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Abstract— Packet scheduling is an important mechanism to
provide QoSguaranteesin data networks. A schedulingalgorithm
generally consistsof two functions: one estimateshow the GPS
(General ProcessorSharing) clock progresseswith respectto the
real time; the other decidesthe order of sewing packets based
on an estimation of their GPSstart/ nish times. In this work, we
answer important open questions concemning the computational
complexity of performing the rst function. We systematically
study the complexity of computing the GPS virtual start/ nish
times of the packets, which has long been believed to be
per packet but has never been either proved or refuted. We
also answer several other related questions such as “whether
the complexity can be lower if the only thing that needsto be
computed is the relative order of the GPS nish times of the
packets rather than their exactvalues?”

I. INTRODUCTION

Servicediscipline (i.e., packet scheduling)is an important
mechanisnto provide QoSguaranteesuchasend-to-endde-
lay boundsandfair bandwidthallocationin computemetworks
[4], [8], [15]. The perfectservicedisciplineto provide delay
and fairnessguaranteess GeneralProcessoiSharing (GPS)
[4], [9]. In aGPSschedulerall backloggedsessionsiresened
simultaneouslyin a weightedfashionasfollows. In a link of
rate senedby a GPSschedulereachsession is assignech
weightvalue . Eachbackloggedsession at every moment

is sened simultaneouslyat rate ,
where is the set of sessionsthat are backloggedat
time . However, GPS is not a realistic service discipline
since in a paclet network, serviceis performedpaclet-by-
paclet, ratherthan “bit by bit.” NeverthelessGPSsenes as
a referenceschedulewith which real-world paclet-by-paclet
servicedisciplines(e.qg., [4]) canbe comparedn terms
of delayandfairness.

A real-world paclet-by-paclet service discipline typically
consistsof the following two functions.

1) Tracking GPS time: This function is to track the
progressof GPS virtual time (describedlater) with
respecto therealtime. Its main objectie is to estimate
the GPS virtual start and nish times of a paclet,
which are the times that a paclet should have started
and nished servicerespectiely if sened by a GPS
scheduler

Scheduling according to GPS clock: This function
is to schedulethe paclets basedon the estimationof
their GPSvirtual nish/start times.For example,

2)

selectsthe one with the lowest GPSvirtual nish time
amongthe paclets currentlyin queueto sene next.

We studyanopenproblemconcerninghe complexity lower
bound for computing the GPS virtual nish times of the
paclets. This compleity haslong beenbelieved to be
per pacle [11], [12], [3], [9], where is the number of
sessionsFor this reason,mary schedulingalgorithms such
as [2], [71, [11], and [6]
only approximatethe GPSclock (with certainerror), trading
accurag for lower compleity. However, it has never been
carefully studied whether the complexity lower bound of
tracking GPSclock perfectlyis indeed per paclet. Our
work not only settlesthis question,but also leadsto other
surprisingdiscoveries.

In the sequel,we will distinguishservicediscipline from
scheduling algorithm. The former refersto the policy asto
which paclet shouldbe sened next, whereasthe latter refers
to theactualmechanisnto carryoutthis policy. For example,a

servicedisciplinesaysthatpacletsshouldbe scheduled
in the sortedorderof their GPSvirtual nish times.A
algorithm, on the other hand, speci es the datastructureand
algorithm that is usedto track the GPS clock and to sort
the GPStimestampsThis distinctionis critical in the context
of this paper sincewe will poseand answerquestionssuch
as “Is this schedulingalgorithm asymptotically optimal in
computationalcomplexity for carrying out the said service
discipline?”

Tracking the GPS time is an important task in service
disciplines.How well this task is performeddirectly affects
the QoS guaranteegrovided. For example, it is shavn in
our prior work [14] that, amongall the servicedisciplines,
only and provides a tight GPS-relatie delay
(de ned in Sectionll.A) of , becausahey keepperfect
track of the GPSclock. All otherdisciplines,suchas[11], [6],
[2], [7], only approximatethe GPSclock (with certainerror),
resultingin much lesstight delay bounds.

This prompts us to study the following open problem:
“What is the compleity lower bound for computing the
GPS virtual nish times of the paclets?” This compleity
haslong beenconsideredas per paclet [11], [12], [3].
For this reason, and are consideredexpensve
and impracticalwhen the numberof sessionsare large, and
computationallylessexpensve algorithmssuchas[11], [12],
[3] are proposedto approximatethe GPS clock. Therefore,



it is very interestingto nd out whether per paclet is
indeedthe compleity lower boundfor tracking GPS clock,
which decideswhethersuchan unfortunatetradeof between
accurag and compleity is justi ed.

This, in turn,leadsto anotheiinterestingguestionNotethat,
in and , oneonly needsto establishthe relative
ordersamongGPSvirtual nish times.Sowe wonderwhether
we can establishthis order relationship without explicitly
computingtheir exact values,and hopefully the compleity
can be smallerthis way. Unfortunately we prove that sucha
“shortcut” doesnot exist: establishingsuchorderrelationship
is atleastasasymptoticallyexpensve ascomputingtheir exact
values.

Thenwe establishthe compleity lower boundof
per paclet for establishingthe relatve order of the GPS
virtual nish times, under the linear decision tree model
(describedlater). It seemsthat this lower boundis not tight
since we suspectthat it is per paclet. However, we
discover an existing algorithm [8] that matchesthe lower
boundof perpaclet. This algorithmhasseldombeen
mentionedlater in literature, partly becausat is an integral
part of a theoretical exploration of a related yet different
topic. Our discovery hasan immediatepracticalimplication:

and implementationdasedon this algorithm
areoptimalamongall implementation®f and
servicedisciplines.

Unfortunately we discover an important subtlety in this

algorithm, which has never beendiscussedn [8]
or ary otheropenliterature.A computationtiming constraint
we referto as“mandatorylazy evaluation” hasto be satis ed
for the algorithmto have compleity. We shav that
theory and practice clash on this constraint:in theory the
compleity of thisalgorithmis strictly perpaclet, but
in practicethe worstcasecomplexity couldbeashigh as
per paclet due to this “mandatorylaziness. This discovery
completely clari es and answersthe question* or

?” (per paclet) concerningthe compleity of tracking
the GPSclock.

Finally, we establishthe mostimportantresultof this paper:
the compleity lower bound of computingthe GPS virtual
nish timesis per padket. This resultis shavn by
establishingan interestingtradeof betweenthe number of
comparisoroperationsand the numberof othercomputations
(e.g., additions).We shaw that, for tracking the GPS clock,
ary algorithm has to pay either comparisonsor

othercomputationsperpaclet. Thereforetheoverall
complity of the algorithm, which is the sum of both, has
to be per packet. Our work, combinedwith the
aforementioned algorithm[8], completelysettlesthe
long-standingopen problem concerningthe computational
compleity of trackingthe GPSclock, in theory!.

The restof the paperis organizedasfollows. In Sectionll,
we introducethe computationalmodelsand assumptionsve

1in practice,we will always be 2hauntedby the aforementionegubtlety
of @mandatorylazy evaluatior

will usein proving our results.In Sectionlll, we study the
compleity of trackingthe GPSclock. SectionlV concludes
the paper

Il. RELATED WORK AND BACKGROUND

In this section, we introduce the backgroundknowledge
and related work on paclet schedulingand computational
compleity. Their relevanceto the objective of this work will
be explicitly stated.

A. Badground on GPS and padet-by-paket scheduling al-
gorithms

We have introduced GPS, an idealized service discipline
with which otherservicedisciplinescanbe comparedn terms
of QoS guaranteesOne important property of GPS, proved
in [9], is thatit canguarantedight end-to-enddelay bounds
to trafc that is leaky-bucket [13] constrained.t has been
shawvn that schedulingalgorithmscan provide similar end-to-
enddelayboundsif their paclet servicedoesnot signi cantly
lag behindthat of GPS[9]. This motivatesthe de nition of
GPS-relatie delay (introducedin [9] and [8] but formally
de ned in [14]) and the study of existing servicedisciplines
on this property

For eachpaclet , the GPS-elative delay of a paclet
undera particularscheduler isde ned as

, Where and are the times when the

paclet nishes servicein the schedulerand in the

schedulerrespectiely. It has beenshowvn in [9] and

[1] respectiely that and schedulerdoth have

a worst-caseGPS-relatie delay of ——, where is the

maximumpacket sizeand is the total link bandwidth.That
is, for eachpaclet

@)
)

Using the conventionof our prior work [14], we saythat the
delay bound is since and can be viewed as
constantsindependentof the numberof sessions .
and achieve this GPS-relatre delay bound by
(a) keepingperfecttrack of the GPSclock and(b) picking the
paclet with smallestGPS virtual nish time, amongall (in
) or all eligible (in ) head-of-ling(HOL) paclets,
to sene next. Here HOL paclets are the rst paclets from
eachsessiorthatarecurrentlyin queue This paperessentially
studieswhethersteps(a) and(b) arenecessarandif yes,how
to carry out the rst stepin an optimal way.

B. On tracking the GPSclodck

The GPSvirtual time , asa function of realtime is
calculatedas follows.

®3)
(4)



Here arethetimesat which two typesof events
happerunderGPS:(1) the servicestartsfor a new packet, and
(2) the service nishes for a packet currentlyin queue Let
be the real time that the paclet of the  sessionarrives
and be its length. Let and be the virtual times
whenit should have startedand nished serviceunder GPS,

respectiely. Thenonecanshov that and arecalculated
asfollows.
©)
— (6)

Note that the GPS virtual nish time of a paclet is cal-
culatedassoonasit arrivesasabove. However, the real time
correspondingo this virtual nish timeis notdetermineduntil
later (explainedlater). In servicedisciplines,tracking of the
GPSclock is to nd the GPSvirtual and real nish times
of eachpaclet. Although GPSvirtual nish timesareall that
areneededn for schedulingthe GPSreal nish times
are equally important since they determinethe GPS virtual
nish times of future paclets, as shavn in formulas(3) and
(4). In this paper we solve the openproblemconcerningthe
compleity lower boundfor computingthe GPS virtual and
real nish times.

C. On ComputationalCompleity

Computationalcompleity of a problemis de ned under
a computationalmodel that speci es what operationsare
allowed in solving the problemand how they are “charged”
in termsof compleity. Sameas in our prior work [14], we
adopta standardand commonly-usedomputationamodelin
proving lower bounds:the decisiontree A decisiontree in
generalttakesasinput a list of real variables . Each
internal and external (leaf) node of the tree is labeled with
a predicateof theseinputs. The algorithm startsexecutionat
the root node. In general,when control is centeredat ary
internalnode the predicatdabelingthatnodeis evaluatedand
the programcontrol is passedo its left or right child when
the valueis “yes” or “no” respectiely. Before the control is
switched over, the programis allowed to execute unlimited
numberof sequentiabperationssuchas datamovementsand
arithmeticoperationsln particular the programis allowed to
storeall results(i.e., no constrainton storagespacefrom prior
computationsWhen programcontrol reaches leaf node,the
predicatethereis evaluatedandits resultis consideredasthe
outputof the program.The compleity of suchanalgorithmis
de ned asthe depthof the tree, which is simply the number
of predicatesthat needsto be evaluatedin the worst case
Fig. 1 shavs a simple decisiontree with four nodes.Each
( ) is a predicateof the inputs.

Allowing different types of predicatesto be usedin the
decision tree results in models of different computational
powers. Throughoutthis paper we considerthe decisiontree
thatallowsthecomparisondetweedinear functionsof inputs,
knownas linear decisiontree (LDT) [5]. In this model, given
inputs , eachpredicateallowed by the decisiontree

Input x = <x1, x2, ..., xn>

l
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Decisiontree computationaimodel

is in theform of “ is alinear
function (de ned belaw) of the inputs
De nition 1 (Linear Function): A linear function
variables is dened as
, Where arereal constants.
In the context of thiswork, theinputswill bethelengthsand
the arrival times of the paclets. Note that the linear decision
tree model is quite generousfunctionslike in the above
de nition maytake upto stepsto compute put themodel
chagesonly “1” for eachof them.Dueto this generosityfor
certaincomputationproblemswe may not be ableto obtaina
tight lower bound using this model. We, however, stick to
this model since it provides mathematicaltools (corvexity
arguments)for solving lower bounds.In addition, since the
GPSvirtual nish times of the paclets are linear functions
of the inputs, shovn by the following theorem,this model
capturesall computationpowers of a router for tracking the
GPSclock andfor schedulingpaclets.
Theoem1: The GPSvirtual nish timesof the pacletsare
all linear functionsof the inputs.
Proof: Note that we only needto shaw that the virtual
starttimes () are linear functions of the inputs since the

virtual nish time () is equalto — accordingto (6).
We prove this resultby induction on the paclet arrival events
to thesystemSincethe rst pacletarrivesattime 0, according
to (3), its virtual starttime is 0, which is a linear function of
the inputs. Now let's assumethat and (for )
areall linear functionsof the inputs. Thenfor the

" where

of the

Let denote and denotethe real time when previous
event (arrival or departure)happened!f ,

is equalto , Which is a linear function by the induction
hypothesisptherwise, is equalto . Thus,
In this case is eitherthe virtual nish time of a paclet

or the virtual starttime of a paclet. In both situationsit is a
linear function by the induction hypothesis And note the set
of sessionghatareactive in theinterval ,l.e., ,isa



x edconstantThus is alsoalinearfunction. Thereforethe
GPSvirtual nish timesof the pacletsareall linear functions
of the inputs. [ ]

D. Relatedwork on the compleity lower bound of padet
scheduling

Our prior paperis the rst work in studying the tradeof
betweendelay bound and computationalcompleity [14]. In
[14], we have establishedhatthe complexity lower boundfor
a servicediscipline to provide or ( )
GPS-relatie delay boundis per paclet. This bound
is establishedunder a wealer decisiontree model that only
allows direct comparisondetweenits inputs.In otherwords,
its comparisonsare all in the forms of “ ", This
modelis strictly wealer than LDT since is clearly a
linear function. However, for the particularclassof instances
that are usedin establishingthe lower boundsin [14], the
wealer computationalmodel is reasonablén the sensethat
existing schedulingalgorithmsare ableto provide GPS-
relative delay boundsusing only suchpredicates.

Whetherthe complexity lower bound of tracking the GPS
clock is per packet was posedas an open problem
by [14]. Sinceits focusis on the computationalcomplexity
of scheduling paclets, it skillfully avoids answering this
guestionby introducing the conceptof CBFS (Continuously
BackloggedFair Sharing)conditior?. It shavs that underthe
CBFScondition,the GPS nish timescanbe computedeasily
in and becomesa nonissuein studyingthe compleity
of scheduling.

E. Relatedtheoemsin prior work

In the proofs of this paper we will use a lemma from
[14], which saysthe compleity lower boundfor determining
whethera given input vector belongsto the
following set s , under the linear
decisiontree. Here = there exists
a permutation of 1, ..., suchthat
, . Here is the maximum
pacletsizeand ( ——) is a“small” real constant.
Hereis the lemmafrom [14].

Lemmal: Underthe linear decisiontree model, given the
inputs , determiningwhether
requiresat least - linear comparisons.

I1l. ON THE COMPLEXITY OF TRACKING GPS CLOCK

The focus of this sectionis to clarify and establishthe
fundamentahlgorithmiccomplexity of trackingthe GPSclock
perfectly in paclet scheduling.Recall that both and

servicedisciplinestrack GPSclock perfectly andboth
areableto achieve a tight GPS-relatre delay boundof
All otherservicedisciplines,on the otherhand,only estimate
GPSclock (with certainerror), andit is shavn in [14] that
none of them can provide the sametight GPS-relatie delay
bound. Intuitively thereis a causalrelationshipbetweenthe

2A less elegant way to avoid dealing with this questionis to use the
relatvization agumentsin theoreticalcomputerscience[10].

perfecttracking of GPS clock andthe tightnessof the delay
bound.

A. GPSclod tracking and its compleity question

The computationalcompleity lower bound of tracking
the GPS clock has long been considered per paclet
[11], [12], [3]. For this reason,both and
are consideredo be impractical,and several algorithmsthat
approximateGPS clock at much lower compleity, such as
[11], [6], [2], [7], areproposedHowever, asmentionedabore,
noneof thesealgorithmscanachieve atight GPS-relatre delay
boundof

We ask the following fundamentalquestion:is per
pacletthe compleity lower boundfor trackingthe GPSclock
perfectly?Settling this questionis importantin two aspects.

First, if this complity is indeed per paclet,
thenthe compleity lower bound of per paclet
establishedn [14] for schedulingthe GPS timestamps
to achieve tight GPS-relatre delay boundsbecomedess
relevant, sincethe combinedcompleity of schedulingis
perpaclketanyway. Notethat[14] avoids answering
this question, as their results are establishedunder a
CBFScondition(shawvn later)in which GPStrackingcost
becomes per paclet. This compleity questiorieads
to two otherinterestingquestionsls GPSclock tracking
a necessarnstepfor implementing and ?
(i.e., is therea “shortcut™?) Or is this stepnecessaryor
providing GPS-relatre delay?We will answerthe
rst questionin full. The secondquestionremainsan
openproblem.
Second,if thereis an efcient algorithm of compleity
per paclet, for tracking GPStime, then
and may becomepracticalsincetheir overall cost
will be per paclet!

Our ndings turn out to be a mixed blessing:in theory(i.e.,
the strict senseof computationacompleity), the compleity
lower boundis per packet and thereis an algorithm
that matchesthe bound. In practice, however, it can be
as expensve as per paclet in the worst-casedue to
a “mandatorylazy evaluation” subtlety associatedwith the
algorithm. One of our contributionsis to discover and clarify
this subtlety

B. Is there a “shortcut™?

Notethatin and , we areonly concernedvith
the relative order of GPSvirtual/real nish timesratherthan
their exactvalues.This leadsusto askthe following question:
can the compl«ity of establishingsuch order relationships
be smallerthanthat of computingthe GPSvirtual/real nish
times?In other words, is there a “shortcut” that allows us
to establishsuch orders without explicitly computing their
values?Suchshortcutamay be possiblein somecomputations.
For a trivial example,to know whether holds,
we may just compare with  without addingup and

. Real-world examplescan be much more sophisticated
sincecomparisonsan be nesteddeeplyin an expression.
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class Packet

double rt _arrival, rt _finish, vt _start, vt _finish;

/¥ rt _arrival and rt _finish are the real times of the packet's arrival and
departure  (under GPS) respectively. vt start and vt finish are its GPS
virtual start and finish times respectively. Initially rt _arrival field
is filled by the value of arrival time of the packet and the other
fields are initialized to 0. *

int id, len; /* the session id of the packet and the packet length */

class Packet _Queue

Packet peek(); /* return the first packet in queue without deleting it */
Packet pop(); /* return the first packet in queue and delete it */

int empty(); /* return 1 if queue is empty, otherwise return 0 *

. external Packet Queue P, Q; /* explained in the text and Fig. 3 *

total _weight = 0;
/* the total weight of all the backlogged sessions between two events */

for (i=0; i n; i++) backlog]i] = 0;
/¥ backlog]i] indicates the amount of backlog at session i queue (in GPS
virtual time). ¥/

while (1Q.empty())
q = Q.peek(); p = P.peek();

if (total _weight == 0)
/* the start of a new busy period */
total _weight = weight[p.id]; /¥ weight][i] is */
vt last = 0; /* the virtual time when the last event happens. */
rt Jlast = p.rt _arrival; /* the real time of the last event *
continue;
vt temp = vt last + (p.rt _arrival - rt Jast) / total _weight;
if (g.vt _finish vt _temp)
[* p starts earlier than q finishes */
p.vt _finish = max(vt temp, backlog[p.id]) + p.len [/ weight[p.id];
vt Jlast = vt temp; rt Jdast = p.rt _arrival;
if (backlog[p.id] vt _temp)
total _weight = total _weight + weight[p.id];
backlog[p.id] = p.vt finish;
P.pop();
else
/* q finishes first before p starts  */
g.rt _finish =rt Jast + (g.vt _finish - vt Jlast) * total _weight;
rt Jlast = q.rt _finish; vt Jlast = q.t _inish;
if (backlog[qg.id] vt _ast)
total _weight = total _weight - weight[q.id];
Q.pop();

Fig. 2. Algorithm  for GPStime tracking.
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Fig. 3. Queuestructureof Algorithm

Our discovery is surprising:establishinghe relative orders
among the GPS nish times is at least asymptotically as
expensve as computing them, as proved in the following
theorem.

Theoem?2: The compleity lower bound of sorting the
GPSvirtual/real nish timesis asymptoticallyat leastaslarge
asthat of computingtheir exact values.

Proof: Our proof proceedsas follows. As before, let
denotethe numberof active o ws. Assumethatwe know the
relative orderin which the paclets nish serviceunderGPS,
whichis computedusingamagic algorithm  with compleity

per paclet. We show thereis an algorithm  thatuses
suchorderto producethe correctGPSvirtual/real nish times
of the paclets,with compleity perpaclet. We denoteas

thecompleity lower boundof computingthe GPS nish
times per paclet. Clearly . However,
since is atleast (justto readthe input), this shavs
that is at leastasymptoticallyas large as

The reductionalgorithm is shawvn in Fig. 2. The queue

containspointersto thesepaclets sortedin the increasing
orderof their GPS nish times. This capturesour assumption
thatwe know their relative orders.The incoming paclket FIFO
gueue containspointersto thesepacletsin the sortedorder
of their arrival times.Notethatpointersin both and refer
to thesamepool of actualpaclets,asshavn in Fig. 3. For each
paclet, initially only the real arrival time eld (rt_arrival) is
set. After the executionof the program,we show thatits GPS
virtual nish time (vt_nish) andits real nish time (rt_ nish)
will alsobe set. This way the missionof computingthe GPS
real/virtual nish timesof the pacletsis accomplished.

We have useda standardtechniquein programminglan-
guageto make the algorithm  succinct.We assumethat at
the end of queue , thereis a pointerto a “dummy” paclet
with arrival time , on the otherhand,doesnot contain
sucha pointer This “dummy” pointerwill “ush” (line 41)
all pacletsin before itself gets popped.This “ ushing”
considerablysimpli es the inspectionof boundaryconditions.

We needto prove two things: (a) the compleity of the
algorithm is per paclet, and (b) it correctly computes
the GPSvirtual andreal nish timesof the paclets.

Proofof (a): Note thatduring each“while” iterationexcept
for the rst one,which goesthroughline 16 to 43, thereare
at least one elementpoppedfrom either  (line 31) or
(line 41). Eventuallybothwill becomeemptyandthe program
terminates Eachiteration clearly takes time.

Proofof (b): We needto shaw that the algorithm computes
the GPSreallvirtual nish times as de ned in formulae (3)
and (4). We prove this by inductionon the numberof events.
The GPSvirtual time when the rst event (the rst paclet
arrival) happenss 0 (line 21). Supposehe valuesof the GPS
virtual/real times and other state variablescorrespondingo
the event is computedcorrectly We needto shav that
the valuescorrespondingo the event are correctly
computed.The event can be one of the following
two cases{(i) the nish of a paclet from a session, (ii) the
startof a new paclet from a previously unbackloggedession.

In case(i), arrivesafter getspopped.sinceotherwise
its arrival would have beenthe event.Soline 35
through42 will be executed.Dependingon whetherthe
session  queuebecomesinbackloggedline 39)or not
afterthe departureof |, the total weight (total weight) is
either decreasear unchangedline 40). The real nish
time of cannow be nalized (line 37) sincethereare
no new arrivals beforeits departure.

In case (i), arrives earlier than departure,and
thereforeline 26 through34 will be executedto update
the total weight and compute ~ GPSvirtual startand
nish times.

In both casesthe advanceof the GPSclock from the
timeof the  eventto thatof the eventconformsto
formulas(3) and(4). Therefore the algorithmshouldcompute
the GPSvirtual/real times and other statevariablescorrectly
for the eventandall eventsby induction. ]

This resultis importantsinceit shavs thatthereis no short-
cutto computingthe GPSvirtual nish timesfor implementing

and

C. A tight lower bound

Next, we prove the lower boundof per paclet for
sorting GPSvirtual nish times(Theorem3) underthe linear
decisiontreemodel.To prove this, we needa lemmashaving
thatthe compleity of sorting numbersis under
the linear decisiontree (Lemma2). Note that the traditional
sorting compleity we know only allows comparisonsamong
inputs.

Lemma2: The compleity lower boundfor sorting dis-
tinct positive real numbers , IS
underthe linear decisiontree model.

Proof: Supposesortingthesenumberss not .
Then we constructan algorithm  for deciding the mem-
bership for the aforementionedset in Lemma 1, with
a compl«ity that is not . This would contradict
Lemmal. Algorithm  rst sortsthesenumbersusinglinear
comparisonsThenit veri es if thesortedlist isin , andthis
stepapparentlyonly needs time (checkif ——

o , ). Since ,
the compleity of algorithm is not if the sorting
partis not . ]

Theoem 3: Thecompleity lower boundfor computingthe
relative order of the GPS nish times among pacletsis

underthe linear decisiontree model.



Proof: We reducethe problemto sorting.Givena sorting
instance , and when , we
corvertit to apacletarrival instanceasfollows. Let therebe
sessionsharinga link of rate 1 with equalweight. A paclet
of length  arrives at time 0 to session , .
Note that the relative order of the GPS nish timesis exactly
the orderof . Thenfrom Lemma2 we know that to sort
the lengthsof  paclets requiresthe cost of . So
computingthe relative ordersof the GPS nish times takes

per paclet. ]

Note that the lower boundis not tight unlesswe can nd
an algorithm that matchesit. Fortunately and surprisingly
we have found an existing algorithm that tracks GPS clock
using only per paclet compleity[8]. However, it
hasbeenseldommentionedor referencedn currentliterature,
including the algorithmsthat try to reducethe compleity of
GPStracking usingapproximationPart of the reasonfor this
oversightis that[8] is a theoreticalende&or on a relatedyet
differenttopic.

The algorithm in [8] is too involved to be included here
dueto lack of space.ts key idea, however, canbe explained
relatively easily basedon our algorithmin Fig. 2. Note that
in Fig. 2, oncewe have , we cancomputethe GPSvirtual
nish times of the pacletswith compleity per paclet.
The algorithm in [8] essentiallykeepsa priority queue of
the HOL pacletsto obtain , which is per paclet.
Eachsessioralsomaintainsa persessior-IFO queue Whena
pacletin anHOL queueshouldhave nished servicein GPS,
its next paclet (if it exists) is moved from its corresponding
per sessionFIFO queueto the HOL priority queue.

The following resultshows thatif the is performed
by a priority queueandthe computationof the GPSclock is
performedusingthe algorithmin [8], thenit is the asymptoti-
cally optimal implementatiorof the servicediscipline.

Corollary 1: Algorithm in [8] for trackingGPSclock com-
binedwith a priority queueto sort GPSvirtual nish timesis
the asymptoticallyoptimal algorithmfor implementing
schedulingdiscipline,underthe linear decisiontree model.

Proof: Combinethe algorithmin Fig. 2, and Theorem3
on the lower boundof comparingGPSvirtual nish times. m

D. Mixed blessing

Now that we have an per paclet algorithm for
, do we still needto approximatethe GPS clock as
in [11], [6], [2], [7]? The answeris yes. We found that the
new algorithmis a mixed blessingin the following
sense.t requiresa subtlety we refer to as “mandatorylazy
evaluation” for its theoreticalcompleity to be per
paclet. In practice, this mandatory laziness may lead to
worst-casecompleity. To avoid this worst case certain
“approximationmeasures’heedto be taken. Our contribution
hereis to have discoreredandclari ed this subtlety
The algorithm in [8] implicitly requiresa computational
timing we refer to as “mandatorylazy evaluation? Suppose
a paclet 's real nish time is , provided that there are
no other paclet arrivals before its departure.Then for an
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Fig. 4. Why lazy evaluationis necessary?

algorithmto be ef cient, the computationof this time cannot
be nalized until has passed.The reasonis that if this
computationis performedat time , and if thereis
a paclet arrival between and , the GPSreal nish time
of  would have to be recomputed.In practice, this “lazy

evaluation” can be implementedas a hardware timer that
triggersat time the computationof its GPSreal nish time.
However, in the worst case,up to GPSvirtual nish

times may be “clusteredtogether”in a small time interval,
and a new arrival immediately after the “cluster” can not
be processeduntil all departuresin that cluster get
processedThe GPSreal nish times of all thesedeparture
eventsneedto be computedduring this interval due to lazy
evaluation. Therefore,the processingand serviceof the new
arrival triggersthe computatiornof GPSreal nish times.
This leadsto the worst-casecompleity.

We illustratethis “lazy evaluationproblem” by an example,
shawvn in Fig. 4. The horizontalaxis is the GPStimeline. We
denotethesepacletsas andtheir GPS nish andstarttimes
as and respectiely. In addtion,we de ne asthe
function that returnsthe virtual time correspondingdo virtual
time .In Fig.4,weshavthat , and areverycloseto
eachotherandform a “cluster”, followed immediatelyby the
arrival of . To be ableto compute , We needto nish
computing the GPS real nish times correspondingto

, and . However, thesecomputationseedto be nished
“within” the tiny interval of dueto “mandatorylazy
evaluation”, which may not be possiblein real-world nite-
speedCPUs. On the other hand, if we computethesereal
timeswell in advance thenif the “ghost” packetin the gure
doesarrive, all thesevalueshave to be recomputed.

This presentsa classicirony betweentheory and practice.
From the theoreticalpoint of view, it is per paclet,
since we only count the numberof operations.In practice,
however, CPUhas nite speedanda “cluster” of paclets
may needto be processediuring a short time interval. We
are currently investigatinghow to alleviate this problem by
using approximationtechniqueslt is not clear whethersuch
techniqueswill be betterthanthoseusedin [11], [6], [2], [7].
This is an interestingtopic for further study



E. Tracking GPSis per padet

In this section,we answerthe most important and chal-
lenging questionof this paper:“What is the complexity lower
bound for computing the GPS virtual nish times of the
paclets?” We show that this lower bound is per
paclet.

Our lower boundis establisheasedon the following set
of instancesthat we will refer to later as . Suppose
sessionsharealink of ratel. Thereare arrivals , ..,

at time O from sessionsl, 2, ..., , andtheir lengthsare
, respectrely. The weightsof thesesessionsare

., ,respectiely. We alsoassume
when . We refer to the setof all suchinstancesf size

mentionedabove as . Note alsothat theseweights
areviewed as constantgatherthanasinputs.

We would like to computetheir GPS real nish times.
We let  be the unique permutationsuchthat

. It is easyto checkthat the
GPSreal nish timesof the pacletsare asfollows:

Letusde ne for asfollows.
And . We needto shav that computing
requires computation.

Obviously, if we know the right permutation , we can
compute in , since and
can be computedin . But computingthis  requires
comparisonsasshavn in Lemma2. However, this
argumentis not a proof for the lower bound since it may
be possibleto compute  without computing completely
(perhapsonly computingsomepartial orderscapturedin ).
To be able to establishthe lower bound of , we need
a computationalmodel that capturesall possible ways to
compute and their costs
Our model is the following. We assumethat each term
can be computedwith computationcost and each
addition costs 1. Note we do not gain from this assumption
since we are trying to establishthe lower bound. If is
computedfrom ( ), i.e., is computedas
, the amountof computationis counted
as . This part captureghe savings we get by using prior
computationresults.Also, for the computation  to usethe
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Fig. 5. An exampleof the GPScomputationtree

result of computation , we “must have” learnedaboutthe
partial order . This model is very natural since it
capturesll concevablewaysof computing . It alsocaptures
the tradeof betweencomparisorand computation:eitherone
paysfor “learning” aboutthe partial ordershetween  and

in the form of comparisonspr paysfor the additionsin
the form of .

In the following, we shav that no matterhow the compu-
tation is carried out, either we have to pay cost
in comparisonor in computation,for the worst-
caseinstancein . In other words, the total complexity
(computation+ comparison)has to be at least .
Since there are  paclets, the compleity per paclet is

For the simplicity of stating and proving our result, we
use a directed graph to representthe abose computational
model. Any instance(of computing GPS virtual/real nish

times)in above correspondso a graphcontaining
points, . Herepoints correspondo the jobs
of computating , , ..., and respectiely. The point

denotesthe “null” computationjob. Thereis a directededge
from to if andonly if is computedfrom . The cost
of this edgeis , which captureghe numberof additions
for computing  from theintermediataesult , asexplained
above. A directededgefrom 0to meanghat is computed
“from scratch”as , andits costis . Note
that,ignoringthedirection,this directedgraphis atreebecause
eachcomputationob hasa uniquecomputationpathfrom the
point 0. In eachsuchtree,theremustbe a directedpathfrom
0 to ary otherpoint, sinceevery  needso be computedWe
refer to this tree as the GPS computationtree corresponding
to the instance An exampletreeis showvn in Fig. 5. In Fig. 5,
and arecomputedrom and respectiely, and

and arecomputedfrom scratchH. The numbersassociated
with the links are the computationcosts.

We denote as the worst case compleity for
computing , amongall instancesin . Note that for
eachinstancein , its computationalcomplexity includes
both additionsand comparisonsWith this graphmodel, our
resultcan be formulatedasthe following theorem.

Theoem4:

Proof: We prove by contradiction.Suppose is
not . In other words, for ary and ,
there exists such that, the worst case compleity
(comparisonglus computationsfor GPS computationtrees
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of size is no more than . We denotethis as
assumption(l).

We denote as the worst-casecompleity of
sorting the GPS virtual nish times for the aforementioned
instanceset . We know from Theorem3 that
is , underthelinear decisiontreemodel.
So there exists suchthat for all ,

- . We alsochoose  suchthat when , the
value of the function is no more than - . We let

. We know from assumptior(l) thatthere

exists such that - , denoted
as fact (II). Note that since ,
- . This is denotedasfact (lll).

We shav that we can constructan algorithm  which,

given ary instanceof size asabove, sortsthe GPSvirtual
nish times of thesepackets using no more than -
comparisonsThis clearly contradictshe fact(lll) above. The
algorithm  runsasfollows. For eachpaclet arrival instance
of size rst tries to computethe nish times of the
paclets.This resultsin a GPScomputatiortreecorresponding
to this instance.Since - (fact (1)
above), neitherthe numberof comparisonsnor the number
of computationsin this computationtree can be more than
- . Then callsanotheralgorithm , which takesas
its input a GPS computationtree, and outputsthe GPS nish
timesin the sortedorder We will showv that the compleity
of algorithm  is no more than - in the worst
case.So the compleity of the algorithm  is no more than
- - - , Which is exactly what
we would like to prove above.

The algorithm is shawvn in Fig. 6. It sortsthe GPS nish
times of these  paclets when it takes as its input a GPS
computatiortreecorrespondindgo aninstancen . In Fig.
6, isaFIFO queueof pacletsand is anarrarysortedby

and min() returnsthe elementwith the minimum  value
(simply the rst elementof ). If asetof paclets ,
... arecomputedfrom , thenthey areall children.

Two things remainto be proved: (a) the output from the
algorithm is indeed sorted, and (b) the compleity of the
algorithmis no morethan - .

Proof of (a): Clearly the “while” iterationsin Fig. 6 result
in a traversalof all the nodesin GPScomputationtree since
every point is reachablefrom . Therefore, will contain

for gettingthe sortedsequencdrom the GPScomputationtree

a permutationof all the points  after the execution. To
prove thatthey aresorted,we only needto shaw the following
invariant ateachiterationof the“while” loop:thepoint is
deletedirom in the iterationfor .We
proveit by inductionon . In the rst iteration,clearly number

0 (i.e., )isdeletedirom . Suppose holdsfor thenumber

. In the iteration,suppose  ( ) will be
deletedfrom insteadof . We know that dueto
inductionhypothesisClearly  cannotbein the queue at
the momentsinceotherwise‘'min()” will choose insteadof

. Supposdheparentof s . Clearly and

is deletedduring the iterationdueto the induction
hypothesisSo at the iteration, musthave been

inserted.Therefore,the only possibility is that has been
deletedearlier than the iteration. This contradicts
the induction hypothesis.

Proof of (b): Let be the set of edgesin the GPS

computatiortreeandlet  beanedgefrom to ( ).
By the fact (Il) above, - . We
assumehatright afternumber is deleted(line 5), thereare

elementsin . We alsoassumethat has  children.

Then the compleity of sorting thesechildren and meging

themwith  (alreadysorted)is , since
sorting takes time and memging two sortedlists of
size and eachtakestime . The total compleity

is therefore . Note that the
compleity of thelastiterationis zeroin termsof comparisons
sinceat thattime thereis only one elementleft in the priority
gueue . Soin the following summationsye will not count
the last iteration, and will only add up the index
(insteadof ). Also note that there is no cost for “min()”
operationsincethe is alreadysortedandwe only “charge”
for additionsand comparisonsas discussedefore.

Clearly, sinceeachof the nodes
, appearsn exactly onceby the aforementioned
invariant . We claim that is no morethan

. This canbe shavn by the techniqueof double
countingin combinatoricsasfollows. Notethatanedge  is
countedfor most timesin the abose summatiorsince

is insertedin round anddeletedin round (i.e.,
countedn ) by theaforementioneéhvariant .

So =



So - since
of tree).
Now we claim that -
. The rst inequality is due to the fact

when . The secondequality holds,

(property

sincethese  edgefrom node are at leastof lengths1,
2, respectiely, and the total length of edgescoming
out from is atleast- . So the total compleity
of the algorithmis no more than ( )+ ( )
+( ) - - .

[ |

IV. CONCLUSIONS

In this work, we answered setof importantopenquestions
concerningthe computationalcomplexity of paclet schedul-
ing. We rst studiedtheinterestingopenquestionasto whether
the compleity lower boundof “sorting” the GPSvirtual nish
times, which is all that are neededn , can be smaller
than computingtheir exact values.We shaved, surprisingly
thatthe former is at leastasymptoticallyaslarge asthe latter
Thenwe shaved that this lower bound compleity for “sort-
ing” the GPSvirtual nish timesis per paclet, and
discoveredthat an existing algorithm[8] matchesthis bound.
This hadanimportantimplication: the implementation
that usesthe GPS tracking algorithm in [8] is the optimal
algorithmfor implementingthe servicediscipline. We
discovered,however, thatthis GPStrackingalgorithmrequires
“mandatorylazy evaluation; so that althoughits theoretical
complity is per paclet, its worst-casecompleity
in practicecanbeaslargeas . Finally, we provedthemost
importantresultof this paper:the compleity lower boundfor
trackingthe GPSclock perfectlyis per paclet.
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