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Abstract. The classical perceptron algorithm is an elemertary algo-
rithm for solving a homogeneouslinear inequality system Ax > 0, with

many important applications in learning theory (e.g., [11,8]). A natu-
ral condition measure assaiated with this algorithm is the Euclidean
width  of the cone of feasible solutions, and the iteration complexity
of the perceptron algorithm is bounded by 1= 2. Dunagan and Vempala
[5] have developed a re-scaled version of the perceptron algorithm with

an improved complexity of O(nIn(1=)) iterations (with high probabil-
ity), which is theoretically e cien t in , and in particular is polynomial-
time in the bit-length model. We explore extensions of the concepts
of these perceptron methods to the general homogeneousconic system
Ax 2 int K where K is a regular convex cone. We provide a conic ex-
tension of the re-scaled perceptron algorithm based on the notion of a
deep-sem@ration oracle of a cone, which essemially computes a certi -

cate of strong separation. We give a general condition under which the
re-scaledperceptron algorithm is theoretically e cien t, i.e., polynomial-
time; this includes the caseswhen K is the cross-product of half-spaces,
second-ordercones,and the positive semi-de nite cone and more gener-
ally when we have suitable accessto both K and its dual coneK .

1 Intro duction.

We considerthe problem of computing a solution of the following conic system

Ax 2 int K
X2 X @

where X and Y are n- and m-dimensional Euclidean subspaces respectively,
A :X ! Y isalinear operator and K Y is aregular closedconvex cone.We
refer to this problem asthe \conic inclusion" problem, we call K the inclusion
coneand we call F := fx 2 X : Ax 2 K g the feasibility cone. The goal is to
compute an interior elemen of the feasibility coneF . Important special casesof
this format include feasibility problem instancesfor linear programming (LP),
second-orderconeprogramming (SOCP) and positive semi-de nite programming
(SDP). These problems are often encourtered in learning theory, e.g., to learn

? MIT and IBM, belloni@mit.edu
? MIT, rfreund@mit.edu
??? Georgia Tech and MIT, vempala@cc.gateb.edu



threshold functions and in support vector machines,to mertion two well-known
examples.

The ellipsoid method ([10]), the random walk method ([2]), and interior-
point methods (IPMs) ([9], [12]) are examples of methods which solve (1) in
polynomial-time. These methods di er substartially in their represenation re-
quirement aswell asin their practical performance.For example,a membership
oracle su ces for the ellipsoid method and the random walk method, while a
special barrier function for K is required to implement an IPM. The latter is
by far the most successfulalgorithm for conic programming in practice: for ex-
ample, applications of SDP range over seweral elds including optimal cortrol,
eigervalue optimization, combinatorial optimization and many others, see[18].

For the important special caseof linear inequalities, when X = IR" and
K = IRT, an alternative method is the perceptron algorithm [17,13], developed
primarily in learning theory. It is well-known that this simple method termi-
nates after a nite number of iterations which can be bounded by the square
of the inverseof the width  of the feasibility cone F. Although attractiv e due
to its simplicity and its noise-tolerance[4, 3], the perceptron algorithm is not
consideredtheoretically e cien t sincethe width  can be exponertially small
in the size of the instancein the bit-length model. Dunagan and Vempala ([5])
combined the perceptron algorithm with a sequenceof re-scalingsconstructed
from near-feasiblesolutions. These re-scalingsgradually increase on average
and the resulting re-scaled perceptron algorithm has complexity O(nIn(1=))
iterations (with high probability), which is theoretically e cien t.

Herewe extend the re-scaledperceptronalgorithm proposedin [5] to the conic
setting of (1). Although the probabilistic analysisis similar, this is not the case
for the remainder of the analysis.In particular, we obsenethat the improvemert
obtained in [5] arisesfrom a clever use of a deep-sefration oracle (seeDef. 3),
which is strongerthan the usual separationoracleusedin the classicalperceptron
algorithm. In the caseof a systemof linear inequalities studied in [5], there is no
di erence betweenthe implemenrtation of both oracles.However, this di erence
is quite signi cant for more generalcones.

We investigate, in detail, ways to construct a deep-separationoracle for sev-
eral classesof cones,since it is the driving force of the re-scaled perceptron
algorithm. We establishimportant properties of the deep-separationoracle and
its implementation for seweral classes.Our main technical result is a general
schemethat yields a polynomial-time deep-separationoracle using only a deep-
separation oracle for the dual cone of K (which is readily available for many
conesof interest such as the cone of positive semi-de nite matrices). This im-
plies that the re-scaledperceptron algorithm runs in polynomial time for any
conic program, provided we have a deep separation oracle for the dual cone of
K. This readily captures the important casesof linear programs, second-order
coneprograms and semi-de nite programs* and thus corveysthe bene ts of the
perceptron algorithm to these problems.

! There have beenearlier attempts to extend the algorithm of [5], to SDPs in partic-
ular, but unfortunately these have turned out to be erroneous.



We start in Section 2 with properties of corvex cones,oracles,and the de -
nition of a deep-separationoracle. Section 3 generalizesthe classicalperceptron
algorithm to the conic setting, and Section 4 extends the re-scaledperceptron
algorithm of [5] to the conic setting. Section 5 cortains the probabilistic and
complexity analysis of the re-scaledperceptron algorithm, which reviews some
material from [5] for completenessSection6 is devoted to methods for construct-
ing a deep-separationoraclefor both speci ¢ and generalcones.We concludethe
intro duction with an informal discussionof the main ideas and technical di -
culties encourtered in obtaining our results.

The perceptron algorithm is a greedy procedure that updates the current
proposed solution by using any violated inequality. The number of iterations
is nite but can be exponertial. The modi ed perceptron algorithm (proposed
in [3], usedin [5]) is a similar updating procedure that only usesinequalities
that are violated by at least some xed threshold. Although this procedureis
not guaranteedto nd a feasiblesolution, it nds a near-feasiblesolution with
the guarantee that no constraint is violated by more than the threshold and
the number of stepsto corvergenceis proportional to the inversesquareof the
threshold, independent of the conditioning of the initial system. The key idea
in [5] is that sud a near-feasiblesolution can be usedto improve the width of
the original system by a multiplicativ e factor. As we show in this paper, this
analysis extends naturally to the full generality of conic systems.

The main dicult y is in identifying a constraint that is violated by more
than a xed threshold by the current proposedsolution, precisely what we call
a deep-separationoracle. This is not an issuein the linear setting (one simply
cheds ead constraint). For conic systems,the deep-separationitself is a conic
feasibility problem! It hasthe form: nd w 2 K , the dual of the original inclusion
cone,such that w satis es a single second-orderconic constraint. Our idea is to
apply the re-scaledpercepron algorithm to this system which is considerably
simpler than F. What we can prove is that provided K has a deep-separation
oracle,the method is theoretically e cien t. For many interesting inclusion cones,
including the cone of positive semi-de nite matrices, such a deep-separation
oracleis readily available.

2 Preliminaries

Let X and Y denote Euclidean spaceswith nite dimensionn and m, respec-
tively. Denote by k k their Euclidean norms, and h; i their Euclidean inner
products. For x 2 X, B(x;r) will denote the ball certered at x with radius r,
and analogouslyfor Y. Let A : X ! Y denotealinear operator,andA :Y ! X
denote the adjoint operator assaiated with A.

2.1 Convex Cones

Let C be a convex cone.The dual coneof C is de ned as

C =fd:hxdi O; forall x2 Cg (2)



and ext C denote the set of extreme rays of C. A coneis pointed if it contains
no lines. We say that C is a regular coneif C is a pointed closedcorvex cone
with non-empty interior. It is elemenary to show that C is regular if and only
if C isregular. Given a regular corvex cone C, we usethe following geometric
(condition) measure:

De nition 1. If C is a regular conein X, the width of C is given by

r
C n)l?ax @.B(X,r) C

Furthermore the certer of C is any vector z that attains the above maximum,

normalized so that kzk = 1.

We will be particularly interestedin the following three classesof cones:the
non-negative orthant IR := fx 2 IR™ : x  0Og, the secondorder cone denoted
by Q" := fx 2 R" : k(x1;X2;:::;Xn 1)K Xng, and the cone of positive semi-
de nite matrices SK ¥ := fX 2 Sk kK : h;Xvi Oforallv 2 IR*g where
Sk k= X 8 IRX 'E) : X = XJ g. These three conesare self-dual and their
widths are 1=" m, 1= 2, and 1= k, respectively.

The following characterization will be usedin our analysis.

Lemma 1. LetG=fx:Mx2 CgandLetT=fM : 2C g ThenG =
cl (T).

Proof. ( ) Let 2 C . Then for every x satisfying Mx 2 C, ;A i =
hAx; i 0,sinceMx2Cand 2C .Thus,cl (T) G sinceG is closed.

() Assumethat there existsy 2 G ncl (T). Thus there exists h 6 0 satis-
fying hh;yi < Oand hth;wi  Ofor all w2 cl (T). Notice that th;M i 0O for
all 2 C , which implies that Mh 2 C and soh 2 G. On the other hand, since
y 2 G, it followsthat hh;yi 0, contradicting hh;yi < 0.

The question of setsof the form T being closedhasbeenrecertly studied by
Pataki [14]. Necessaryand su cien t conditions for T to be a closedset are given
in [14] when C belongsto a classcalled \nice cones," a classwhich includes
polyhedra and self-scaledcones. Nonetheless,the set T may fail to be closed
even in simple cases.

The following property of convex conesis well-known.

Lemma 2. B(z;r) Cifandonlyif hd;zi rkdk foralld2 C .

2.2 Oracles
In our algorithms and analysiswe will distinguish two di erent typesof oracles.

De nition 2. An interior separation oracle for a convexsetS IR" is a sub-
routine that given a point x 2 IR", identies if x 2 int S or returns a vector
d2 IR", kdk = 1, suchthat

hd;xi hd;yi forally2 S:



De nition 3. For a xed positive salar t, a deep-separationoracle for a cone
C IR" is a submoutine that given a non-zem point x 2 IR", either

. . hd; xi
(1) correctly identi es that Kakkck t foralld2 extC or
e hd; Xi
(I'1") returns a vector d 2 C , kdk = 1 satisfying Kdkkxk

De nition 2 is standard in the literature, whereasDe nition 3 is new as far
as we know. Our motivation for this de nition arisesfrom a relaxation of the
orthogonality characterization of a convex cone.For d;x 6 0O let cos(d;x) denote

the cosine of the angle betweend and x, i.e., cos{d;x) = % Notice that

x 2 Cif andonly if cogd;x) Oforalld2 C if andonly if cogd;x) 0O for all

d 2 extC . The latter characterization statesthat % Oforalld2 extC .

Condition (l) of the deep-separationoracle relaxes the cosine condition from
0 to t. The following example illustrates that the perceptron improvemert
algorithm described in [5] corresponds to a deep-separationoracle for a linear
inequality system.

Examplel. Let C = fx 2 IR" : Mx 0Og whereM isanm n matrix none
of whose rows are zero. Notice that C = fM : Og is the conic hull
of the rows of M, and the extreme rays of C are a subset of the rows of M.
Therefore a deep-separationoracle for C can be constructed by identifying for
L t and
returning M;=kM;k in such a case.Notice that we do not needto know which
vectors M; are extremerays of C ; if m is not excessiely large it is su cien t to
simply ched the aforemertioned inequality for every row index i.

3 Perceptron Algorithm for a Conic System

The classicalperception algorithm was proposedto solve a homogeneousystem
of linear inequalities (1) with K = IRT'. It is well-known that the algorithm has
nite termination in at most 1= 2 iterations, seeRoserblatt 1962 [17]. This
complexity bound can be exponertial in the bit-model.

Our starting point herein is to show that the classicalperceptron algorithm
can be easily extendedto the caseof a conic system of the form (1).

Perceptron Algorithm  for a Conic System

(a) Let x bethe origin in X . Repeat:

(b) If Ax 2 int K, Stop. Otherwise, call interior separation oracle for F
at x, returning d2 F , kdk = 1, such that hd;xi 0,and setx x+ d.

This algorithm presupposesthe availability of a separation oracle for the
feasibility coneF . In the typical casewhen the inclusion coneK hasan interior
separation oracle, this oracle can be usedto construct an interior separation



oraclefor F: if x Zint F, then Ax 2int K and there exists 2 K satisfying
h; Axi 0,whereblyd= A =kA ksatiseshd;xi 0,d2 F , andkdk = 1.

Exactly asin the caseof linear inequalities, we have the following guarantee.
It's proof is identical, via the potential function (x) = hx; zi =kxk.

Lemma 3. The perceptron algorithm for a conic systemwill compute a solution
of (1) in at most 1= 2 iterations.

4 Re-scaled Conic Perceptron Algorithm

In this section we construct a version of the perceptron algorithm whose com-
plexity depends only logarithmically on 1= . To accomplish this we will sys-
tematically re-scalethe system (1) using a linear transformation related to a
suitably constructed random vector that approximates the certer z of F. The
linear transformation we usewas rst proposedin [5] for the caseof linear in-
equality systems(i.e., K = IRT'). Here we extend theseideasto the conic setting.
Table 1 contains a description of our algorithm, which is a structural extension
of the algorithm in [5].

Note that the perceptron improvemert phaserequiresa deep-separationor-
acle for F instead of the interior separation oracle for F as required by the
perceptron algorithm. For the remainder of this section we presupposethat a
deep-separationfor F is indeedavailable. In Section6 we will show that for most
standard conesK a deep-separationoracle for F can be e cien tly constructed.

We begin the analysis with the following lemma that quanti es the impact
of the re-scaling (Step 6) on the width of the feasibility coneF .

Lemma 4. Let z denotethe center of the feasibility cone F, normalized so that
kzk = 1. Let A, A denotethe linear operators and g, « denotethe widths of
the feasibility conesF, F' of two conseutive iterations of the re-saled perception
algorithm. Then

@a )
P P13 2kek ©
D E
whee 2 = z+ ¢ o2z &k and x is the output of the perceptron

improvementphase.

Proof. At the end of the perception improvemert phase,we have a vector x
satisfying

hd; xi ]
KakkxK foralld2 extF :
Let x = x=kxk. Then Hd;xi kdk for all d 2 extF . From Lemma 2, it
holds that td: 7i td 7i
zi  hd;zi )
Kakkzk ~ kdk g foralld2F ;

i.e. d;zi pkdk foralld2 F .



Re-scaled Perceptron Algorithm  for a Conic System
Step 1 Initialization. SetB =1 and = 1=(32n).

Step 2 Perceptron Algorithm  for a Conic System.
(@) Let x bethe origin in X . Repeat at most (1= 2) times:
(b) If Ax 2 int K, Stop. Otherwise, call interior separation oracle for F at x,
returning d2 F , kdk = 1, such that hd;xi 0,andsetx x+ d.

Step 3 Stopping Criteria. If Ax 2 int K then output Bx and Stop .

Step 4 Perceptron Impro vement Phase.
(@) Let x be arandom unit vector in X . Repeat at most (1= 2)In(n) times:
(b) Call deep-separationoracle for F at x with t =
If hd;xi kdkkxk for all d 2 ext F (condition 1), End Step 4.
Otherwise, oracle returns d 2 F , kdk = 1, such that hd; xi kdkkxk
(condition 11), and setx x hd;xid.

If x = Orestart at (a) .

(c) Call deep-separationoracle for F at x with t =

If oracle returns condition (11), restart at (a) .

Step 5 Stopping Criteria. If Ax 2 int K then output Bx and Stop .

Step 6 Re-scaling. A A I +

and Goto Step 2.

Table 1. One iteration of the re-scaledperceptron algorithm is one passof Steps 2-6.

From Lemma 1 it therefore holds that
h; Azi = bA ; zi rkA k forall 2K :

Note that 2= z+ %( F I zi)x,andlet ~ := p% £ . Wewant to show that

hv;2i  ~kvk forall v2 extF : )

If (3) is true, then by convexity of the function f (v) = ~kvk hv;2i it will also
be true that hv;2i  “kvk for any v 2 F . Then from Lemma 2 it would follow
that B(2;”) F,wherety » 5 asdesired.

Let v be an extreme ray of F . Using Lemma 1, there exist a sequence
f'g 1, "2K ,A 'l vasi! 1.Since(3) is trivially true for v= 0, we



can assumethat v 6 0 and henceA ' 6 O for i large enough.Next note that

KA k2=KA K2+2 A xZ+hoxi A Gix 2
!

kA K2 1+3 Mo
and
A T2 = A ;2 +h2i A Tix
= A iz + (g hgzi) A Uix o +hkzi A Tx
FkA Tk+ £ A; X 4)
A i.X )
= 1+ —— kA 'k
F KA Tk
D E
Therefore 7'& i 971+ l heret; = 2 X! Notethat t; 1 and
Ak PP OCN T e e '
hv; Xi kvk sincev 2 extF , and so h/kv)lil . By continuity, for any
"> 0it holds that t; " for i sucien tly large. Thus,t; 2 [ " 1] for
i large enough.
For t 2 [0;1], we have P P=—t— = 1,and for t 2 [ " 0], the
i — pltt 1" i
function g(t) = P pﬁ since
dg(t) _ 1 3t
dt — (1+ 3t2)3=2
fort2 [ ", 0], that is, g(t) is increasingon [ "; 0]. Therefore, for i large
enoughwe have D E
kKA ik FPTv3( + )2
Passingto the limit as ' ! v obtain
hv; 2i g ")
kvk PP T 3 + )2
whereby
hv; 2i @ ) _ .
wk FPizsz

5 Probabilistic Analysis.

As mertioned before, the probabilistic analysisof our conic framework is similar
to the analysiswith linear inequalities in [5]. We state the main lemmas of the



analysis without proof. Our exposition intentionally separatesthe probabilistic
analysis from the remaining sections.

The rst lemma of this section was establishedin [3] for the caseof linear
inequalities, and hereis generalizedto the conic framework. Roughly speaking, it
shows that the perceptron improvemern phasegeneratesnear-feasiblesolutions
if started at a good initial point, which happenswith at leasta xed probability
p= 1=8.

Lemma 5. Let z be a feasible solution of (1) of unit norm. With probability at
least %, the perception improvementphasereturns a vector x satisfying:

() hd;xi kxk for everyd 2 extF , kdk = 1, and
(i) hz;x=kxki pl—ﬁ

Lemma 5 establishesthat points obtained after the perceptron improvemert
phase are near-feasiblefor the current conic system. The next lemma clari es
the implications of using these near-feasiblepoints to re-scalethe conic system.

Lemma 6. Supmsethatn 2, f; 1=32n and A is the linear operator of
the current iteration. Let A be the linear operator obtained after one iteration
of the perceptron improvement phase.Let  denote the width of the cone of

feasible solutions F of the updated conic systemassaiated with A. Then

0 e

F 32n 51m2 ©°
i) With prokability at least i, 1 !
(ii) p y @

+——— .
302n

Finally, the following theorem bounds the number of overall iterations and
the number of oracle calls made by the algorithm.

Theorem 1. Supmsethatn 2. If (1) hasa solution, the re-s@led perceptron
algorithm will compute a solution in at most

T = max 4096In } :13M In ! =0 nin — +1In =
32n ¢ F

iterations, with probability at least1 . Moreover, the algorithm makesat most
O(T n? In(n)) calls of a deep-sepration oracle for F and at most O(T n?) calls
of a separation oracle for F with probability at least 1

It will usefulto amend De nition 3 of the deep-separationoracle as follows:

De nition 4. For a xed positive salar , a half-deep-separationoracle for a
coneC IR" is a submwutine that given a non-zem point x 2 IR", either

hd; xi
akkck foralld2 extC or

(I'1") returns a vector d 2 C , kdk = 1 satisfying

(1) correctly identi es that
hd; xi
kdkkxk




Remark 1. De nition 4 only diers from De nition 3 in the inequality in condi-
tion (I1), wherenow =2 is usedinsteadof . This minor changeonly a ects the
iteration bound in Step 4 of the re-scaledperceptron algorithm, which needsto
be changedto (4= 2)In(n) ; all other analysisin this Section remains valid.

6 Deep-separation Oracles

The re-scaledperceptron algorithm needsa deep-separationoracle for the feasi-
bility coneF. Herein we show that such a deep-separationoracle is fairly easy
to construct when (1) hasthe format:

8 .
< ALx 2int IRT
Aix2int Q" i=1;:::;q (5)
Xs 2 int Sk X
where x is composedas the cartesian product x = (Xs; Xp). Note that (5) is an
instanceof (1) for K = IR Q" QMe Sk Kk andthe only special structure
on A is that the semi-de nite inclusion is of the simple format \ 1 xs 2 SK ¥." In
Section 6.4 we show how to construct a deep-separationoracle for more general
problems that also include the semi-de nite inclusion \Asx 2 SK X" but this
construction takesmore work.
The starting point of our analysisis a simple obsenation about intersections
of feasibility cones.Supposewe have available deep-separationoraclesfor each
of the feasibility conesF; and F, of instances:

Aix 2 int Ky AoX 2 int Ko
X 2 X and X 2 X )

and considerthe problem of nding a point that simultaneously satis es both
conic inclusions:

8

< Ai1x 2 int K1

CAx2int Ky @)
X2 X:

Let F = fx:A1x2 K1;Ax 2 Kog= fx : Ax 2 KgwhereK = K;  Kj and
A is de ned analogously Then F = F1\ F, whereF; = fx : Aix 2 Kjg for
i = 1;2. It follows from the calculus of corvex conesthat F = F,; + F,, and
therefore

extF (extF, [ extF,) : (8)

This obsenation leadsto an easy construction of a deep-separationoracle for
F1\ F; if onehas available deep-separationoraclesfor F; and F:

Deep-separation Oracle for F1\ F;

Given: scalart > 0 and x 6 0, call deep-separationoraclesfor F; and F; at x.
If both oraclesreport Condition I, return Condition |I.
Otherwise at least one oracle reports Condition Il and provides
d2F, F ,kdk=1,sud that hd;xi tkdkkxk; return d and Stop.




Remark 2. If deep-separationoraclesfor F; are available and their e ciency is
O(T;) operations for i = 1;2, then the deep-separationoracle for F1\ F, given
above is valid and its e ciency is O(Ty + T») operations.

Utilizing Remark 2, in order to construct a deep-separationoracle for the
feasibility coneof (5) it will suce to construct deep-separationoraclesfor ead
of the conic inclusions therein, which is what we now examine.

6.1 Deep-separation Oracle for F when K = IRT

We considerF = fx : Ax 2 IRT'g. Example 1 has already described a deep-
separationoraclefor F when the inclusion coneis IR . It is easyto seethat this
oracle can be implemented in O(mn) operations.

6.2 Deep-separation Oracle for F when K = QX

For conveniencewe amend our notation sothat F = fx : kMxk g"xg for a
givenreal (k 1) n matrix M and areal n-vector g, sothat F = fx : Ax 2 QKg
M x
g'x

We will construct an e cien t half-deep-separationoracle (De nition 4) by
consideringthe following optimization problem:

where the linear operator A is speci ed by Ax =

t = mingd'x

st: kdk =1 ©)
d2 F

If x 2 F, then t 0 and clearly condition | of De nition 4 is satis ed.
If x 2 F,thent < 0 and we can replace the equality constraint in (9) with
an inequality constraint. We obtain the following primal/dual pair of convex
problems with common optimal objective function valuet :

t := ming x"d = max, ky xk
st:kdk 1 st:y2F (10)
d2 F

Now considerthe following half-deep-separationoracle for F when K = Qk.

Half-Deep-Separation  Oracle for F
when K = Q, for x 6 0 and relaxation parameter > 0
If kM xk g'"x, return Condition I, and Stop.
Solve (10) for feasible primal and dual solutions d;y with duality gap g
satisfying g=kxk =2
If xT d=kxk =2, report Condition (l), and Stop.
If xT d=kxk =2, then return d = d, report Condition (I1), and Stop.




To seethe validity of this method, note that if kM xk g"x, thenx 2 F and
clearly Condition (I) of De nition 4 is satis ed. Next, supposethat x d=kxk
=2, thent ky xk=x"Td g kxk =2 kxk =2= k xk . Therefore

kxﬁ:ﬁ forall d2 F , and it follows that Condition (I) of De nition 4 is
satis ed. Finally, if xT d=kxk =2, then kg;kik =2andd2 F , whereby

Condition (I1) of De nition 4 is satis ed using d.

The computational e ciency of this deep-separationoracle depends on the
ability to e cien tly solve (10) for feasible primal/dual solutions with duality
gap g kxk=2. For the casewhen K = Q, it is shown in [1] that (10)
can be solved very e cien tly to this desired duality gap, namely in O(n® +
ninin(1= )+ ninin(1=minf ¢; ¢ @)) operationsin practice, using a combina-
tion of Newton's method and binary seard. Using = 1=(32n) this is O(n3 +
ninin(l=minf g; ¢ g)) operations for the relaxation parameter neededby
the re-scaledperceptron algorithm.

6.3 Deep-separation Oracle for Sk ¥

Let C = SX ¥k, andfor conveniencewealter our notation hereinsothat X 2 Sk k
is a point under consideration. A deep-separationoracle for C at X 6 0 for the
scalart > 0is constructed by simply cheding the condition \ X + tkX kI~ 0." If
X + tkX kl 0, then condition | of the deep-separationoracleis satis ed. This
is true becausethe extreme rays of C are the collection of rank-1 matrices v,
and
wh; X vTXv tkXkvTv _
kX kkwTk — kX kkwTk kX kkwTk

for any v 6 0. On the other hand, if X + tkX kl 6 0, then compute any nonzero
v satisfying vI X v+ tkX kvTv 0, and return D = v’ =v" v, which will satisfy

D;Xi _ viXv
kX kkDk = kX kvTv

thus satisfying condition I1. Notice that the work per oraclecall is simply to chedk
the eigenvalue condition X tkX kI and possibly to compute an appropriate
vector v, which is typically O(k®) operations in practice.

6.4 Metho dology for a Deep-separation Oracle for F when K has
a Deep-Separation Oracle

In this subsection we presert a general result on how to construct a deep-
separation oracle for any feasibility cone F = fx 2 IR" : Ax 2 Kg whose
dual inclusion coneK hasan e cien tly-computable deep-separationoracle. We
therefore formally de ne our working premisefor this subsectionas follows:
Premise: K has an e cien tly-computable deep-separationoracle. Further-
more, k¢ and g are known.



Remark 3. The results herein specify to the casewhen K = Sk . we know
from the results in Section 6.3 and the self-duality of S¥ ¥ ((Sk k) = sk k)
that K hasan ecien tly computablﬁ deep-separationoracle when K = Sk k.
Furthermore, we have x = k = 1= k.

The complexity analysis that we dewelop in this subsection usesthe data-
perturbation condition measuremodel of Renegar [15], which we now brie 'y
review. Considering (1) as a systemwith xed coneK and xed spacesX and
Y, let M denote those operators A : X ! 'Y for which (1) has a solution. For
A2 M, let (A) denotethe \distance to infeasibility" for (1), namely:

(A) = n)\inka k:A+ A 2Mg

Then (A) denotesthe smallest perturbation of our given operator A which
would render the system (1) infeasible. Next let C(A) denote the condition mea-
sure of (1), namely C(A) = kAk= (A), which is a scale-irnvariant reciprocal of
the distance to infeasibility. In(C(A)) is tied to the complexity of interior-p oint
methods and the ellipsoid method for computing a solution of (1), see[16] and
[6].

Given a regular inclusion cone K, the feasibility conefor (1) is F = fx :
Ax 2 K g. Given the relaxation parametert > 0 and a non-zerovector x 2 IR",
considerthe following conic feasibility systemin the variable d:

8 hx,di

rxkkak <t
(Stx): . (11)
' d2 F

It follows from De nition 3 that if d is feasiblefor (S:x ), then Condition 11 of
De nition 3 is satis ed; however, if (St.x) has no solution, then Condition 1 is
satis ed. Utilizing Lemma 1 and rearranging terms yields the equivalert system
in variablesw:

8
< tkxkkA wk + hw; Axi < 0

(Stx): | (12)
) w 2 intkK

Note that if w solves(12), then &= A w solves(11) from Lemma 1. This leads
to the following approach to constructing a deep-separationoracle for F:

givenx 6 Oandt := , compute a solution w of (12) or certify that no
solution exists. If (12) hasno solution, report Condition | and Stop; oth-
erwise (12) hasa solution w, return d:= A w=kA wk, report Condition
[, and Stop.

In order to implemernt this deep-separationoracle we needto be able to compute
a solution w of (12) if such a solution exists, or be able to provide a certi cate of
infeasibility of (12) if no solution exists. Now notice that (12) is a homogeneous



conic feasibility problem of the form (5), asit is comprised of a single second-
order coneinclusion constraint ( (tkxkA w;hv; Axi) 2 Q" ) plus a constraint
that the variable w must lie in K . Therefore, using Remark 2 and the premise
that K hasan e cien tly-computable deep-separationoracle, it followsthat (12)
itself can be e cien tly solved by the re-scaledperceptron algorithm, under the
proviso that it hasa solution.

However, in the casewhen (12) hasno solution, it will be necessaryto develop
a meansto certify this infeasibility. To do so,we rst analyzeits feasibility cone,
denotedas Fi;y ) := fw:tkxkkA wk + hw;Axi  0; w2 K g. We have:

Prop osition 1. For a given 2 (0;1=2) and x 6 0, supmsethat S; ) hasa
solution and let t 2 (0; ). Then

k (1),
Fax) 3C(A)

Proof. For simplicity we assumewith no loss of generality that kxk = 1 and
KAk = 1. Since S; x) has a solution, let W satisfy kA Wk + hi; Axi 0,
W2 K , and k#k = 1. It follows directly from Theorem 2 of [7] that kA Wk
(A). Let w be the center of K , wherely B(w ; ) K . Consider the
vectorw+ w + d wherekdk 1and > O will be specied shortly. Then
w+ w + d 2K solongas k - Also,

tkA (W+ w + d)k+ hAh+ w + d; Axi tkA Wwk+ t+ t + hf;Axi+ +
(t JKA Wk+ t+ t + +
(t ) @A)+ t+t + +
0

solong as A= % . Therefore
N 0 N 0
min t+)l( ) roK min ¢ t+)l( ) oK
Foo) kW + w k 1+
Let = % and substituting in this last expressionyields

C YAk ( Ak _( Yk

Flux ) 2+ 2t + ( t) (A) 3 3C(A)

since (A) kAk=1landO<'t 1=2.

Now consider the following half-deep-separationoracle for F (recall De ni-
tion 4) which takesasinput an estimate L of C(A):



Probabilistic  Half-deep-separation  Oracle for F, for x 6 O,
relaxation parameter , failure probabilit y , and estimate L
Sett:= =2, and run the re-scaledpgrceptron algorithm to compute a solu-

tion w of (12) for at most T := max 4096In 1 ;13 In i—L iterations.
If a solution w of (12) is computed, return d := A w=kA wk,
report Condition |1, and Stop.

If no solution is computed within T iterations, report
\either Condition | is satis ed, or L < C(A)," and Stop.

The following states the correctnessof the above oracle:

Theorem 2. Using the iteration count T above, with probability at least 1
the output of the prokabilistic oracle is correct.

Proof. If the oracle computesa solution w of (12), then it is trivial to show that
d:= A w=kA wk satisesd 2 F and % t = =2, thus satisfying
condition 11 of De nition 4. Supposeinstead that the oracle doesnot compute
a solution within T iterations. If (12) has a solution it follows from Theorem
1 that with probability at least 1 the re-scaledperceptron algorithm would
compute a solution of (12) in at most

( )]

T := max 4096In } 130 In ——
32n r:(t;x)

iterations. However, if L C(A) and F( ) 6 ;, then it follows from Proposition

1 that
1 3C(A) 6L

32n Flex ) 32n ¢ ( =2) Ko

whereby T T. Therefore, it follows that that either L < C(A) or Flx) =1,
the latter then implying Condition | of De nition 4.

We note that the above-outlined method for constructing a deep-separation
oracleis inelegart in many respects. Nevertheless,it is theoretically e cien t, i.e.,
it is polynomial-time in n, In(1=« ), In(L), and In(1=). It is an interesting and
open question whether, in the caseof K = S¥ X a more straightforward and
more e cien t deep-separationoracle for F can be constructed.

Finally, it follows from Theorem 7 of [7] that the width of F can be lower-
bounded by Renegar'scondition measure:

K.
Foan 13)
This can be usedin combination with binary seard (for bounding C(A))
and the half-deep-separationoracle above to produce a complexity bound for
computing a solution of (1) in time polynomial in n, In(C(A)), In(1=), In(1= ),
and In(1= ).
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