariousLloyd-
stylemethodsdoindeedperformwell andreturna provably
near-optimalclustering. Ourcontributionsarethreefold:

(1) We introducea separationconditionandjustify it asa
reasonableabstractionof well-clusterabilityfor theanalysis
of 	 -meansclusteringalgorithms.Our conditionis simple,
andabstractsa notionof well-clusterabilityalludedto ear-
lier: letting ��� ��� 
�� denotethecostof anoptimal 	 -means
solution of input 
 , we say that 
 is � -separated for 	 -
meansif ���

�
� 
	��
����

��
��
� 
�������� . (A similar conditionfor

	���� wasusedfor ���

�

edge-costclusteringin [43].)
Onemotivationfor proposingthisconditionis thatasigni�-
cantdropin the 	 -clusteringcostis alreadyusedin practice
asadiagnosticfor choosingthevalueof 	 (see[14] � 10.10).
Furthermore,we show (in Section5) that: (i) Thedatasat-
is�es our separationconditionif andonly if it satis�esthe
other intuitive notion of well-clusterabilitysuggestedear-
lier, namelythatany two low-cost 	 -clusteringsdisagreeon
onlyasmallfractionof thedata;and(ii) Theconditionis ro-
bustundernoisy(evenadversarial)perturbationof thedata.

(2) We presenta novel andef�cient samplingprocessfor
seedingLloyd's methodwith initial centers,which allows
usto provetheeffectivenessof thesemethods.

(3) We demonstratethe effectivenessof (our variantsof)
theLloyd heuristicundertheseparationcondition. Specif-
ically: (i) Our simplestvariant usesonly the new seed-
ing procedure,requiresa single Lloyd-type descentstep,
and achievesa constant-factorapproximationin time lin-
earin � 
�� . Thisalgorithmhassuccessprobabilityexponen-
tially small in 	 , but we show that(ii) a slightly morecom-
plicatedseedingprocessbasedon our samplingprocedure
yieldsa constant-factorapproximationguaranteewith con-
stantprobability, againin linear time. Sinceonly onerun
of seeding+descentis requiredin bothalgorithms,theseare
candidatesfor beingfaster in practicethancurrentlyused
Lloyd variants,which are usedwith multiple re-seedings
and many Lloyd stepsper re-seeding. (iii) We also give

a PTAS by combiningour seedingprocesswith a sampling
procedureof Kumar, SabharwalandSen[30], whosewhose
running time is linear in � 
�� and the dimension,and ex-
ponentialin 	 . This PTAS is signi�cantly faster, andalso
simpler, thanthePTAS of Kumaret al. [30] (applyingthe
separationconditionto bothalgorithms;the latterdoesnot
run fasterunderthecondition).

Literatur e and problem formulation. Let 
 � 
�� be
thegivenpoint setand ����� 
�� . In the 	 -meansproblem,
the objective is to partition 
 into 	 clusters �


�! �"�"#"� 
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�

and assigneachpoint in every cluster �
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norm.We
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�� denotetheoptimum 	 -meanscost.Observethat
giventhecenters
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� , it is easyto determinethebest
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 for which
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center(breakingties arbitrarily). Converselygivena clus-
tering �
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$ to bethecenterof mass
(centroid)of cluster


$ , thatis, setting
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It follows thatbothof thesepropertiessimultaneouslyhold
in an optimal solution,that is,

�

&

$ is the centroidof cluster
�


$ , andeachpoint in �

$ has

�

&

$ asits nearestcenter.

The problemof minimizing the 	 -meanscost is oneof
the earliestand most intensively studiedformulationsof
the clusteringproblem,both becauseof its mathematical
eleganceand becauseit bearsclosely on statisticalesti-
mationof mixture modelsof 	 point sourcesunderspher-
ically symmetricGaussiannoise. We brie�y survey the
mostrelevant literaturehere.The 	 -meansproblemseems
to have been�rst consideredby Steinhausin 1956 [46].
A simplegreedyiterationto minimize costwassuggested
in 1957by Lloyd [32] (andlessmethodicallyin the same
yearby Cox [9]; alsoapparentlyby psychologistsbetween
1959-67[47]). This and similar iterative descentmeth-
ods soon becamethe dominantapproachesto the prob-
lem [35, 33, 12, 31] (seealso [19, 20, 24] and the refer-
encestherein);they remainsotoday, andarestill beingim-
proved[1, 40, 42, 28]. Lloyd'smethod(in any variant)con-
vergesonly to local optimahowever, andis sensitive to the
choiceof theinitial centers[38]. Consequently, a lot of re-
searchhasbeendirectedtoward seedingmethodsthat try
to start off Lloyd's methodwith a good initial con�gura-
tion [18, 29, 17, 23, 44, 5, 36, 41]. Very few theoretical
guaranteesareknown aboutLloyd'smethodor its variants.
Theconvergencerateof Lloyd's methodhasrecentlybeen
investigatedin [10, 22, 2] andin particular, [2] shows that
Lloyd's methodcanrequirea superpolynomialnumberof
iterationsto converge.

The 	 -meansproblemis NP-hardeven for 	>�?� [13].



Recentlytherehasbeensubstantialprogressin developing
approximationalgorithmsfor this problem.Matou�sek[34]
gave the �rst PTAS for this problem, with running time
polynomialin � , for a �x ed 	 anddimension.Subsequently
a successionof algorithmshave appeared[39, 4, 11, 15,
16, 21, 30] with varying runtimedependency on � , 	 and
the dimension. The most recentof theseis the algorithm
of Kumar, Sabharwal andSen[30], which presentsa linear
time PTAS for a �x ed 	 . Therearealsovariousconstant-
factor approximationalgorithmsfor the related 	 -median
problem[26, 7, 6, 25, 37], which alsoyield approximation
algorithmsfor 	 -means,andhave runningtime polynomial
in � , 	 and the dimension;recentlyKanungoet al. [27]
adaptedthe 	 -medianalgorithmof [3] to obtaina ����� �<� -
approximationalgorithmfor 	 -means.

However, noneof thesemethodsmatchthe simplicity
andspeedof thepopularLloyd'smethod.Researcherscon-
cernedwith the runtime of Lloyd's methodbemoanthe
needfor � nearest-neighborcomputationsin eachdescent
step[28] ! Interestingly, the last referenceprovidesa data
structurethatprovably speedsup thenearest-neighborcal-
culationsof Lloyd descentsteps,underthe condition that
theoptimalclustersarewell-separated.(This is unrelatedto
providing performanceguaranteesfor theoutcome.)Their
datastructuremaybeusedin any Lloyd-variant,including
ours,andis well suitedto the conditionsunderwhich we
prove performanceof our method;however, ironically, it
may not be worthwhile to precomputetheir datastructure
sinceourmethodrequiressofew descentsteps.

2. Preliminaries

We usethe following notationthroughout. For a point
set � , we use ���	����� � to denotethecenterof massof � . Let
partition 
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3 . We assumethroughoutthat 


is � -separatedfor 	 -means,that is, � � ��� 
�� ��� �#��� ��
���� 
�� ,
where %'& �7� ��( with ��( beinga suitablysmallconstant.
We usethefollowing basiclemmasquitefrequently.
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'
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Thelastequalityfollows from Lemma2.1by notingthat 7

is also the centerof massof the point setwhere > points
arelocatedat 7

� and ? pointsarelocatedat 7

�

, andso the
optimal 1-meanscostof this point set is given by >

3

7
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� . This provespart (i). Part (ii) follows by
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8��>R�2? � in part(i) and
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�

� and ���

�

���

�

� terms.

3. The 2-meansproblem

We �rst considerthe � -meanscase. We assumethat
the input 
 is � -separatedfor 2-means. We presentan
algorithm that returns a solution of cost at most BTS'�

U

� �<�

G

���

�

� 
�� in linear time, for a suitablyde�ned function
U

that satis�es VW� �YXDZ
(

U

� � ���[% . An appealingfeatureof
ouralgorithmis its simplicity, bothin descriptionandanal-
ysis. In Section4, whereweconsiderthe 	 -meanscase,we
will build uponthis algorithmto obtainboth a linear time
constant-factor(of theform S+�

U

� � � ) approximationalgo-
rithm anda PTAS with runningtime exponentialin 	 , but
linearin �

 �\ .
Thechief algorithmicnovelty in our 2-meansalgorithm

is a non-uniformsamplingprocessto pick two seedcen-
ters.Our samplingprocessis verysimple:wepick thepair

�

 

* � 
 with probability proportional to 3

� 5F*

3

� . This
biasesthedistribution towardspairsthat contributea large
amountto � �

�

� 
�� (notingthat � ���

�

� 
�� �

'
,�*

.

)0/�1

0 3

� 5

*

3

� ). We emphasizethat, as improving the seedingis the
only way to getLloyd'smethodto �nd a high-qualityclus-
tering, the topic of picking the initial seedcentershasre-
ceived much attentionin the experimentalliterature(see,
e.g.,[41] andreferencestherein). However, to the bestof
our knowledge, this simple and intuitive seedingmethod
is new to the vast literatureon the 	 -meansproblem. By
puttingmoreweightonpairsthatcontributealot to �%�

�

� 
�� ,
the samplingprocessaimsto pick the initial centersfrom
the coresof the two optimal clusters. We de�ne the core
of a clusterpreciselylater, but looselyspeaking,it consists
of points in the clusterthat aresigni�cantly closerto this
cluster-centerthanto any othercenter. Lemmas3.1and3.2
makethebene�tsof thisapproachprecise.Thus,in essence,
we areable to leveragethe separationconditionto nearly
isolatethe optimal centers.Oncewe have the initial cen-
terswithin the coresof the two optimal clusters,we show
thata simpleLloyd-like step,which is alsosimpleto ana-
lyze, yields a goodperformanceguarantee:we considera



suitableball aroundeachcenterandmove thecenterto the
centroidof this ball to obtainthe �nal centers.This “ball-

	 -means”stepis adoptedfrom Effros andSchulman[16],
whereit is shown thatif the 	 -meanscostof thecurrentso-
lution is small comparedto � � ��
���� 
�� (which holdsfor us
sincetheinitial centerslie in thecluster-cores)thenaLloyd
stepfollowedby a ball-	 -meansstepyieldsa clusteringof
costcloseto ��� � � 
�� . In our case,we areableto eliminate
the Lloyd step,andshow that the ball-	 -meansstepalone
guaranteesa goodclustering.

1. Sampling. Randomlyselecta pair of pointsfrom the
set 
 to serve as the initial centers,picking the pair

�

 

* � 
 with probability proportionalto 3

� 5I*

3

� .
Let �

&

�  

�

&

�

denotethetwo pickedcenters.

2. “Ball-
�

-means”step. Foreach�

&

$ , considertheballof
radius 3
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&

�

5��

&

�

3


�� around�

&

$ andcomputethecentroid

�

&

$ of theportionof 
 in this ball. Return
�

&

�
 

�

&

�

asthe
�nal centers.

Running time The entirealgorithmrunsin time � � �

\

� .
Step2 clearly takes only � � �

\

� time. We show that the
samplingstepcan be implementedto run in � � �

\

� time.
Considerthe following two-stepsamplingprocedure:(a)
�rst pick center �
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 with probability equalto
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G . This two-stepsam-
pling procedureis equivalent to the samplingprocessin
step1, that is, it picks pair �

�� 
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� 
 with probability
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� . Eachsteptakesonly � � �

\

� time since

�7�

�

� 
�� canbeprecomputedin � � �

\

� time.

Analysis The analysishingeson the importantfact that
under the separationcondition, the radius �

$ of eachop-
timal clusteris substantiallysmallerthan the inter-cluster
separation3

&

�

5

&

�

3 (Lemma3.1). This allows usto show
in Lemma3.2 that with high probability, eachinitial cen-
ter �

&

$ lies in thecore (suitablyde�ned) of a distinctoptimal
cluster, say 
%$ , andhence3

&
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3 is muchlargerthanthe
distances3
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in thecoresof theclusters,we prove in Lemma3.3thatthe
ball around �

&

$ containsonly, andmostof themassof cluster



$ , andthereforethecentroid
�

&

$ of this ball is very “close”
to &

$ . This in turn implies that the cost of the clustering
around
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is small.
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Proof: By part (i) of Lemma 2.2 we have �%�
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Proof: To simplify our expressions,we assumethat
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Theorem3.4 Theabovealgorithm returnsa clusteringof
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4. The [ -meansproblem

We now considerthe 	 -meanssetting. We assumethat
���

�
� 
�� � � �#���

��
4�
� 
	� . Wedescribealineartimeconstant-

factorapproximationalgorithm,anda PTAS that returnsa



� S ��� � -optimal solution in time �QB �

�

�

�����

�

�

\

G . The al-
gorithmsconsistof variousingredients,which we describe
separately�rst for easeof understanding,before gluing
themtogetherto obtainthe�nal algorithm.

Conceptuallybothalgorithmsproceedin twostages.The
�rst stageis aseedingstage, whichperformsthebulk of the
work andguaranteesthatat theendof thisstagethereare 	

seedcenterspositionedatnearlytheright locations.By this
we meanthat if we considerdistancesat the scaleof the
inter-clusterseparation,thenat the endof this stage,each
optimalcenterhasa (distinct)initial centerlocatedin close
proximity — this is preciselythe leveragethat we obtain
from the 	 -meansseparationcondition(as in the 2-means
case). We employ threesimple seedingprocedures,with
varying time vs. quality guarantees,thatexploit this sepa-
rationconditionto seedthe 	 centersat locationsveryclose
to theoptimalcenters.In Section4.1.1,we considera nat-
ural generalizationof the samplingprocedureusedfor the
2-meanscase,andshow that this picks the 	 initial centers
from thecoresof theoptimalclusters.Thissamplingproce-
durerunsin lineartimebut it succeedswith probabilitythat
is exponentiallysmall in 	 . In Section4.1.2,we presenta
verysimpledeterministicgreedydeletionprocedure,where
we start off with all points in 
 as the centersand then
greedilydeletepoints(andmove centers)until thereare 	

centersleft. Therunningtimehereis � � �

W

\

� . Ourdeletion
procedureis similar to the reverse greedyalgorithm pro-
posedby Chrobak,KenyonandYoung[8] for the 	 -median
problem.Chrobaket al. show that their reversegreedyal-
gorithmattainsan approximationratio of � � V��
	 � � , which
is tight up to a factorof V���	�V���	 � . In contrast,for the 	 -
meansproblem,if ��� �8� 
�� � � �#��� ��
���� 
�� , we show that
our greedydeletionprocedurefollowedby a clean-upstep
(in thesecondstage)yieldsa B

S��

U

� �<�

G -approximational-
gorithm.Finally, in Section4.1.3we combinethesampling
anddeletionproceduresto obtain an � � � 	

\

� 	

W

\

� -time
initialization procedure. We sample � � 	8� centers,which
ensuresthatevery clusterhasan initial centerin a slightly
expandedversionof thecore,andthenrunthedeletionpro-
cedureon an instanceof size � � 	 � derived from the sam-
pledpointsto obtainthe 	 seedcenters.

Oncetheinitial centershavebeenpositionedsuf�ciently
closeto the optimal centers,we canproceedin two ways
in the second-stage (Section4.2). Oneoption is to usea
ball-	 -meansstep,asin 2-means,which yieldsa clustering
of cost B

SR�

U

� �<�

G

�7�
�

� 
�� dueto exactly thesamereasons
asin the2-meanscase.Thus,combinedwith theinitializa-
tion procedureof Section4.1.3,thisyieldsaconstant-factor
approximationalgorithmwith runningtime � � � 	

\

� 	

W

\

� .
Theentirealgorithmis summarizedin Section4.3.

Theotheroption,which yieldsa PTAS, is to usea sam-
pling ideaof Kumaret al. [30]. For eachinitial center, we
computea list of candidatecentersfor the corresponding

optimalclusterasfollows: we samplea smallsetof points
uniformly at randomfrom a slightly expandedVoronoi re-
gion of theinitial center, andconsiderthecentroidof every
subsetof thesampledsetof acertainsizeasacandidate.We
exhaustively searchfor the 	 candidates(picking onecan-
didateper initial center)that yield the leastcostsolution,
and output theseas our �nal centers. The fact that each
optimalcenter&

$ hasaninitial centerin closeproximity al-
lows us to arguethat the entireoptimal cluster 
 $ is con-
tainedin theexpandedVoronoiregion of this initial center,
andmoreover that � 
 $ � is a signi�cant fractionof the total
massin this region. Given this property, asarguedby Ku-
maret al. (Lemma2.3 in [30]), a randomsamplefrom the
expandedVoronoiregionalso(essentially)yieldsa random
samplefrom 
 $ , which allows us to computea goodesti-
mateof thecentroidof 
 $ , andhenceof ���

�

� 
 $ � . Weobtain
a � S �
� � -optimalsolutionin time � B �

�

�

�����

�

�

\

G with con-
stantprobability. Sinceweincuranexponentialdependence
on 	 anyway, we just usethesimplesamplingprocedureof
Section4.1.1in the �rst-stageto pick the 	 initial centers.
Althoughtherunningtime is exponentialin 	 , it is signi�-
cantlybetterthantherunningtime of �QB �

�

�����

�����

���

�

\

G in-
curredby the algorithmof Kumaret al.; we alsoobtaina
simplerPTAS. Both of thesefeaturescanbe tracedto the
separationcondition,which enablesusto nearlyisolatethe
positionsof the optimal centersin the �rst stage. Kumar
et al. do not have any such facility, and thereforeneed
to sequentially“guess”(i.e., exhaustively search)the vari-
ouscentroids,incurringacorrespondingincreasein therun
time. ThisPTAS is describedin Section4.4.

4.1. Seedingproceduresusedin stageI

4.1.1 Sampling. Wepick 	 initial centersasfollows: �rst
pick two centers �

&

�! 

�

&

�

as in the 2-meanscase, that is,
choose�

 

* � 
 with probabilityproportionalto 3

��5'*

3

� .
Supposewe have alreadypicked � .?� centers�

&

�! �"#"�"  

�

&

$ .
Now pick a randompoint � � 
 with probabilitypropor-
tional to ���W�

!

, ,

�

.������ .

$

/

3

� 5H�

&

!

3

� andsetthatascenter �

&

$

N

� .

Running time The samplingprocedureconsistsof 	 it-
erations,eachof which takes � � �

\

� time. This is because
aftersamplinganew point �

&

$

N

� , wecanupdatethequantity
���W�

!

, ,

�

.������ .

$

N

�

/

3

� 5 �

&

!

3 for eachpoint � in � �

\

� time. So
theoverall runningtime is � � � 	

\

� .

Analysis Let � ��� � &HS bea parameterthatwe will set
later. As in the2-meanscase,we de�ne thecoreof cluster


%$ as 
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$
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)

�
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+
,

. We show that
underour separationassumption,the above samplingpro-
cedurewill pick the 	 initial centersto lie in thecoresof the
clusters


�  #"�"#"� 




� with probability
B

S:5 � �4���

G

�

. Wealso



show that if we samplemorethan 	 , but still � � 	8� , points,
thenwith constantprobability, every clusterwill containa
sampledpoint that lies in a somewhat larger core,that we
call theoutercoreof thecluster. Thisanalysiswill beuseful
in Section4.1.3.

Lemma 4.1 With probability S 5 � �4��� , the �r st two cen-
ters �

&

�  

�

&

�

lie in the cores of different clusters, that is,
1�� 2��

$ #( !

� � � 
 �"!$#

$

and * � 
 �"!$#

!

�"5 �HS 56� �7� � .

Proof: The key observation is that for any pair of
distinct clusters 
%$

 


 ! , the 2-meansseparationcondi-
tion holds for 
 $





 ! , that is, ���
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 !�� . So using
Lemma3.2 we obtain that
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� . Summingover all
pairs �

 �� yieldsthelemma.

Now inductively supposethat the �rst � centerspicked
�

&

�  #"�"�"� 

�

&

$ lie in thecoresof clusters
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1 . Weshow
that conditionedon this event, �
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with probability S�5 � �7� � . Givena set � of points,we use
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Lemma 4.2 1��
	 �
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Proof: For convenience,we re-index the clustersso that
J
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� � . Observe that the probabil-
ity of the event statedin the lemmais exactly ; 
�< . Let

� denotethemaximumover all �
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On the other hand, for any point � � 
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if we assignall the points in cluster 
 ! to the point �
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then the increasein cost is exactly � !

3

&

!75��

&��

�

3

� and at
least �

�
��
4�

� 
�� 5 �

�
�

� 
�� . Therefore B

�

X

�

5 S

G

�

�
�

� 
�� �

� !

\

�

&

!

 

�

�

� � for any �

�




� S

 �"#"�"  

	 , and < �

�

N

X

�

�

+

� 


X

�

'

�

!�(��

N

�

� !

\

�

&

!

 

�

�

� � . Comparingwith ; andplug-
ging in thevalueof � , wegetthat ;+� B S:5 � �7� �
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If weset ����� � � �
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� , we obtain ; 
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Next, we analyzethecasewhenmorethan 	 pointsare
sampled. Let �

�

� �

W

. De�ne the outer core of 
 $ to

be 
 !����

$

� J � � 
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� where % &$# & S

is a desirederror tolerance. By mimicking the proof of
Lemma4.2,onecanshow (Lemma4.3) thatat every sam-
pling step,thereis a constantprobability that the sampled
point lies in thecoreof someclusterwhoseoutercoredoes
not containa previouslysampledpoint. Observe thatwhile
Lemma4.2only shows thatthe“good” eventhappenscon-
ditionedonthefactthatprevioussampleswerealso“good”,
Lemma4.3givesanunconditionalbound.This crucialdif-
ferenceallowsusto argue,via astraightforwardmartingale
analysis,that if we sample � points from 
 , then with
someconstantprobability, eachoutercore 
0!����

$

will con-
taina sampledpoint. Corollary4.4summarizestheresults.

Lemma 4.3 Supposethat we have sampled � points
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Corollary 4.4 (i) If we sample 	 points �
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4.1.2 Greedydeletion procedure. We maintaina setof
centers �

�

thatareusedto cluster 
 . We initialize �

�/.




anddeletecenterstill 	 centersremain.For any point � �


 � , let 0 � � � � 
 denotethe pointsof 
 in the Voronoi
region of � (giventhesetof centers �

�

). We call 0�� � � the
Voronoisetof � . Repeatthefollowing stepsuntil �
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�-� 	 .
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B3. Recomputethe Voronoi sets 0 � � � �A0
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for each(remaining)center� �
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�

. Now we “move”
the centersto the centroidsof their respective (new)
Voronoi sets,that is, for every set 0 � � � , we update

�

�B.

�

�$=

J � L
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Running time Thereare�/5 	 iterationsof theB1-B3loop.
Eachiterationtakes � � � �

\

� time: computing1 andthesets
0�� � � for each� takes � � ���
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� time andwe canthencom-
puteeach 1

*

in � ��� 0 � � ���
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� time (sincewhile computing
1 , we canalsocomputefor eachpoint its second-nearest
centerin �
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). Thereforetheoverall runningtime is � � �
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Analysis Let � be a parameter such that � �
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 ��$ . We usea differentnotionof
a cluster-corehere,but onethat still capturesthe fact that
thecoreconsistsof pointsthatarequitecloseto thecluster-
centercomparedto the inter-clusterdistance,andcontains
mostof themassof thecluster. Let � � �
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that lies in � $ . Call this invariant(*). Clearly (*) holdsat
thebeginning,since �
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 and 
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�45 for every clus-
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$ . First, we argue(Lemma4.5) that if � �
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is the
only centerthatlies in aslightly enlargedversionof theball

�
$ for some � , then � is not deleted. The intuition is that

theremustbe someothercenter &

! whoseVoronoi region
(wrt. optimalcenter-set)containsat leasttwo centersfrom

�
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, anddeletingoneof thesecenters,theonefurtheraway
from &

! , shouldbe lessexpensive. Lemma4.6 thenshows
thatevenaftera center* is deleted,if thenew Voronoi re-
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). Lemma4.7 puts
everythingtogetherto show thatinvariant(*) is maintained.

Lemma 4.5 Suppose(*) holdsat thestart of an iteration,
and � �

�

�

is the only centerin � �

&
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Q

� � for some
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$ , then � �

�

�

after stepB2.

Lemma 4.6 Supposecenter * �

�
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is deletedin stepB2.
Let � �
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� =
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�

�

���

N
U

�

�

.

R

���

N

W

�

�

�

�

+

.

Lemma 4.7 Supposethat property(*) holdsat the begin-
ning of someiteration in thedeletionphase. Then(*) also
holdsat theendof theiteration, i.e., after stepB3.

Proof: Supposethat we deletecenter * �

�

�

that lies
in the Voronoi region of center &

$ (wrt. optimal centers)
in step B2. Let �

�

9

�

�

� =

J0* L and 0
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� � � � 0
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�

�

9 . Fix a cluster 
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�

9
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!
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� 5/L and � � �
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0
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� � � . We
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9
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� �

�

�

9 whosecentroid
�������<0

9

� � � � lies in theball � ! , whichwill prove thelemma.
By Lemma4.6andnotingthat \
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�
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Corollary 4.8 After thedeletionphase, for every � , there is
a center �

&

$ �

�

�

with 3

�

&

$�5

&

$

3

�

X

Q

+

�

�<


X

�

�

;

�

$ .

4.1.3 A linear time seedingprocedure. We now com-
binethesamplingideawith thedeletionprocedureto obtain
aseedingprocedurethatrunsin time � � � 	

\

� 	

W

\

� andsuc-
ceedswith high probability. We �rst sample� � 	8� points
from 
 using the samplingprocedure. Then we run the
deletionprocedureon an � � 	 � -size instanceconsistingof
thecentroidsof theVoronoiregionsof thesampled,points,
with eachcentroidhaving a weightequalto themassof 


in its correspondingVoronoi region. Thesamplingprocess
ensuresthatwith highprobability, everycluster


$ contains
a point �

&

$ thatis closeto its center&

$ . This will allow usto
arguethat the ���

�
�

"

� costof the sampledinstanceis much
smallerthanits ��� ��
����

"

� cost,andthat theoptimal centers
for thesampledinstancelie neartheoptimalcentersfor 
 .
By theanalysisof theprevioussection,onecanthenshow
thatafterthedeletionprocedurethe 	 centersarestill close
to theoptimal centersfor thesampledinstance,andhence
alsocloseto theoptimalcentersfor 
 . Fix �

�

�

Q

� .

C1. Sampling. Sample � �

�

�

� 


S

+

�

�

� � !

�

�

�

+

�

�

�

� 


S

+

�

�

� points
from 
 usingthesamplingprocedureof Section4.1.1.
Let � denotethesetof sampledpoints.



C2. Deletion phase. For each � � � , let 0 � � � �VJ0* �
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3

* 5 �

3

� ��� �

5

,

;

3

* 5@:

3

L be its Voronoi
set (wrt. the set � ). We now ignore 
 , and con-
sider a weightedinstancewith point-set �

� � J �� �

�����#��0 � � � � ' � � �>L , where each �� hasa weight
�

� ��4� � � 0 � � ��� . Run the deletionprocedureof Sec-
tion 4.1.2,on �

� to obtain 	 centers�

&

�  #"�"�"� 

�

&

� .

Running time StepC1 takes � � ���

\

� � � � � 	

\

� time.
Therun-timeanalysisof thedeletionphasein Section4.1.2,
shows thatstepC2 takes � �<�

W

\

� � � � 	

W

\

� time. So the
overall runningtime is � � � 	

\

� 	

W

\

� .

Analysis Recallthat �

�

�

Q

� . Let �

�

� �

W

� . Let 
D�"!�#

$

�

J � � 
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3

��5

&

$

3

� � )

�
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+

�

L . Let 
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$

� J ��� 
 $ '

3
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&

$

3

� � )

�
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�

L denotethe outercoreof cluster 
 $ . By
part(ii) of Corollary4.4weknow thatwith probability S 5

� �4�

�

� , everycluster

$ containsasampledpointin its outer

coreafterstepC1. Soassumethat this eventhappens.Let
�7

�! �"#"�"  

�7

� denotetheoptimal 	 centersfor �

� and �

&

�  �"#"�"# 

�

&

�

be the centersreturnedby the deletionphase.Lemma4.9
shows that the 	 -meansseparationconditionalsoholdsfor

�

� , and the optimal centersfor �

� arecloseto the optimal
centersfor 
 . This impliesthatthecentersreturnedby the
deletionphasearecloseto theoptimalcentersfor 
 .

Lemma 4.9 ��� ���

�

� ��� � � � �����7� � 
4�-�

�

� � . For each optimal
center&

$ , there is some�7
$ such that 3

�7
$

5

&

$
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�

�
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�

S
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Lemma 4.10 For each center &

$ , there is a center �

&

$ such
that 3

�

&

$ 5

&

$

3

�

�:1

�

(

.

Proof: Let �

�

$2� ���W� !$# (�$

3

�7�! 5D� 7�$

3 . Then � S 57��O �/�
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�
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X

�

�

G . Since�

�

�

Q
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canensurethat OQ&

�

���

. Choosing� for thedeletionphase
suitably, by Corollary4.8,we canensurethatwe obtain �

&

$

suchthat 3

�

&

$ 5 �7�$

3

�
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�
1

�

(

. Thus, 3

�

&

$ 5

&

$
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�

�
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(
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4.2. Proceduresusedin stageII

Given 	 seedcenters�

&

�  �"#"�"  

�

&

� locatedsuf�ciently close
to theoptimal centersafterstageI, we usetwo procedures
in stageII to obtaina near-optimal clustering: the ball-	 -
meansstep,whichyieldsa B

S��

U

� �<�

G -approximationalgo-
rithm, or thecentroid estimationstep,basedon a sampling
ideaof Kumaretal. [30], whichyieldsaPTAS with running
timeexponentialin 	 . De�ne �

\

$
�
���W�

!$# (�$

3

�

&

!
5 �

&

$

3 .

Ball-
�

-meansstep. Let <
$ bethepointsof 
 in a ball of

radius �

\

$ 
�� around �

&

$ , and
�

&

$ bethecentroidof < $ . Return

�

&

�  #"�"�"� 

�

&

� asthe�nal centers.

Centroid estimation. For each � , we will obtaina setof
candidatecentersfor cluster 
 $ . Fix � �

�

S

�

S

N

�

S

U

X

� . Let
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 �KJ � � 
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3

� 5 �

&

$
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�
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�
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L

be the expandedVoronoi region of �

&

$ . Sample R

!

�

points
independentlyanduniformlyatrandomfrom 0

9

$

, where� is
agiveninputparameter, to obtainarandomsubset� $ � 0

9

$

.
Computethe centroidof every subsetof � $ of size �

�

; let
14$ be the set consistingof all thesecentroids. Selectthe
candidates

�

&

�

� 1

�  #"�"#"� 

�

&

�

�@1

� that yield the least-cost
solution,andreturntheseasthe�nal centers.

Analysis Recall that
�

$7� ��� �"!$# (�$
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3 . Let � �
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X

� . Theproof of Lemma4.11,which analyzestheball-
	 -meansstep,is essentiallyidenticalto thatof Lemma3.3.

Lemma 4.11 Let � $ � % � � 
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$
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�
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1
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L
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�
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! . Considerthe clusteringwherewe arbi-
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�
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L

1 pointsof 

$ to center&

! for each
�

3

��� . For any � � 
 $ and �
3
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Hence,the cost of this clusteringis at most �����
B

�

 

S �

�

�

�

!

�

S

�
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!
�

G

���
�

� 
�� �
B

S �

�

�

X

�
G

���
�

� 
�� . Thecostof thisclus-

tering is alsoat least �
�

��
4�-� 
�� . This is a contradictionto
theassumptionthat � �

�
� 
	� � � �#���

��
��
� 
�� .

4.3. A linear time constant­factor approximation
algorithm

D1. Executetheseedingprocedureof Section4.1.3to ob-
tain 	 initial centers�

&

�
 �"#"�"# 

�

&

� .

D2. Runtheball-
�

-meansstepof Section4.2to obtainthe
�nal centers.

Therunningtime is � � � 	

\

� 	

W

\

� . By Lemma4.10,we
know thatwith probability S=5 � �

Q

� � , for each&

$ , thereis



adistinctcenter �

&

$ suchthat 3

�

&

$�5

&

$
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�

�
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"SJ% . Combined
with Lemma4.11,this yieldsthefollowing theorem.

Theorem4.13 If
��� �J�
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�

�

8

�

�
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� � � for a small enough� , the

abovealgorithmreturnsa solutionof costat most
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�

X

�
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�7� � � 
�� with probability S 5D� �

Q

� � in time � � � 	

\
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W

\

� .

4.4. A PTAS for any �xed
�

The PTAS combinesthe samplingprocedureof Sec-
tion 4.1.1with thecentroidestimationstep.

E1. Usetheprocedurein Section4.1.1to pick 	 initial cen-
ters �

&

�  #"�"#"� 

�

&

� .

E2. Runthecentroid estimationprocedureof Section4.2
to obtainthe�nal centers.

Therunningtime is dominatedby theexhaustivesearch
in stepE2 which takestime �PB �

�

R

���

!

�

�

�

\

G . We show that
thecostof the�nal solutionis atmost � S�� � � � � �8� 
�� , with
probability �

�

for someconstant� . By repeatingtheproce-
dure � �

�


4�

� times,wecanboostthis to aconstant.

Theorem4.14 Assumingthat � �
�

� 
	� � � �#���
��
��

� 
�� for a
small enough� , there is a PTASfor the 	 -meansproblem
that returnsa � S � � � -optimalsolutionwith constantprob-
ability in time � � �
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���
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Proof: By appropriatelysetting � in the samplingproce-
dure,we canensurethatwith probability Z��TS��

�

, it returns
centers�

&

�� �"#"�"  

�

&

� suchthat for each� , 3

�

&
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&

$
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�
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$ 
 S0%

(part (i) of Corollary 4.4). So by Lemma4.12 we know
that � 
%$ � . � � 0

9

$

� for every � . Now Lemma2.3 in [30]
shows that for every � , with constantprobability, thereis
somecandidatepoint & 9

$

�;1 $ suchthat
'+*-,

02143

� 5

&:9

$

3

� �

� S � � � ���
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$

� . The cost of the best-candidatesolution
is at most the cost of the solutiondue to the points & 9

�

�

1

�
 �"�"#"� 

&�9

�
�B1

� . The overall successprobability for one
call of theprocedureis �

�

for someconstant�

& S , soby
repeatingtheprocedure� �

�


 �

� timeswe canobtaincon-
stantsuccessprobability.

5. The separationcondition

We show that our separationcondition implies, and is
implied by, the condition that any two near-optimal 	 -
clusteringsdisagreeon only a small fraction of the data.
Let ������� � �

�
 #"�"#"� 

�

�

� denotethecostof clustering
 around
the centers�

�
 �"#"�"# 

�

�

� 
 � . We use 0 � � � to denotethe
Voronoiregionof point � (thecenterswill beclearfrom the
context). Let �
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is � -separated for 	 -meansfor a small enough � . The
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Noticethatpart(i) alsoyieldsthatif 
 is � -separatedfor
	 -means,thenany 	 -clusteringof costat most �

�

X

�

�7� �8� 
��

has small Hamming distanceto the optimal 	 -clustering
(morestrongly, eachclusterhassmall Hammingdistance
to a distinctoptimalcluster).We now show theconverse.
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