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Abstract— Packet scheduling is an important mechanism to
provide QoSguaranteesin data networks. A schedulingalgorithm
generally consistsof two functions: one estimateshow the GPS
(General ProcessorSharing) clock progresseswith respectto the
real time; the other decidesthe order of serving packets based
on an estimation of their GPSstart/�nish times. In this work, we
answer important open questionsconcerning the computational
complexity of performing the �rst function. We systematically
study the complexity of computing the GPS virtual start/�nish
times of the packets, which has long been believed to be �������

per packet but has never been either proved or refuted. We
also answer several other related questions such as “whether
the complexity can be lower if the only thing that needsto be
computed is the relative order of the GPS �nish times of the
packets rather than their exact values?”

I . INTRODUCTION

Servicediscipline (i.e., packet scheduling)is an important
mechanismto provide QoSguaranteessuchasend-to-endde-
lay boundsandfair bandwidthallocationin computernetworks
[4], [8], [15]. The perfectservicediscipline to provide delay
and fairnessguaranteesis GeneralProcessorSharing(GPS)
[4], [9]. In a GPSscheduler, all backloggedsessionsareserved
simultaneouslyin a weightedfashionas follows. In a link of
rate 	 servedby a GPSscheduler, eachsession
 is assigneda
weight value �
� . Eachbackloggedsession
 at every moment

�

is served simultaneouslyat rate 	�����	����������������! #"%$&�

�(' ,
where )*�

�

' is the set of sessionsthat are backloggedat
time

�

. However, GPS is not a realistic service discipline
since in a packet network, service is performedpacket-by-
packet, rather than “bit by bit.” Nevertheless,GPSserves as
a referenceschedulerwith which real-world packet-by-packet
servicedisciplines(e.g., +-,/. [4]) canbecomparedin terms
of delayand fairness.

A real-world packet-by-packet servicediscipline typically
consistsof the following two functions.

1) Tracking GPS time: This function is to track the
progressof GPS virtual time (describedlater) with
respectto thereal time. Its mainobjective is to estimate
the GPS virtual start and �nish times of a packet,
which are the times that a packet should have started
and �nished service respectively if served by a GPS
scheduler.

2) Scheduling according to GPS clock: This function
is to schedulethe packets basedon the estimationof
their GPSvirtual �nish/start times.For example, +-,/.

selectsthe one with the lowest GPSvirtual �nish time
amongthe packetscurrently in queueto serve next.

We studyanopenproblemconcerningthecomplexity lower
bound for computing the GPS virtual �nish times of the
packets.This complexity has long beenbelieved to be 01�%2

'

per packe [11], [12], [3], [9], where 2 is the number of
sessions.For this reason,many schedulingalgorithms such
as +-,435.76 [2], 89,/. [7], ,4,/. [11], and 8!:1,/. [6]
only approximatethe GPSclock (with certainerror), trading
accuracy for lower complexity. However, it has never been
carefully studied whether the complexity lower bound of
trackingGPSclock perfectly is indeed 01�;2

' per packet. Our
work not only settlesthis question,but also leads to other
surprisingdiscoveries.

In the sequel,we will distinguishservicediscipline from
scheduling algorithm. The former refers to the policy as to
which packet shouldbe served next, whereasthe latter refers
to theactualmechanismto carryout thispolicy. For example,a

+-,/. servicedisciplinesaysthatpacketsshouldbescheduled
in the sortedorderof their GPSvirtual �nish times.A +-,/.

algorithm,on the other hand,speci�es the datastructureand
algorithm that is used to track the GPS clock and to sort
the GPStimestamps.This distinctionis critical in the context
of this paper, sincewe will poseand answerquestionssuch
as “Is this schedulingalgorithm asymptotically optimal in
computationalcomplexity for carrying out the said service
discipline?”

Tracking the GPS time is an important task in service
disciplines.How well this task is performeddirectly affects
the QoS guaranteesprovided. For example, it is shown in
our prior work [14] that, amongall the servicedisciplines,
only +-,/. and +-,/35. provides a tight GPS-relative delay
(de�ned in SectionII.A) of <=��>

' , becausethey keepperfect
trackof theGPSclock.All otherdisciplines,suchas[11], [6],
[2], [7], only approximatethe GPSclock (with certainerror),
resultingin much lesstight delaybounds.

This prompts us to study the following open problem:
“What is the complexity lower bound for computing the
GPS virtual �nish times of the packets?” This complexity
haslong beenconsideredas 01�%2

' per packet [11], [12], [3].
For this reason,+-,/. and +-,/35. areconsideredexpensive
and impracticalwhen the numberof sessionsare large, and
computationallylessexpensive algorithmssuchas [11], [12],
[3] are proposedto approximatethe GPS clock. Therefore,



it is very interestingto �nd out whether 01�%2

' per packet is
indeedthe complexity lower bound for tracking GPS clock,
which decideswhethersuchan unfortunatetradeoff between
accuracy andcomplexity is justi�ed.

This, in turn, leadsto anotherinterestingquestion.Notethat,
in +-,/. and +-,/35. , oneonly needsto establishtherelative
ordersamongGPSvirtual �nish times.Sowe wonderwhether
we can establish this order relationship without explicitly
computingtheir exact values,and hopefully the complexity
can be smallerthis way. Unfortunately, we prove that sucha
“shortcut” doesnot exist: establishingsuchorderrelationship
is at leastasasymptoticallyexpensiveascomputingtheir exact
values.

Thenwe establishthe complexity lower boundof 01�������!2

'

per packet for establishingthe relative order of the GPS
virtual �nish times, under the linear decision tree model
(describedlater). It seemsthat this lower bound is not tight
since we suspectthat it is 01�%2

' per packet. However, we
discover an existing algorithm [8] that matchesthe lower
boundof 01�������!2

' perpacket.This algorithmhasseldombeen
mentionedlater in literature,partly becauseit is an integral
part of a theoretical exploration of a related yet different
topic. Our discovery hasan immediatepractical implication:

+-,/. and +-,/35. implementationsbasedon this algorithm
areoptimal amongall implementationsof +-,/. and +-, 3�.

servicedisciplines.
Unfortunately, we discover an important subtlety in this

01�������!2

' algorithm, which has never been discussedin [8]
or any otheropenliterature.A computationtiming constraint
we refer to as“mandatorylazy evaluation”hasto be satis�ed
for the algorithmto have 01�������!2

' complexity. We show that
theory and practice clash on this constraint: in theory the
complexity of thisalgorithmis strictly 01������� 2

' perpacket,but
in practicetheworstcasecomplexity couldbeashigh as 01�%2

'

per packet due to this “mandatory laziness.” This discovery
completely clari�es and answersthe question“ 01������� 2

' or
01�%2

' ?” (per packet) concerningthe complexity of tracking
the GPSclock.

Finally, weestablishthemostimportantresultof this paper:
the complexity lower bound of computing the GPS virtual
�nish times is 01�������!2

' per packet. This result is shown by
establishingan interesting tradeoff betweenthe number of
comparisonoperationsandthe numberof othercomputations
(e.g., additions).We show that, for tracking the GPS clock,
any algorithm has to pay either 01������� 2

' comparisonsor
01�������!2

' othercomputations,perpacket.Therefore,theoverall
complexity of the algorithm, which is the sum of both, has
to be 01�������!2

' per packet. Our work, combined with the
aforementioned01������� 2

' algorithm[8], completelysettlesthe
long-standingopen problem concerning the computational
complexity of tracking the GPSclock, in theory1.

The restof the paperis organizedasfollows. In SectionII,
we introducethe computationalmodelsand assumptionswe

1In practice,we will always be ªhauntedºby the aforementionedsubtlety
of ªmandatorylazy evaluation.º

will use in proving our results.In SectionIII, we study the
complexity of tracking the GPSclock. SectionIV concludes
the paper.

I I . RELATED WORK AND BACKGROUND

In this section, we introduce the backgroundknowledge
and related work on packet schedulingand computational
complexity. Their relevanceto the objective of this work will
be explicitly stated.

A. Background on GPSand packet-by-packet schedulingal-
gorithms

We have introducedGPS, an idealized service discipline
with which otherservicedisciplinescanbecomparedin terms
of QoS guarantees.One important property of GPS,proved
in [9], is that it can guaranteetight end-to-enddelay bounds
to traf�c that is leaky-bucket [13] constrained.It has been
shown that schedulingalgorithmscanprovide similar end-to-
enddelayboundsif their packet servicedoesnot signi�cantly
lag behind that of GPS [9]. This motivatesthe de�nition of
GPS-relative delay (introducedin [9] and [8] but formally
de�ned in [14]) and the study of existing servicedisciplines
on this property.

For eachpacket 	 , the GPS-relative delay of a packet 	

undera particularscheduler
���
 is de�ned as ����� ������,������

�

�

,��! #"

�

' , where ,����$�

� and ,%�! !"

� are the times when the
packet 	 �nishes service in the 
���
 schedulerand in the


�&/8 scheduler, respectively. It has beenshown in [9] and
[1] respectively that +-,/. and +-,

3
. schedulersboth have

a worst-caseGPS-relative delayof ��'!(*)

+

, where ��,.-0/ is the
maximumpacket sizeand 	 is the total link bandwidth.That
is, for eachpacket 	 ,
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Using the conventionof our prior work [14], we say that the
delay bound is <=� >

' since �
,9-:/ and 	 can be viewed as

constantsindependentof the numberof sessions2 . +-,/.

and +-,435. achieve this <=��>

' GPS-relative delay boundby
(a) keepingperfecttrackof theGPSclock and(b) picking the
packet with smallestGPS virtual �nish time, amongall (in

+-,/. ) or all eligible (in +-,/35. ) head-of-line(HOL) packets,
to serve next. Here HOL packets are the �rst packets from
eachsessionthatarecurrentlyin queue.This paperessentially
studieswhethersteps(a) and(b) arenecessaryandif yes,how
to carry out the �rst stepin an optimal way.

B. On tracking the GPSclock

The GPSvirtual time ; �

�

' , as a function of real time
�

is
calculatedas follows.

; ���

'

� � (3)

; �

�
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Here �

�

��� ���#=��
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������� arethetimesat which two typesof events
happenunderGPS:(1) theservicestartsfor a new packet,and
(2) theservice�nishes for a packet currentlyin queue.Let 

	

�

be the real time that the �

"
�

packet of the 


"
�

sessionarrives
and ��	

�

be its length. Let 8�	

�

and ,�	

�

be the virtual times
when it shouldhave startedand �nished serviceunderGPS,
respectively. Thenonecanshow that 8 and , arecalculated
as follows.
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Note that the GPS virtual �nish time of a packet is cal-
culatedassoonas it arrivesasabove. However, the real time
correspondingto this virtual �nish time is not determineduntil
later (explained later). In servicedisciplines,tracking of the
GPS clock is to �nd the GPS virtual and real �nish times
of eachpacket. Although GPSvirtual �nish timesareall that
areneededin +-,/. for scheduling,theGPSreal �nish times
are equally important since they determinethe GPS virtual
�nish times of future packets,as shown in formulas(3) and
(4). In this paper, we solve the openproblemconcerningthe
complexity lower bound for computingthe GPS virtual and
real �nish times.

C. On ComputationalComplexity

Computationalcomplexity of a problem is de�ned under
a computationalmodel that speci�es what operationsare
allowed in solving the problemand how they are “charged”
in termsof complexity. Sameas in our prior work [14], we
adopta standardandcommonly-usedcomputationalmodel in
proving lower bounds:the decisiontree. A decisiontree in
generaltakesasinput a list of real variables�I� �

� =��

�

��� . Each
internal and external (leaf) node of the tree is labeledwith
a predicateof theseinputs.The algorithm startsexecutionat
the root node. In general,when control is centeredat any
internalnode,thepredicatelabelingthatnodeis evaluated,and
the programcontrol is passedto its left or right child when
the value is “yes” or “no” respectively. Before the control is
switchedover, the programis allowed to executeunlimited
numberof sequentialoperationssuchasdatamovementsand
arithmeticoperations.In particular, the programis allowed to
storeall results(i.e.,no constrainton storagespace)from prior
computations.Whenprogramcontrol reachesa leaf node,the
predicatethereis evaluatedand its result is consideredas the
outputof theprogram.Thecomplexity of suchanalgorithmis
de�ned as the depthof the tree,which is simply the number
of predicatesthat needsto be evaluatedin the worst case.
Fig. 1 shows a simpledecisiontreewith four nodes.Each &9�

( >

6




6�� ) is a predicateof the inputs.
Allowing different types of predicatesto be used in the

decision tree results in models of different computational
powers.Throughoutthis paper, we considerthe decisiontree
thatallowsthecomparisonsbetweenlinear functionsof inputs,
knownas linear decisiontree(LDT) [5]. In this model,given
inputs �I���

� =��

�

��� , eachpredicateallowedby thedecisiontree

P3(x)P2(x)

P1(x)
N

N

Y N

Y Y N

Y

Input x = <x1, x2, ..., xn>

P4(x)

Fig. 1. Decisiontreecomputationalmodel

is in theform of “ � ���

=

�*�

3

�HGHGIGH�*�

�&'��

��� ”, where � is a linear
function (de�ned below) of the inputs � �
�

� =��

�

��� .
De�nition 1 (Linear Function): A linear function � of the

variables � ���

� =��

�

��� is de�ned as � ���

=

� �

3

�?GIGHG:�*�

� '

�

�

�

�

�#=5� ��� �
6 � � , where � � �

�

�

�

�

��� arereal constants.
In thecontext of thiswork, theinputswill bethelengthsand

the arrival timesof the packets.Note that the linear decision
tree model is quite generous:functions like � in the above
de�nition maytakeup to <=�%2

' stepsto compute,but themodel
chargesonly “1” for eachof them.Due to this generosity, for
certaincomputationproblems,we maynot be ableto obtaina
tight lower bound using this model. We, however, stick to
this model since it provides mathematicaltools (convexity
arguments)for solving lower bounds.In addition, since the
GPS virtual �nish times of the packets are linear functions
of the inputs, shown by the following theorem,this model
capturesall computationpowers of a router for tracking the
GPSclock and for schedulingpackets.

Theorem1: TheGPSvirtual �nish timesof thepacketsare
all linear functionsof the inputs.

Proof: Note that we only needto show that the virtual
start times ( 8!	

�

) are linear functions of the inputs since the
virtual �nish time ( ,�	

�

) is equalto 8�	

�

6

�#"

$

%

$

accordingto (6).
We prove this resultby inductionon the packet arrival events
to thesystem.Sincethe�rst packetarrivesat time0, according
to (3), its virtual start time is 0, which is a linear function of
the inputs. Now let's assumethat 8

,

�

and ,

,

�

(for �'&(� )
areall linear functionsof the inputs.Then for the 8)	

�

,
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Let
�

denote 
*	

�

and
�,+

denotethe real time when previous
event (arrival or departure)happened.If ,

	

<�=

� -

; �

�

' , 8!	

�

is equalto ,

	

<�=

�

, which is a linear function by the induction
hypothesis;otherwise,8�	

�

is equalto ; �

�

' . Thus,
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In this case; �

�,+

' is either the virtual �nish time of a packet
or the virtual start time of a packet. In both situationsit is a
linear function by the inductionhypothesis.And note the set
of sessionsthatareactive in theinterval �

�

�

��+

' , i.e., ) �

�

' , is a



�x edconstant.Thus 8 	

�

is alsoa linear function.Thereforethe
GPSvirtual �nish timesof the packetsareall linear functions
of the inputs.

D. Relatedwork on the complexity lower bound of packet
scheduling

Our prior paper is the �rst work in studying the tradeoff
betweendelay boundand computationalcomplexity [14]. In
[14], we have establishedthat thecomplexity lower boundfor
a servicediscipline to provide <=��>

' or <=�%2

-

' ( � & ��& > )
GPS-relative delayboundis 01�������!2

' per packet. This bound
is establishedunder a weaker decisiontree model that only
allows direct comparisonsbetweenits inputs.In otherwords,
its comparisonsare all in the forms of “ �
�

�

�

� �

��� ”. This
model is strictly weaker thanLDT since �
�

�

�

� is clearly a
linear function. However, for the particularclassof instances
that are used in establishingthe lower boundsin [14], the
weaker computationalmodel is reasonablein the sensethat
existing schedulingalgorithmsareableto provide <=� >

' GPS-
relative delayboundsusingonly suchpredicates.

Whetherthe complexity lower boundof tracking the GPS
clock is 01�;2

' per packet was posed as an open problem
by [14]. Since its focus is on the computationalcomplexity
of scheduling packets, it skillfully avoids answering this
questionby introducing the conceptof CBFS (Continuously
BackloggedFair Sharing)condition2. It shows that underthe
CBFScondition,theGPS�nish timescanbecomputedeasily
in <=��>

' and becomesa nonissuein studyingthe complexity
of scheduling.

E. Relatedtheoremsin prior work

In the proofs of this paper, we will use a lemma from
[14], which saysthe complexity lower boundfor determining
whethera given input vector ���

=

� �

3

�

�����

�*�

�&' belongsto the
following set

�

is 2 �����

3

2

���

�;2 �����

3

2

' , under the linear
decisiontree. Here

�
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=
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3

�
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�
�

�
'���


���

thereexists
a permutation� of 1, ..., 2 such that �

��'#( )

���#=

���
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� , 
 � >�� D��HGIGHG:� 2

� . Here �
,.-0/

-

� is the maximum
packet sizeand � ( � &

�

&

��'!( )

�

 ���#= $

) is a “small” real constant.
Here is the lemmafrom [14].

Lemma1: Under the linear decisiontree model,given the
inputs �I���

� =��

�

��� , determiningwhether ���

=

� �

3

�IGHGHGI� �

�&'��

�

requiresat least 2 �����

3

2 - �

�;2 �����

3

2

' linear comparisons.

I I I . ON THE COMPLEXITY OF TRACKING GPS CLOCK

The focus of this section is to clarify and establishthe
fundamentalalgorithmiccomplexity of trackingtheGPSclock
perfectly in packet scheduling.Recall that both +-,/. and

+-,435. servicedisciplinestrackGPSclock perfectly, andboth
areableto achieve a tight GPS-relative delayboundof <=� >

' .
All otherservicedisciplines,on the otherhand,only estimate
GPS clock (with certainerror), and it is shown in [14] that
noneof them can provide the sametight GPS-relative delay
bound. Intuitively there is a causalrelationshipbetweenthe

2A less elegant way to avoid dealing with this question is to use the
relativization argumentsin theoreticalcomputerscience[10].

perfecttracking of GPSclock and the tightnessof the delay
bound.

A. GPSclock tracking and its complexity question

The computationalcomplexity lower bound of tracking
the GPS clock has long been considered01�%2

' per packet
[11], [12], [3]. For this reason,both +-,/. and +-, 35.

are consideredto be impractical,and several algorithmsthat
approximateGPS clock at much lower complexity, such as
[11], [6], [2], [7], areproposed.However, asmentionedabove,
noneof thesealgorithmscanachieveatight GPS-relativedelay
boundof <=� >

' .
We ask the following fundamentalquestion:is 01�;2

' per
packet thecomplexity lower boundfor trackingtheGPSclock
perfectly?Settling this questionis importantin two aspects.

� First, if this complexity is indeed 01�%2

' per packet,
thenthe complexity lower boundof 01�������!2

' per packet
establishedin [14] for schedulingthe GPS timestamps
to achieve tight GPS-relative delayboundsbecomesless
relevant,sincethe combinedcomplexity of schedulingis

01�;2

' perpacket anyway. Notethat[14] avoidsanswering
this question,as their results are establishedunder a
CBFScondition(shown later)in whichGPStrackingcost
becomes<=��>

' perpacket.This complexity questionleads
to two other interestingquestions.Is GPSclock tracking
a necessarystep for implementing +-,/. and +-,/3(. ?
(i.e., is therea “shortcut”?)Or is this stepnecessaryfor
providing <=� >

' GPS-relative delay?We will answerthe
�rst questionin full. The secondquestionremainsan
openproblem.

� Second,if there is an ef�cient algorithm of complexity
<=������� 2

' per packet, for trackingGPStime, then +-,/.

and +-,435. maybecomepracticalsincetheir overall cost
will be <=������� 2

' per packet!
Our �ndings turn out to bea mixedblessing:in theory(i.e.,

the strict senseof computationalcomplexity), the complexity
lower boundis 01������� 2

' per packet and thereis an algorithm
that matches the bound. In practice, however, it can be
as expensive as 01�%2

' per packet in the worst-casedue to
a “mandatory lazy evaluation” subtlety associatedwith the
algorithm.Oneof our contributions is to discover andclarify
this subtlety.

B. Is there a “shortcut”?

Notethatin +-,/. and +-,/3(. , we areonly concernedwith
the relative order of GPSvirtual/real �nish times ratherthan
their exactvalues.This leadsusto askthe following question:
can the complexity of establishingsuch order relationships
be smallerthan that of computingthe GPSvirtual/real �nish
times? In other words, is there a “shortcut” that allows us
to establishsuch orders without explicitly computing their
values?Suchshortcutsmaybepossiblein somecomputations.
For a trivial example,to know whether � 6�� &��16�� holds,
we may just compare� with � without addingup �=6�� and

�/6�� . Real-world examplescan be much more sophisticated
sincecomparisonscanbe nesteddeeplyin an expression.



1. class Packet �

2. double rt arrival, rt finish, vt start, vt finish;
3. /* rt arrival and rt finish are the real times of the packet's arrival and

departure (under GPS) respectively. vt start and vt finish are its GPS
virtual start and finish times respectively. Initially rt arrival field
is filled by the value of arrival time of the packet and the other
fields are initialized to 0. */

4. int id, len; /* the session id of the packet and the packet length */
5. � ;

6. class Packet Queue �

7. Packet peek(); /* return the first packet in queue without deleting it */
8. Packet pop(); /* return the first packet in queue and delete it */
9. int empty(); /* return 1 if queue is empty, otherwise return 0 */

10. � ;

11. external Packet Queue P, Q; /* explained in the text and Fig. 3 */

12. total weight = 0;
13. /* the total weight of all the backlogged sessions between two events */
14. for (i=0; i & n; i++) backlog[i] = 0;
15. /* backlog[i] indicates the amount of backlog at session i queue (in GPS

virtual time). */

16. while (!Q.empty()) �

17. q = Q.peek(); p = P.peek();
18. if (total weight == 0) �

19. /* the start of a new busy period */
20. total weight = weight[p.id]; /* weight[i] is �
� */
21. vt last = 0; /* the virtual time when the last event happens. */
22. rt last = p.rt arrival; /* the real time of the last event */
23. continue;
24. �

25. vt temp = vt last + (p.rt arrival - rt last) / total weight;
26. if (q.vt finish

-

vt temp) �

27. /* p starts earlier than q finishes */
28. p.vt finish = max(vt temp, backlog[p.id]) + p.len / weight[p.id];
29. vt last = vt temp; rt last = p.rt arrival;
30. if (backlog[p.id] & vt temp)
31. total weight = total weight + weight[p.id];
32. backlog[p.id] = p.vt finish;
33. P.pop();
34. �

35. else �

36. /* q finishes first before p starts */
37. q.rt finish = rt last + (q.vt finish - vt last) * total weight;
38. rt last = q.rt finish; vt last = q.vt finish;
39. if (backlog[q.id] 6 vt last)
40. total weight = total weight - weight[q.id];
41. Q.pop();
42. �

43. �

Fig. 2. Algorithm � for GPStime tracking.
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Fig. 3. Queuestructureof Algorithm �

Our discovery is surprising:establishingthe relative orders
among the GPS �nish times is at least asymptotically as
expensive as computing them, as proved in the following
theorem.

Theorem2: The complexity lower bound of sorting the
GPSvirtual/real�nish timesis asymptoticallyat leastaslarge
as that of computingtheir exact values.

Proof: Our proof proceedsas follows. As before,let 2

denotethe numberof active �o ws. Assumethat we know the
relative order in which the packets �nish serviceunderGPS,
which is computedusingamagic algorithm 
 with complexity

:=�%2

' per packet. We show thereis an algorithm ) that uses
suchorderto producethecorrectGPSvirtual/real�nish times
of thepackets,with complexity <=��>

' perpacket.We denoteas
�

�%2

' thecomplexity lowerboundof computingtheGPS�nish
times per packet. Clearly

�

�%2

'

6

:=�;2

'

6-<=� >

' . However,
since

�

�%2

' is at least <=� >

' (just to readthe input), this shows
that :=�;2

' is at leastasymptoticallyas large as
�

�;2

' .
The reductionalgorithm ) is shown in Fig. 2. The queue

. containspointersto thesepackets sortedin the increasing
orderof their GPS�nish times.This capturesour assumption
thatwe know their relative orders.The incomingpacket FIFO
queue& containspointersto thesepacketsin thesortedorder
of their arrival times.Notethatpointersin both & and . refer
to thesamepoolof actualpackets,asshown in Fig. 3. For each
packet, initially only the real arrival time �eld (rt arrival) is
set.After theexecutionof the program,we show that its GPS
virtual �nish time (vt �nish) andits real �nish time (rt �nish)
will alsobe set.This way the missionof computingthe GPS
real/virtual �nish timesof the packets is accomplished.

We have useda standardtechniquein programminglan-
guageto make the algorithm ) succinct.We assumethat at
the end of queue & , thereis a pointer to a “dummy” packet
with arrival time 6�� . . , on theotherhand,doesnot contain
sucha pointer. This “dummy” pointer will “�ush” (line 41)
all packets in . before itself gets popped.This “�ushing”
considerablysimpli�es the inspectionof boundaryconditions.

We need to prove two things: (a) the complexity of the
algorithm is <=��>

' per packet, and (b) it correctly computes
the GPSvirtual andreal �nish timesof the packets.

Proof of (a): Note thatduring each“while” iterationexcept
for the �rst one,which goesthroughline 16 to 43, thereare
at least one elementpoppedfrom either & (line 31) or .

(line 41).Eventuallybothwill becomeemptyandtheprogram
terminates.Eachiterationclearly takes <=��>

' time.

Proof of (b): We needto show that the algorithmcomputes
the GPS real/virtual �nish times as de�ned in formulae (3)
and(4). We prove this by inductionon the numberof events.
The GPS virtual time when the �rst event (the �rst packet
arrival) happensis 0 (line 21). Supposethe valuesof the GPS
virtual/real times and other statevariablescorrespondingto
the �

"
�

event is computedcorrectly. We needto show that
the valuescorrespondingto the � � 6 >

'

"
�

event are correctly
computed.The � � 6 >

'

"
�

event can be one of the following
two cases:(i) the �nish of a packet from a session
 , (ii) the
startof a new packet from a previously unbackloggedsession.

� In case(i), 	 arrivesafter � getspopped,sinceotherwise
its arrival would have beenthe � � 6 >

'

"
�

event.Soline 35
through42 will be executed.Dependingon whetherthe
session�

�


�� queuebecomesunbacklogged(line 39)or not
after the departureof � , the total weight (total weight) is
either decreasedor unchanged(line 40). The real �nish
time of � can now be �nalized (line 37) sincethereare
no new arrivals beforeits departure.

� In case (ii), 	 arrives earlier than �

+��

departure,and
thereforeline 26 through34 will be executedto update
the total weight and compute	

+
�

GPS virtual start and
�nish times.

In both cases,the advanceof the GPSclock ; �

�

' from the
time of the �

"
�

eventto thatof the � � 6 >

'

"
�

eventconformsto
formulas(3) and(4). Therefore,thealgorithmshouldcompute
the GPSvirtual/real times and other statevariablescorrectly
for the � �/6 >

'

"
�

event andall eventsby induction.
This resultis importantsinceit shows that thereis no short-

cut to computingtheGPSvirtual �nish timesfor implementing
+-,/. and +-,/35. .

C. A tight lower bound

Next, we prove the lower boundof 01�������!2

' per packet for
sortingGPSvirtual �nish times(Theorem3) underthe linear
decisiontreemodel.To prove this, we needa lemmashowing
that the complexity of sorting 2 numbersis 01�%2 �����!2

' under
the linear decisiontree (Lemma2). Note that the traditional
sortingcomplexity we know only allows comparisonsamong
inputs.

Lemma2: The complexity lower boundfor sorting 2 dis-
tinct positive real numbers�
� , 
 � >�� D �IGHGIG0� 2 , is 01�;2 �����!2

'

underthe linear decisiontreemodel.
Proof: Supposesortingthesenumbersis not 01�;2 �����!2

' .
Then we constructan algorithm 
 for deciding the mem-
bership for the aforementionedset

�

in Lemma 1, with
a complexity that is not 01�;2 �����!2

' . This would contradict
Lemma1. Algorithm 
 �rst sortsthesenumbersusing linear
comparisons.Thenit veri�es if thesortedlist is in

�

, andthis
stepapparentlyonly needs<=�%2

' time (checkif �

��'!( )

���#=

� �

&

���
&

�

�
'!( )

���#=

6

� , 
1� >�� D �HGIGHG:� 2 ). Since <=�;2

'

�

�

�%2 �����!2

' ,
thecomplexity of algorithm 
 is not 01�%2 �����!2

' if thesorting
part is not 01�;2 ����� 2

' .
Theorem3: Thecomplexity lowerboundfor computingthe

relative order of the GPS �nish times among 2 packets is
01�%2 �����!2

' underthe linear decisiontreemodel.



Proof: We reducetheproblemto sorting.Givena sorting
instance� �

-

� , 
9� >�� D �IGHGHGH� 2 and ����� � �

� when 
�� � B , we
convert it to a packetarrival instanceasfollows.Let therebe 2

sessionssharinga link of rate1 with equalweight. A packet
of length ��� arrives at time 0 to session
 , 
=� >�� D �HGIGHG:� 2 .
Note that the relative orderof the GPS�nish times is exactly
the order of � � . Then from Lemma 2 we know that to sort
the lengthsof 2 packets requiresthe cost of 01�%2 �����!2

' . So
computingthe relative ordersof the GPS �nish times takes

01�������!2

' per packet.
Note that the lower bound is not tight unlesswe can �nd

an algorithm that matchesit. Fortunately and surprisingly,
we have found an existing algorithm that tracks GPS clock
using only 01�������!2

' per packet complexity[8]. However, it
hasbeenseldommentionedor referencedin currentliterature,
including the algorithmsthat try to reducethe complexity of
GPStrackingusingapproximation.Part of the reasonfor this
oversightis that [8] is a theoreticalendeavor on a relatedyet
different topic.

The algorithm in [8] is too involved to be included here
due to lack of space.Its key idea,however, canbe explained
relatively easily basedon our algorithm in Fig. 2. Note that
in Fig. 2, oncewe have . , we can computethe GPSvirtual
�nish timesof the packetswith complexity <=� >

' per packet.
The algorithm in [8] essentiallykeepsa priority queueof
the HOL packets to obtain . , which is 01�������!2

' per packet.
Eachsessionalsomaintainsaper-sessionFIFOqueue.Whena
packet in an HOL queueshouldhave �nished servicein GPS,
its next packet (if it exists) is moved from its corresponding
per sessionFIFO queueto the HOL priority queue.

The following result shows that if the +-,/. is performed
by a priority queueand the computationof the GPSclock is
performedusingthe algorithmin [8], thenit is theasymptoti-
cally optimal implementationof the +-,/. servicediscipline.

Corollary 1: Algorithm in [8] for trackingGPSclock com-
binedwith a priority queueto sort GPSvirtual �nish timesis
theasymptoticallyoptimalalgorithmfor implementing+-,4.

schedulingdiscipline,underthe linear decisiontreemodel.
Proof: Combinethe algorithmin Fig. 2, andTheorem3

on the lower boundof comparingGPSvirtual �nish times.

D. Mixed blessing

Now that we have an 01������� 2

' per packet algorithm for
+-,/. , do we still need to approximatethe GPS clock as
in [11], [6], [2], [7]? The answeris yes. We found that the
new 01������� 2

' algorithm is a mixed blessingin the following
sense.It requiresa subtlety we refer to as “mandatorylazy
evaluation” for its theoreticalcomplexity to be 01�������!2

' per
packet. In practice, this mandatory laziness may lead to

01�%2

' worst-casecomplexity. To avoid this worst case,certain
“approximationmeasures”needto be taken.Our contribution
hereis to have discoveredandclari�ed this subtlety.

The algorithm in [8] implicitly requiresa computational
timing we refer to as “mandatorylazy evaluation.” Suppose
a packet 	 's real �nish time is

�

, provided that there are
no other packet arrivals before its departure.Then for an

session 1

session 2

session 3

session 4

session 5 p7

p4p2

p1

p3 p6

p5

Time

s1=0 s2 s3 f2 s4 f1=s5

ghost

Fig. 4. Why lazy evaluationis necessary?

algorithmto be ef�cient, the computationof this time cannot
be �nalized until

�

has passed.The reasonis that if this
computationis performedat time

��+

&

�

, and if there is
a packet arrival between

��+

and
�

, the GPS real �nish time
of 	 would have to be recomputed.In practice, this “lazy
evaluation” can be implementedas a hardware timer that
triggersat time

�

the computationof its GPSreal �nish time.
However, in the worst case,up to 01�%2

' GPS virtual �nish
times may be “clustered together” in a small time interval,
and a new arrival immediately after the “cluster” can not
be processeduntil all <=�%2

' departuresin that cluster get
processed.The GPS real �nish times of all thesedeparture
eventsneedto be computedduring this interval due to lazy
evaluation.Therefore,the processingand serviceof the new
arrival triggersthecomputationof 01�;2

' GPSreal �nish times.
This leadsto the 01�;2

' worst-casecomplexity.

We illustratethis “lazy evaluationproblem”by anexample,
shown in Fig. 4. The horizontalaxis is the GPStimeline. We
denotethesepacketsas 	�� andtheir GPS�nish andstarttimes
as �

� and
�

� respectively. In addtion,we de�ne 


�

�

' as the
function that returnsthe virtual time correspondingto virtual
time

�

. In Fig. 4, we show that �

= , �

� and ��� arevery closeto
eachotherandform a “cluster”, followed immediatelyby the
arrival of 	�� . To be ableto compute


�

�

�

' , we needto �nish
computing the GPS real �nish times correspondingto �

= ,
�

� , and �
� . However, thesecomputationsneedto be �nished

“within” the tiny interval of � � >��

�	��


due to “mandatorylazy
evaluation”, which may not be possiblein real-world �nite-
speedCPUs. On the other hand, if we computethesereal
timeswell in advance,thenif the “ghost” packet in the �gure
doesarrive, all thesevalueshave to be recomputed.

This presentsa classicirony betweentheory and practice.
From the theoreticalpoint of view, it is 01������� 2

' per packet,
since we only count the numberof operations.In practice,
however, CPUhas�nite speedanda “cluster” of 01�;2

' packets
may needto be processedduring a short time interval. We
are currently investigatinghow to alleviate this problem by
using approximationtechniques.It is not clear whethersuch
techniqueswill be betterthanthoseusedin [11], [6], [2], [7].
This is an interestingtopic for further study.



E. Tracking GPSis 01�������!2

' per packet

In this section,we answerthe most important and chal-
lengingquestionof this paper:“What is thecomplexity lower
bound for computing the GPS virtual �nish times of the
packets?” We show that this lower bound is 01������� 2

' per
packet.

Our lower boundis establishedbasedon the following set
of instancesthat we will refer to later as ���%2

' . Suppose2

sessionssharea link of rate1. Thereare 2 arrivals 	

= , 	

3

, ...,
	

� at time 0 from sessions1, 2, ..., 2 , and their lengthsare
�

= ,
�

3

, ...,
�

� , respectively. The weightsof thesesessionsare
�

= , �

3

, ..., �

� , respectively. We also assume
�

���

�

� ��

�

�

�

�

�

when 
 �� B . We refer to the set of all suchinstancesof size
2 mentionedabove as � �;2

' . Note alsothat theseweights �

+

�

�

areviewed asconstantsratherthanas inputs.
We would like to compute their GPS real �nish times.

We let � be the uniquepermutationsuchthat
�

�

 =�$

�

�

�

 =�$

&

�

�

 

3

$

�

�

�

 

3

$

&

�����

&

�

�

 ��$

�

�

�

 ��$ . It is easyto checkthat the
GPSreal �nish timesof the packetsareas follows:
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Let us de�ne ��� for 
 � >�� D �HGIGHG0� 2 as follows.
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�
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�
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 � D �*F$�HGIGHG:� 2

And 8 � � 8 � 	 �

 

�

$

' . We need to show that computing
��8 �

�

�

�#=���������� � requires01�%2 �����!2

' computation.
Obviously, if we know the right permutation � , we can

compute ��8
�

�
=��

�

��� in <=�%2

' , since 8
�

�#=

� 8
�

6 �
�

�#= and
�

� can be computedin <=� >

' . But computingthis � requires
01�%2 �����!2

' comparisons,asshown in Lemma2. However, this
argument is not a proof for the lower bound since it may
be possibleto compute 8 � without computing � completely
(perhapsonly computingsomepartial orderscapturedin � ).
To be able to establishthe lower bound of 8

+

�

�

, we need
a computationalmodel that capturesall possible ways to
compute8 � and their costs.

Our model is the following. We assumethat each term
�

� can be computedwith <=��>

' computationcost and each
addition costs1. Note we do not gain from this assumption
since we are trying to establishthe lower bound. If 8

� is
computedfrom 8

� (B

-


 ), i.e., 8

� is computedas 8
�

6

�
�

�#=

6 �
�

�

3

6

�����

6 �

� , the amountof computationis counted
as B

�


 . This part capturesthe savings we get by usingprior
computationresults.Also, for the computation8

� to usethe

2 41 30

1

2 2 2

Fig. 5. An exampleof the GPScomputationtree

result of computation8 � , we “must have” learnedabout the
partial order 8 � & 8

� . This model is very natural since it
capturesall conceivablewaysof computing8

� . It alsocaptures
the tradeoff betweencomparisonandcomputation:eitherone
paysfor “learning” aboutthe partial ordersbetween8

+

�

�

and
8

+

�

�

in the form of comparisons,or paysfor the additionsin
the form of 8 � 6 � �

�#=

6 � �

�

3

6

�����

6?�

� .
In the following, we show that no matterhow the compu-

tation is carried out, either we have to pay 01�;2 �����!2

' cost
in comparisonor 01�%2 �����!2

' in computation,for the worst-
caseinstancein ���%2

' . In other words, the total complexity
(computation+ comparison)has to be at least 01�;2 �����!2

' .
Since there are 2 packets, the complexity per packet is

01������� 2

' .

For the simplicity of stating and proving our result, we
use a directed graph to representthe above computational
model. Any instance(of computing GPS virtual/real �nish
times)in � �;2

' above correspondsto a graphcontaining2 6 >

points, ���5>��

�����

� 2 . Herepoints >�� D �

�����

� 2 correspondto the jobs
of computating8

= , 8

3

, ..., and 8

� respectively. The point �

denotesthe “null” computationjob. Thereis a directededge
from 
 to B if and only if 8

� is computedfrom 8 � . The cost
of this edgeis B

�


 , which capturesthe numberof additions
for computing8

� from theintermediateresult 8 � , asexplained
above.A directededgefrom 0 to 
 meansthat 8 � is computed
“from scratch”as �

=

6 �

3

6 GHGIG 6 ��� , and its cost is 
 . Note
that,ignoringthedirection,thisdirectedgraphis a treebecause
eachcomputationjob hasa uniquecomputationpathfrom the
point 0. In eachsuchtree,theremustbe a directedpathfrom
0 to any otherpoint, sinceevery 8

� needsto becomputed.We
refer to this tree as the GPScomputationtree corresponding
to the instance.An exampletreeis shown in Fig. 5. In Fig. 5,

8

� and 8
� arecomputedfrom 8

= and 8

3

respectively, and 8

=

and 8

3

arecomputed“from scratch.” The numbersassociated
with the links are the computationcosts.

We denote as 
�&/8 �%2

' the worst case complexity for
computing 8

+

�

�

, among all instancesin ���%2

' . Note that for
eachinstancein ���%2

' , its computationalcomplexity includes
both additionsand comparisons.With this graphmodel, our
resultcanbe formulatedas the following theorem.

Theorem4: 
�&/8 �%2

'

� 01�;2 �����!2

'

Proof: We prove by contradiction.Suppose
�&/8 �;2

' is
not 01�;2 ����� 2

' . In other words, for any 


-

� and �

-

� ,
there exists 2

+

-


 such that, the worst casecomplexity
(comparisonsplus computations)for GPS computationtrees



1. FIFO PacketQueue .��

�

;
2. Sorted Array &�� � �

� ;
3. while (! & .empty()) �

4. 	�� &

�

�*
 2!�

' ;
5. delete 	 from & ;
6. if 	 has children
7. Sort 	

+ �

children and merge into & ;
8. Append 	 to . ;
9. �

Fig. 6. Algorithm � for gettingthe sortedsequencefrom the GPScomputationtree

of size 2

+

is no more than � 2

+

�����!2

+

. We denote this as
assumption(I).

We denote as 8!<


��

�%2

' the worst-casecomplexity of
sorting the GPS virtual �nish times for the aforementioned
instanceset ���%2

' . We know from Theorem3 that 8!<


��

�;2

'

is 2 �����

3

2

� �

�%2 �����

3

2

' , underthe lineardecisiontreemodel.
So there exists 


= such that for all 2

-




= , 8!<


��

�;2

'

-

��

2 �����

3

2 . We also choose


3

such that when 2

-




3

, the
value of the function D 2 is no more than

=

�

2 �����

3

2 . We let



�

�E� ��� � 


=

� 


3

' . We know from assumption(I) that there
exists 2

+

-




� such that 
�&/8 �;2

+

'

6

=

�

2

+

�����

3

2

+

, denoted
as fact (II). Note that since 2

+

-




�

-




= , 8 <


��

�%2

+

'

-

��

2

+

�����

3

2

+

. This is denotedas fact (III).
We show that we can construct an algorithm 
 which,

given any instanceof size 2

+

as above, sortsthe GPSvirtual
�nish times of thesepackets using no more than

�

�

2

+

�����!2

+

comparisons.This clearly contradictsthe fact (III) above. The
algorithm 
 runsas follows. For eachpacket arrival instance
of size 2

+

, 
 �rst tries to computethe �nish times of the
packets.This resultsin a GPScomputationtreecorresponding
to this instance.Since 
�&/8 �%2

+

'

6

=

�

2

+

�����

3

2

+

(fact (II)
above), neither the numberof comparisonsnor the number
of computationsin this computationtree can be more than

=

�

2

+

�����

3

2

+

. Then 
 callsanotheralgorithm ) , which takesas
its input a GPScomputationtree,andoutputsthe GPS�nish
times in the sortedorder. We will show that the complexity
of algorithm ) is no more than �

�

2

+

�����

3

2

+

in the worst
case.So the complexity of the algorithm 
 is no more than

=

�

2

+

�����

3

2

+

6

�

�

2

+

�����

3

2

+

�

�

�

2

+

�����

3

2

+

, which is exactly what
we would like to prove above.

The algorithm ) is shown in Fig. 6. It sortsthe GPS�nish
times of these 2

+

packets when it takes as its input a GPS
computationtreecorrespondingto aninstancein ���%2

+

' . In Fig.
6, . is a FIFO queueof packetsand & is an arrarysortedby

8
� andmin() returnsthe elementwith the minimum 8

� value
(simply the �rst elementof & ). If a set of packets 8

� = , 8

�

3

,
... arecomputedfrom 8

� , then they areall 8

+

�

�

children.
Two things remain to be proved: (a) the output from the

algorithm is indeed sorted, and (b) the complexity of the
algorithmis no more than �

�

2

+

�����

3

2

+

.
Proof of (a): Clearly the “while” iterationsin Fig. 6 result

in a traversalof all the nodesin GPScomputationtree since
every point is reachablefrom � . Therefore, . will contain

a permutationof all the points 8 � after the execution. To
prove that they aresorted,we only needto show thefollowing
invariant	 at eachiterationof the“while” loop: thepoint 8 � is
deletedfrom & in the �%
�6 >

'

"
�

iterationfor 
9� ���5>��IGHGHGH� 2 . We
prove it by inductionon 
 . In the �rst iteration,clearlynumber
0 (i.e., 8

� ) is deletedfrom & . Suppose	 holdsfor thenumber

!& � . In the � � 6 >

'

"
�

iteration,suppose8

	�


( �

+

�� � ) will be
deletedfrom & insteadof 8

	

. We know that �

+

-

� due to
inductionhypothesis.Clearly 8

	

cannotbe in the queue& at
themomentsinceotherwise“min()” will choose8

	

insteadof
8

	�


. Supposetheparentof 8

	

is 8

	�
 


. Clearly �

+ +

& � and 8

	�
 


is deletedduring the � �

+ +

6 >

'

"
�

iterationdueto the induction
hypothesis.So at the � �

+ +

6 >

'

"
�

iteration, 8

	

musthave been
inserted.Therefore,the only possibility is that 8

	

has been
deletedearlier than the � � 6 >

'

"
�

iteration. This contradicts
the inductionhypothesis.

Proof of (b): Let � be the set of edges in the GPS
computationtreeandlet 
 �

� beanedgefrom 8 � to 8

� (B

-


 ).
By the fact (II) above, ���

$

@ ���
��B

�




'

6

=

�

2

+

�����

3

2

+

. We
assumethat right after number8 � is deleted(line 5), thereare

: � elementsin & . We also assumethat 8 � has
�

� children.
Then the complexity of sorting thesechildren and merging
themwith & (alreadysorted)is :�� 6

�

��6

�

� �����

3

�

� , since
sorting takes

�

� �����

3

�

� time andmerging two sortedlists of
size :

� and
�

� eachtakestime :
�

6

�

� . The total complexity
is therefore

�

�




<5=

�

�

�

� : � 6

�

� 6

�

� �����

3

�

�

' . Note that the
complexity of thelast iterationis zeroin termsof comparisons
sinceat that time thereis only oneelementleft in the priority
queue& . So in the following summations,we will not count
the last iteration, and will only add up the index 2

+

�

>

(insteadof 2

+

). Also note that there is no cost for “min()”
operationsincethe & is alreadysortedandwe only “charge”
for additionsandcomparisonsasdiscussedbefore.

Clearly, �

�




<�=

�

�

�

�

�4� 2

+

since eachof the 2

+

nodes ���5> ,
GHGIG , 2

�

> appearsin
�

� exactly onceby the aforementioned
invariant 	 . We claim that �

�

�




<�=

�

�

�

: �

' is no morethan � ��� 6

�
�

$

@
��� ��B

�
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IV. CONCLUSIONS

In this work, we answereda setof importantopenquestions
concerningthe computationalcomplexity of packet schedul-
ing. We �rst studiedtheinterestingopenquestionasto whether
thecomplexity lower boundof “sorting” theGPSvirtual �nish
times,which is all that are neededin +-,/. , can be smaller
than computingtheir exact values.We showed, surprisingly,
that the former is at leastasymptoticallyaslarge asthe latter.
Then we showed that this lower boundcomplexity for “sort-
ing” the GPSvirtual �nish times is 01�������!2

' per packet, and
discoveredthat an existing algorithm[8] matchesthis bound.
This hadan importantimplication: the +-,/. implementation
that usesthe GPS tracking algorithm in [8] is the optimal
algorithmfor implementingthe +-,/. servicediscipline.We
discovered,however, that this GPStrackingalgorithmrequires
“mandatorylazy evaluation,” so that althoughits theoretical
complexity is 01�������!2

' per packet, its worst-casecomplexity
in practicecanbeaslargeas 01�;2

' . Finally, weprovedthemost
importantresultof this paper:thecomplexity lower boundfor
tracking the GPSclock perfectly is 01������� 2

' per packet.
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