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Abstract

We show that the hit-and-run random walk mixes rapidly starting from any interior
point of a convex body. This is the rst random walk known to have this property. In
contrast, the ball walk can take exponertially many steps from some starting points. The
proof extends to sampling an exponertial density over a convex body.

1 Intro duction

Considerarandomwalk in R". It starts somewhereand at eat step movesto arandomly chosen
\neighboring" point (which could be the current point). With a suitable choiceof the \neighbor"
transition, the steady state distribution of sudh a walk can be the uniform distribution over a
convex body, or indeed any reasonabledistribution in R". For example, to sample uniformly
from a convex body K , the hall walk at a point x choosesa point y uniformly in a ball of xed
radius certered at x and then goesto y if y isin K ; else,the step is wastedand it stays at x.

In the last decadeand a half, there has beenmuch progressin analyzing thesewalks [4, [10,
1,8 [T, 2, [4 5. In [7] it was shown that the ball walk mixesin O (n®) stepsfrom a warm
start after appropriate preprocessing. (A warm start meansthat the starting point is chosen
from a distribution that already is not too far from the target in the sensethat its density at
any point is at most twice the density of the target distribution. The O notation suppresses
logarithmic factors and dependenceon other parameterslike error bounds.) While this result is
su cien t to get polynomial-time algorithms for important applications, it is rather cumbersome
to generatea warm start and increasesthe complexity substartially. Kannan and Lovasz [5]
have shown that the ball walk mixesin O (n®) time from any starting point, if wasted stepsare
not counted. However, the ball walk can take an exponertial number of (mostly wasted) steps
to mix from somestarting points, e.g., a point closeto the apex of a rotational cone. (This is
becausemost of the volume of the ball around the start is outside the cone.) Moreover, even
starting from a fairly deeppoint (i.e., the distanceto the boundary is much larger than the ball
radius), the mixing time can be exponertialﬂ. The only known way to avoid this problem is to
invoke a warm start; it has beenan open question asto whether there is a random walk that
mixes rapidly starting from, say, the certer of gravity of the convex body.

Is there a random walk that mixes rapidly starting from a(ny) single point? Hit-and-run,
introduced by Smith [14], is de ned as follows:

Pick a uniformly distributed random line ~ through the current point.

Move to a uniform random point along the chord *\ K.
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1 Random walks on a discrete subset of R" (e.g., the lattice walk) avoid this local conductance problem,
but have other complications that make their convergence less e cien t, although still polynomial. Also, one is
sampling from a discrete subset, which might be okay for applications but is a bit unsatisfactory .



It was proved in [14] that the stationary distribution of the hit-and-run walk is the uniform
distribution ¢ over K. In [9], it was shown that hit-and-run mixes in O (n®) steps from a
warm start after appropriate preprocessing,i.e., it is no worsethan the ball walk. In this paper,
we show that it actually mixes rapidly from any interior starting point.

To be more precise,the mixing time can be big if we start from a very tight corner. But our
bound will be logarithmic in the the distance; thus, if e.g. the convex body is described by a
systemof linear inequalities with rational coe cien ts, and the starting point is given by rational
coordinates, then the mixing time will be polynomial in the input data.

To derive this mixing result, we prove a theorem that still assumesa bound on the density
of the starting distribution:

Theorem 1.1 Let K be a convexbody that contains a ball of radiusr and is contained in a ball

of radius R. Let be a starting distribution and let ™ be the distribution of the current point

after m stepsof hit-and-run in K. Let" > 0, and supmsethat the density function d =d ¢ is

bounded by M exepton a setS with (S) "=2. Then for

n’R? nM
2

m > 10%° 7 In <

the total variation distance of ™ and « is lessthan ".

The condition on the starting density capturesthe casewhen the L, distanceof and is
bounded (as shown in SectionE). The theorem improveson existing bounds by reducing the
dependenceon M and " from polynomial (which is unavoidable for the ball walk) to logarithmic,
while maintaining the optimal dependenceon r; R and n. To bound the cornvergenceto station-
arity when starting from a speci c point at distance d from the boundary, we do one step and
then (if this is not too short) we apply Theorem 1.1 with the starting distribution obtained this
way.

Corollary 1.2 Under the conditions of Theorem [, suppsethat the starting distribution is
concentrated on a single point in K at distance d from the boundary. Then for

n°R® In R.
r2 d"’

the total variation distance of ™ and « is lessthan ".

m > 10

At the heart of this theorem is a bound of ( r=nR) on the conductance of every subset
(TheoremE2D) (for the ball walk, the conductanceof small setscan be arbitrarily small; therefore
the needfor a warm start). As we discussin SectionH, the condition that K is corntained in a
ball of radius R can be replacedby the weaker condition that its secondmomert is at most R?,
i.e., Ex (jx zkj?) R?wherezk isthe certroid of K. The mi&dng time goesup by a factor of
O(In?*(M=")). For a body in near-isotropic position, R=r = O(' n) and so the number of steps
required is O(n3In3(M=")). It follows that hit-and-run mixes in O(n“In3(n=d)) steps starting
from a point at distanced from the boundary. Such a guarantee is not possiblefor the ball walk.

Our main tool is a new isoperimetric inequality (Section?). To formulate an isoperimetric
inequality, one considersa partition of a convex body K into three setsS;; S;; S3 suc that S;
and S, are\far" from ead other, and the inequality boundsthe minimum possiblevolume of S
relative to the volumesof S; and S,. All previousinequalities have viewed the distance between
S; and S; as the minimum distance between points in S; and points in S,. For example, if
d(S;1; S2) is the minimum Euclidean distance betweenS; and S;, then

vol(Ss)

@ minf vol(S1); vol(S,)g



where D is the diameter of K [3, B]. One can get a similar inequality using the cross-ratio
distance (seeSection) instead of Euclidean distance [9]:

vol(S)vol(S,)

vol(Sz)  dk (S1:S2) Vol(K)

In this paper, by meansof a weight function h(x) on K that measuresthe distance between
S; and S; asa certain averagedistance, we obtain a more generalinequality that can be much
stronger. We formulate it for generallogconcave functions in TheoremZZl For a corvex body,
it says that

vol(S3)  Ex (h(x)) minfvol(S;); vol(S2)g:

The weight h(x) at a point x is restricted only by the cross-ratio distance between pairs u; v
from Si; S, respectively, for which x 2 [u;v]. In general,the weight h(x) can be much higher
than the minimum cross-ratio distance betweenS; and S,.

Hit-and-run can be extendedto sampling generaldensitiesf in R" as follows:

Pick a uniformly distributed random line ~ through the current point.
Move to a random point y along the line * chosenfrom the distribution induced by f on .

The stationary distribution of this walk is ¢, the probability measurewith density f. It has
beenshown that it is e cien t for any logconcave density from a warm start [[I2]. (Similar results
are alsoknown for the ball walk with a Metropolis lter [1Z].) It is natural to askif hit-and-run is
rapidly mixing from any starting point even for arbitrary logconcave functions. There are some
technical problems with extending the results of this paper to arbitrary logconcave functions;
but we make some progressin this direction by shawing that this is indeed the casefor an
exponertial density over a corvex body. This classof density functions is interesting for other
reasonsaswell|these are the functions usedin \sim ulated annealing" and in the fastestvolume
algorithm [L3]. We prove the following theorem in Section@ The condition on the starting
density capturesthe caseof bounded L »-norm; the proof usesthe sameisoperimetric inequality
(Theorem 2.

Theorem 1.3 Let K R" be a convex body and let f be a density supprted on K which is
proportional to e a'x for somevector a 2 R". Assume that the level set of f of probability
1=8 contains a ball of radius r, and E; (jx zj?) R?, wher z is the centroid of f. Let
be a starting distribution and let ™ be the distribution of the current point after m steps of
hit-and-run applied to f. Let" > 0, and supmsethat the density function d =d ; is bounded by
M exepton asetS with (S) "=2. Then for

2p2
oN“R° s MnR
m > 10° r—zln

r

the total variation distance of ™ and : is lessthan".

1.1 Overview of analysis

We wish to bound the rate of convergenceof the Markov chain underlying hit-and-run to the
uniform distribution g on the corvex body K. For this we use the notion of conductane,
which is de ned asfollows: For any measurablesubsetS K and x 2 K, we denote by Py(S)
the probability that a step from x goesto S. If 0<  (S) < 1, then the conductance (S) is
de ned as

s - s Px(KnS)d
minf « (S); k(K nS)g’



The minimum value over all subsetsS is the conductance, , of the Markov chain. Lovaszand
Simonovits [I1], extending a result of Jerrum and Sinclair, have shovn that the mixing rate
(roughly, the number of steps neededto halve the distance to the stationary distribution) is
boundedby O(1= ?) (and is at least 1= ).

The main part of our proof shaws that the conductanceof the hit-and-run Markov chain is
( r=nR). All previous attempts to bound the conductance of geometric random walks could
only prove that the conductanceof \large" subsetsis large, namely the conductancebound for
a subsetS was proportional to k (S). For this reason,one had to limit the probability that we
start in one of bad small sets,which leadsto the useof a warm start. As mertioned earlier, the
example of starting at a point x near the apex of a rotational coneshows that the ball walk can
in fact take exponertially many stepsfrom somestarting points: Most points of a ball around x
are outside the coneand hencemost stepsfrom x are wasted.

Hit-and-run, on the contrary, exhibits a sizeable(inversepolynomial) drift towards the base
of the cone. Thus, although the initial stepsare tiny, they quickly get larger and the current
point movesaway from the apex. By bounding the conductance,we show that this phenomenon
is general, i.e., hit-and-run mixes rapidly starting from any interior point of a convex body. To
prove this, we usethe new isoperimetric inequality. Besidesthe inequality, a key obsenation in
the proof is that the \median" step length from points in K is a concave function.

2 A weighted isoperimetric inequalit y

To analyze the walk, we use a non-Euclidean notion of distance [9]. Let u;v be two distinct
points in K, let “(u;v) denote the line through u and v, and let p;q be the endpoints of the

segmen “(u;v)\ K, sothat the points appear in the order p;u;v;q along "(u;v). Then,
ju vip q

de (U;V) = ————

<OV e i

For two subsetsS;; S, of K, we de ne
dk (S1;S2) = uzsnj;bnzsz dk (u;Vv):

Theorem 2.5 from [17] assertsthe following: if f is logconcave function on a corvex setK, " > 0
and S; [ S;[ Ss is a partition of K into three measurablesets such that for any u 2 S; and
v2 S, wehavedk (u;v) ", then
z Z Z Z
f (x) dx f(x)dx " f (x) dx f (x) dx: Q)
K

S3 S1 Sz

We prove the following related result:

Theorem 2.1 Let K be a convexbody in R". Letf : K ! R, be alogoncave function and
h: K ! R4, an arbitrary function. Let S;;Sp; Sz be any partition of K into measurable sets.
Supmsethat for any pair of points u 2 S; andv 2 S, and any point x on the chord of K through
uandv,

h(x) %min(l; dk (u;v)):
Then

R R
s, F (x) dx o OOf (0 dx

min ¢ f()dx; g f(x)dx T (x) dx



Remark: For alogconcavedensity function f , and corresponding distribution ¢, the conclusion
of the theorem can be stated as:

£(S3)  Er (h(x)) minf ¢ (S1); ¢(S2)g:

R R
Pro of. We can assumethat ¢ f (x)dx s, f (X) dx. Supposethat the conclusionis false.
1 2
Then there existsan A 1=2 such that
z 1 z
f(x)dx = — f (x) dx
K A s,
and z Y4
f(xX)dx< A h(X)f (x)dx:
Ss K
Now we invoke the Localization Lemma, speci cally the version given in Corollary 2.4 of [g].
This implies that there exist two points a;b2 K and a linear function * : [0;1]! R, with the
following properties. Set

F() = ()" f(ta+ (1 tb); G(t)= h(ta+ (1 t)b);

and
Ji=ft2]0;1]:ta+ (1 t)b2 Sig (i = 1;2;3);
then
Z, 1 z
F(t)dt= —  F(t)dt
0 A_j,
z Z
F(t)dt< A G(t)F(t)dt;
J3 0
and hence Z, Z 7 z,
F(t)dt F(t)dt< F(t)dt  G(t)F(t)dt
0 NE J1 0

For u;v 2 K, let M, denotethe maximum of h(x) over the chord through u and v, then
z 1 z 1
G()F(t)dt Mg  F(t)dt
0 0

and so z z
F(t)dt< Mg F(t)dt (2)
J3 Jl
We also have 7 z, Z,
F(ydt=A  F(t)dt 1 F(t) dt: (3)
3 0 2 o

Letu2 J; andv 2 Jp, and (say) u < v. Then by hypothesis,

ﬁ de (Ua+ (I wbva+ (I V)b 3Map:
and henceby the 1-dimensionalcaseof (), we have
Z, z z z
F(t)dt F()dt 3Ma, F(t)dt F(t)dt
0 J3 J1 J2



Comparing with (), we get 7 7
1

F(t)dt>3 F(t)dt
0 J2
Using this and (@), it follows that
z Z, z z
F(t)dt= F(t) dt F(t) dt F(t) dt
J3 0 il NP)
> 1 11 1 F(t) dt
2 3
Z,
F(t) dt:
0

But then (@ and @) imply that My, > 1=3, a contradiction.

|
ol -

3 Bounding the step-size
For x 2 K, let y be a random step from x. Following [9], we de ne F(x) as
. . 1
P(ix yi F(X) =g (4)

Roughly speaking, this is the \median" step length from x. The goal of this sectionis to
bound this function from below by a concave function.

For x 2 K, let
I(K \ + tB
oo = YUK (x+ 1B))
vol(tB)
denote the fraction of a ball of radius t around x that intersectsK . For a xed 0, de ne

s: K! Ry as
s(x) = supft2 Ry @ (X;t) o

The value s(x) is a measureof how closex is to the boundary of K. Its somewhatcomplicated
de nition guaranteessomeuseful properties.
Lemma 3.1 For any > 0, s(x) is a concave function.

Pro of. Let x1;X2 2 K with s(x3) = rp and s(x2) = ro. Let Aj = K\ (xg+ riB) (i = 1;2).
Let x = (X1 + X2)=2 and considerA = (A1 + Aj)=2. By corvexity, A K. Further, any point
y 2 A can be written as

Z1+ 2o
2

1
y=§(xl+zl+Xz+Zz)=x+ :

for somez;;z, suc that jzaj rp andjzzj ra. Thus,

rp+r
+1 2

A K\ 5B
Next, by the Brunn-Mink owski inequality,
VoI(A) ™ % VOI(A1) 7 + VOI(Az) ™
S Vo) (11 + 12)
= Hvo(Ei 2zt

2



It follows that

+ +
vol K\ x+ ”2“3 vol(A) vo|(r12r2|3)

and thuss(x) (ry+ rp)=2:

Lemma 3.2 If 63=64, then for all x 2 K,

s(x).
32"

Pro of. Sets= s(x). Let p denotethe fraction of the surfaceof the ball x + (s=2)B that is not
in K. Then

F(x)

vol((x + sB) nK) pvol(sB) vol((s=2)B):

By the de nition of s,
vol((x+ sB)nK) (1  )vol(sB);

and hence
1

3—2:
Take a random line ~ through x; then with probability at least1 2p, "\ (x+ (s=2)B) K. If
this happens,then for the point y chosenuniformly from “\ K, we have

p 1 +2 "

. . S .. 1

Py X 3 J E;
and so 1 15 1 1
Py X o str i<z
32 16 16 16 8

This provesthe Lemma.
Let us quote Corollary 4.6in [4] asa Lemma:
Lemma 3.3 SupmseK contains a ball of radiusr . Then,

Z Z p—

dydx = vol(K vol(tB ):
K y2x+1tB nK 2r

This lemma can be usedto bound the averagevalue of s(x) from below:

Lemma 3.4 SupmwseK contains a unit ball. Then,
z

s(x) dx 1'pTvoI(K ):
K n

Pro of. >Fom LemmalZ3

z 7
(x;t) dx 1 —— vol(K):
K 2
On the other hand,
z
(x;t) dx vol(K)+ (1 )vol(fx2 K : (x;t) 0)

K

and so
t*n
vol(fx 2 K ;' (x;t) Q) 1 —— vol(K):

21 )



Using this,

z Z,
s(x) dx = vol(fx 2 K : (x;t) g) dt
K 0
Z1 r
vol(K 1 — dt
O, T
= EP?VOKK):

4 A scale-free bound on the conductance

For a point u 2 K, let P, be the distribution obtained by taking one hit-and-run step from u.
Then (as shown in [9]),

2 z dx

Pul) = o @) a o

®)

where " (u; x) is the length of the chord through u and x.

Let dy (P; Q) denote the total variation distance between distributions P and Q. The fol-
lowing lemma from [9] connectsthe geometric distance of two points to the variation distance
of the distributions obtained by taking one hit-and-run step.

Lemma 4.1 [9] Letu;v 2 K. Supmsethat
1 _ . 2
dk (u;v) < 3 and ju vj< p—ﬁ maxf F (u); F (v)g:

Then
dwv (Pu;Py) < 1 %:

The main theorem of this sectionis the following.

Theorem 4.2 Let K be a convexbody in R" of diameter D, containing a unit kall. Then the
1

conductane of hit-and-run in K is at least 5.
Pro of. Let K = S;[ S, be a partition into measurablesets. We will prove that
z
1
Px(S2) d ——— minfvol(S;); vol(S 6
. % (S2) dx s Minfvol(Sy); vol(Sz)g (6)
We can read the left hand side as follows: we select a random point X from the uniform
distribution and make one step to get Y. What is the probability that X 2 S; andY 2 S;? It
is well known that this quantity remainsthe sameif S; and S, are interchanged.
Consider the points that are deepinside thesesets,i.e. unlikely to jump out of the set:

1
00— .
S = x2S :Px(S2) < —10009
and

1
0 — ‘P .

Let S be the resti.e., S§= K nSYn SJ.



Supposevol(SY) < vol(S;)=2. Then
Z

ol(Sy nSY) ivm(sl)

L v
s, 1000
which proves(8).
Sowe canassumethat vol(S?)  vol(S;)=2 and similarly vol(S?)  vol(S;)=2. Forany u 2 S?
andv 2 S9,

1
dy (PusPv) 1 Pu(Sz2) Pu(S1)>1 ﬁ):
Thus, by Lemma[1, either
1
de(uv) 3 7)
or 2
ju vj p—ﬁ maxf F (u); F (v)g: (8)

Wewant to apply TheoremZJto the partition S?; S9; S9 and the function h(x) = s(x)=(48Dp n),
where s(x) is asde ned in sectiondwith = 63=64. To verify the condition, let u2 S?, v 2 S9,
and x any point on the chord pq through u and v (where p is the endpoint closerto u than v).
Clearly h(x) 1=3. If [@ holds, then h(x) dk (u;v)=3is trival. Sosupposethat (8 holds.
Let e.g.,x be betweenu and g. Then, using the concavity of s (Lemma[31), we have

s(x) J.X—pj.s(u) 32HF(U) (using LemmaZ2)

ju p
16;8—'0‘_'0 mu vj (using @ above)
= 16dk (U;v) njq Vj
16dk (u;v)D

and henceh(x) dk (u; v)=3 follows again. Thus, Theorem[Z1 applieswith f beingthe uniform
density and we get

vol(S9) 1 z

1
minf vol(S}); vol(S9)g 480" n vol(K) «
1
400D °

Here we have usedLemmal34 with = 63=64. Therefore,
Z

s(x) dx

101 0
Py (S,) dx 5 Toog"°l(S9)

S1

ﬁ minf vol(S?); vol(S9)g

ﬁ minf vol(S;); vol(S;)g

which again proves(G).

5 Pro of of the mixing bound

First note that hit-and-run is invariant under a scaling of space(i.e., thereisa 1l 1 mapping
betweenthe random walk in K and cK) and sothe conductancebound of ( r=nR) follows by



consideringK =r. Next, supposewe start with an M -warm distribution , i.e., for any subsetS
of K, (S) M g (S). Then using Corollary 1.5 of [11], the distribution ™ obtained after m
stepssatis es
P 2. m
dv( ™5 k) M 1 =
2

and soafter m > an%z In ™ steps(C is a constart), the total variation distanceof ™ and
is lessthan "

If we only know that M « exceptfor the subsetsof a setS with (S) < "=2, then we
think of a random point of K asbeing generatedwith probability 1 "=2 from a distribution °
that is (2M )-warm with respectto k and with probability "=2 from someother distribution.
After m steps,we have

m

2
m. _ 4 _ vl -
dtV( ’ K) 2 1 2 n 1 2

which implies Theorem[Ll
In someapplications, the L, norm of w.r.t.  is bounded,i.e., supposethat
VA 2
d d M:
k d

This will alsobe su cien t for mixing. The set

N

d
S= x.d—>—

has measure (S) of at most "=2. So we can apply the mixing theorem with 2M =" in place of
M.

As mertioned in the introduction, Theorem [ can be strengthenedto requiring only that
Ex (jix z«ji?) R? with asmallincreasein the mixing time. It is well-known that the volume
of K outside a ball of radius RIn(2=) is at most a =2 fraction. Thus the conductanceof any

subsetof measurex is at least or

NnR In(2=x)

for some constart ¢. Then the average conductance theorem of [5] implies that after m >
C(n?2R2=r2) In3(M =") steps(where C is a constart), we getthat dy ( ™; ) "

Finally, Corollary [[Z follows by bounding M for the distribution obtained after one step of
hit-and-run.

(x) =

6 Exponential density over a convex body

Here we extend the main theorem to sampling an exponertial density over a corvex body. We
will usethe following notation. Let f be a density function in R". For any line ~ in R", let -4
be the measureinduced by f on’, i.e.,

z

i (S) = f(p+ tu)dt;
p+tu2S

where p is any point on * and u is a unit vector parallel to °. We abbreviate -+ by - if f is
understood, and also -(*) by -. The probability measure -(S) = -(S)= - is the restriction
of f to "

10



For two points u;v 2 R", let “(u;v) denote the line through them. Let [u;v] denote the
segmem connecting u and v, and let “* (u;v) denote the semiline in ° starting at u and not
containing v. Furthermore, let

fruv) = o (T wv);
fo(uv) = (T (viu),
fuv) = ([uvl):

Forany T > 0, let L(T) = fx : f(xX) Tg be the level set of function value T. It will be
corveniert to let , denotethe volume of the unit ball in R".

6.1 Distance

The following \distance" was usedin [1Z]:

f(u; )T (C(u;v))

dr (uiv) = f (uv)f*(u;v)’

(This quartity is not really a distance, sinceit doesnot satisfy the triangle inequality. To get a
proper distance function, one could considerIn(1 + d; (u; v)); but it will be more corveniert to
work with d .)

Note that when f is the uniform distribution over a corvex setK , then d; (u;v) = dk (u; V).
The next lemma describeshow the two are related in general.

Lemma 6.1 Let f be a density function in R" with supprt a convex body K. Let G =
maxg f (x)=ming f (x).

1. df (u;v)  dg (u;v):

2.
minf 3; d; (u; v)g.

d (U5v) 6(1+ InG)

The rst inequality is Lemma 5.9 in [IZ] and the secondinequality is a direct implication of
Lemma5.11in [17.

6.2 Step-size

Let f be adensity function whosesupport is a convex body K . We de ne three parametersthat

all measurethe local smoothnessof f . First, for a xed and , wede ne

vol((x + tB)\ L( f(x)))
vol(tB)

(x;t) = and s(x) =supft2 Ry : (x;t) (o}

Second,we de ne F(x) by

ol =

Pix yi FX)=
wherey be a random step from x. Third, we dene (x) (asin [1Z]) asthe smallests 3 for
which a hit-and-run stepy from x satis es

P STO) e

Wewill shortly x =3=4and = %. Note that (x;t), s(x) and F (x) asde ned hereare
generalizationsof the de nitions in Section[d (where f (x) wasthe uniform density over K).
The following lemma was proved in [12].

11



Lemma 6.2 ([1Z], Lemma 6.10)

CEIN C) B

Our next lemma extendsa crucial property of s(x) to exponertial functions (it doesnot hold
for generallogconcave functions).

Lemma 6.3 Suppsef (x) is proportional to e a'x inside a convex body K and zem outside.
Then for any xed ; > 0, the function s(x) is concave.

Pro of. Let x1;x2 2 K with s(x1) = ry and s(x2) = r,. De ne
Ap=fy2x+riB :f(y) f(x1)g andA;=fy2 x,+ 1B f(y) f(x2)g
Now let x = (X3 + X2)=2 and considerA = (A; + Az)=2. Any point y 2 A can be written as

1+ 2o

= x+
y X >

for somez;;z, such that z; 2 r1B and z, 2 r,B. Thus

rg+r
+1 2

A
2

B:
Also, sincef (x) is proportional to e a'x e have f ((x+ y)=2) = P f (X)f (y) and so for any
y2A,

p
fo) = 12 =T Fof o)

wherey; 2 A; andy, 2 A,. By the de nition of these subsets,f (y1) f (x1) and f (y2)
f (x2). Thus

pP_——— X1+ X
f(y) f(x)f(x2) = f 12 2 = f(x):
and so ot
A fy2x+ 2 2B:f(y) fX)g

Finally, by the Brunn-Mink owski inequality,
VOI(A) ™ % VOI(A1) " + VOI(Az) ™

HEDRCEES

1
ri+ro n
—B :
2

1
n

vol

It followsthat s(x) (ry+ rp)=2.

Next, we bound the expected value of s(x).

Lemma 6.4 Letf beanylogoncave density suchthat the levelset of f of measure 1=8 contains
a ball of radiusr. Then with = 3=4 and = 63=64,

B () orpP=

12



Pro of. Let Lo be the level set
Lo=fx:f(X) fog;

such that the measureof Lq is 1=8. For i = 1;2;:::, considerthe level sets
3
L = fx : f(x) 2 fog
Note that sincef islogconcave,ead L; is a corvex body. We will rst bound E; (1  (x;t)) as
fzollows: 7 7 7
£ (0 dy 1, X fo dy
RN y2x+ 1B :f (y)< 3f (x)=4 VOI(tB) 8 ., (4=3) 1 ,oLinL; 1 y2x+wnL; VOI(IB)
X Z

1 + fo dy

8 . (4=3) ' 2L, yax+wmnL, VOI(IB)

1 tnX fo

. — ————vol(L;):

st 7 @=my 1ot

[
In the last step, we applied Lemmal[Z3to the convex setL; which contains a ball of radius r by
assumption. Now for any x 2 Lj nL; 1,
fo fo
_ <
@y T @y

Using this,
X fo X 4,
| WVOI(LI) | WVOI(LI nLi 1)
Z
16 f(x)dx < 6:
3 e
Thus, p

1 3t n
. L, :
@ () g .
Next, since (x;t) canat mostbe 1, we get
Z p_
1
Fx)dx = %

x: (xt) 3=4 2

We will usethe following claim to completethe proof: If (x;t) 3=4then for c> 1,

(xt=g 1 e (& D=2

To seethe claim, note that since (x;t) 3=4, there must be a ball of radius t:2p n inside K
certered at x. The claim then follows by applying Lemma 4.4 in [17].
Setting c = 16 above, we get (x;t=16) 1 e °%2 > 63=64. Using this,
z

1212

1_62t=0 X: (xt) 3=4
14t 12”7
16 o r

r

P

s(x)f (x) dx f (x) dx dt

R
+

dt

1
2

We can also relate the maximum value of s(x) to the diameter D.

13



Lemma 6.5 Let G = M« [(X) yhepf s proportional to e a' X with supprt K. SupmseK

min g f (x)
has diameter D. Then,

P

InG ' ¥

Pro of. Lett = 15jaj. Then alongthe direction of a, the function value drops by 1=eead time
we move distancet. Hence,

mKaxs(x) minf

D
NG’
On the other hand, for any point x, we claim that
s(x) 2tp n:

To seethis, considerthe nearestpoint y along the line through x in direction of a with f (y)

f (x)=2. This point satises jx yj t. Now the portion of the ball x + s(x)B in the halfspace
fz:a'z a'yg musbhave volume at most 1=4 of the volume of s(x)B by the de nition of s(x)
(in a ball of radius 2t n, a halfspaceat distancet from the cernter cuts o at least 1=4 of the
volume of the ball). This implies the inequality. The lemma follows.

The next lemma is about the step-sizealong a given line.

Lemma 6.6 Letf be logooncave and ~ be any line througha point x. Let p;q be intersection
points of = with the boundary of L(F=8) where F is the maximum value of f along ~, and let
s= maxfjx pj=82jx (=32g. Choosea random point y on " from the distribution -. Then

Pl ¥i> 9>

Pro of. We will usethe following obsenation. For any logconcave function g that is nonin-
creasingon an interval [a; b
z
e 9@ g(b)
x)dx ja — = !
an 20 1 g o)
The proof is by noting that the exponertial function with value g(a) at a and g(b) at bis a lower
bound on any such function.
In our case, supposef attains its maximum at a point z 2 [p;q]. Then, applying the
obsenation separatelyto the intervals [p;z] and [z; g], we get
z

TF
f(x)d — B
[pia) PO gingh 9
Also, by Lemma 3.5(a) in [1Z] (whoseproof usesa similar reduction to the exponertial function),
P(y 2 [p;q]) 7=8. We now considertwo cases.If x 2 [p;q], thens jp ¢@=32and so

2sF In8 1

Pl vi 9 f(x)dx 14 &

[p:ql
Supposex 67p;q]. Let u be the unit vector alongp ¢g. Then,

- . Lo P
jIX  su;x+ sul\ [p;d] 3
and so,
. . 1 Fip =32 1
PUX ¥ 9 §* 7Fp q=mns -

Finally, s(x) givesa lower bound on F (x) asin section@

14



Lemma 6.7 If 63=64 and 3=4, then

F(x) %:

Pro of. What we needto proveis following: If x 2 R", and s > 0 satis es
vol (x + sB)\ ff f(x)g (1 )vol(x + sB);

then for a hit-and-run stepy from x,

S 1
% 3 (9)

Let p denote the fraction of the surfaceof x + (s=2)B in the setff f (x)g. Clearly

P(x i

vol (x + sB)\ ff f(x)g pvol(x+ sB) wvol(x+ (s=2)B)=(p 2 ")vol(x + sB);
by our hypothesison s,
1
3_2.
Thus if we choosea random line through x, with probability at least 15=16 it will intersectthe
surfaceof x + (s=2)B in points z;;z, with f (z) f (x).

Supposethat we have chosensud a line, and let u be a unit vector parallel to this line. Then
we have

p 1 +2 "

S S
f(x+tu) f(x) ( 5 U E)’
and also (by logconcavity)

f(x + tu) At=sf(x) (1 <t<1):

We have

s Z s=64 Z,
Pix vj — = f(x+ tu)dt f(x+ tu)dt:
64 s=64 1
Here Z, Z
f(x+ tu)dt f(x+tu)dt s f(x);
1 s=2
while Z o
S=
S -
f(x+t)dt — 2 (x);
s=64 32
and so 1 1
Pix S <= R

64 32 16
Thusthe probability that jx yj s=64isboundedby 2p+ 1=16 1=8. This provesthe Lemma.

6.3 Conductance

For a point u 2 K, let P, be the distribution obtained by taking one hit-and-run step from u.
Let ¢ (u;x) bethe integral of f alongthe line through u and x. Then,

2 z f (x) dx

Nnn a fUX)jx un 1’

(10)

Pu(A) =

The next lemmais analogousto LemmaMl It holds for any logconcave density f , although
we know how to useit only for the exponertial density. Its proof is closely related to Lemma
7.2in [12].
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Lemma 6.8 Letu;v2 K. Supmsethat
1

dr (u;v) < IR O)

and ju vj< Zfe:)L—ﬁmafo(u);F(v)g:

Then 1
dwv (Py;Py) <1 —
v (PuiPv) 500
Pro of. We will show that there existsa set A K such that Py (A) % and for any subset
A A,
1
Py (A — Py (AY):
V(A) Py (A
To this end, we de ne certain "bad" lines through u. Let be the uniform probability
measureon lines through u.
Let B; be the set of lines that are not almost orthogonal to u v, in the sensethat for any

point X 6 u on the line, 5
ix uwiu vj> P=ixuju Vi
The measureof this subsetcan be boundedas (B;) 1=8.

Next, let B, be the set of all lines through u which contain a point y with f (y) > 2 (u)f (u)
(see Section 6.2 for the de nition of ). By Lemma 3.5(a) in [1Z], if we selecta line from B,
then with probability at least 1=2, a random step along this line takesus to a point x with
f(x) (wf (u). From the de nition of (u), this can happen with probability at most 1=16,
which implies that (B,) 1=8.

Let A be the set of points x in K which are not on any of the linesin B; [ B2, and which
are far from u in the senseof LemmalE®

X ouj 3—2maxfju pj;ju  dg:

Applying LemmalEd to ead sudc line, we get

1 13_1
Pu(A) (1 3 é)Z>§'
We will show that for any subsetA® A,
1
Pu(AY  SogPu(A)

using the next two claims.

Claim 1. For every x 2 A,
. . 1. .
X ovp 1+ H)Jx uj:
Claim 2. For every x 2 A,
(v;x) < 64jx v (u; x):
f ’ JX uj f ) .

Claim 1 is easyto prove (cf. [9]) and the proof of Claim 2 is identical to that givenin [1Z].
Thus, for any A° A,
2 z f (x) dx
n f(vix)jx vjn 1
2 X ujf (x) dx
64n , 50 £ (uyx)jx  vjn

PV(AO) =

=)

i

2 f (x) dx
6den , o0 f(U;x)jx ujn 1
1
aePu(AO).
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The lemma follows.

We are now ready to state and prove the main theorem.

Theorem 6.9 Letf be a density in R" proportional to e a’ x whosesupport is a convex body
K of diameter D. Assumethat any level set of measure 1=8 contains a ball of radiusr. Then
for any subsetS, with {(S) = p 1=2, the conductane of hit-and-run satis es

r
S) —me s
103nD In("r—p
Pro of. The proof hasthe samestructure asthat of TheoremHE2
Let K = S1[ S, bea partition into measurablesets,whereS; = Sandp=;(S;1) t (S2).
We will prove that
z

P, (Sy) dx '

—— (S 11
1 100D In 75 1 (51) (D

Consider the points that are deepinside thesesets:

1 0_ : 1
mg and S; = fx 2 Sy : Px(S1) < Wg.
Let S? be the resti.e., S= K nS{nSJ.

Suppose ¢ (SY) < ¢ (S1)=2. Then
Z

S9=fx 2 S;: Py(Sy) <

1 o 1
., Px(S2) dx 1000 | (S1nS)) 2000 | (S1)
which proves ([I).
Sowe canassumethat ¢ (S9)  ¢(S1)=2 and similarly ¢(S9) ¢ (S2)=2.
Next, de ne the exceptional subsetW as set of points u for which (u) is very large.

27

W=fu2S: (u) 2”nb
rp

By LemmalE2, p
W) omp
Next, for any u2 S9nW andv2 SInw,
1
. S L.
dtv (PUa Pv) 1 Py (52) Pv(Sl) 1 500

Thus, by LemmaB3g, either

1 1

WUV TEnEs @) @nm

or

ju vj Z&ﬁ maxf F (u); F (v)g:

But by LemmasEl and 64 this implies that either

1
215 |n %(1 +1InG)

dk (u; V) (12)

17



or
ju vj Z—Sé—ﬁmaxfs(u);s(v)g (13)

holds. Now, by LemmalE3, condition (@) implies that

1 maxs(x)

dk (u; V) 5 —P=
2171n ’:—p nD

(14)

Next, we de ne

S(x)
h(x) = o= P=—"—mp
) 219D nin 12
and apply TheoremZ to the partition SYnW, S9nW and the rest. If (@) holds, then clearly
h(x) dk (u;v)=3. Otherwise, (I3 holds. Let x be a point on the chord pq of K, say between
u and g. Then, using the concavity of s (LemmaE3),

28jq pipP—.
ju p

: ' njuvj
Ju IOJJ :

28d¢ (u;v)D' n

s(x)

and henceh(x) dg (u;v)=3 again. Thus,

1 (S Er (h) 1 (SnW) ((SgnW) (W)

r
o= f(S1):
230nD In £=

Here we have used Lemmalgq and the bound on ; (W). Therefore,

Z
1 1 o
S, Py (S2) dx 2 1000 f (S3)

r
——— 1 (S1)
10%3nD In %

which again proves ([I)

6.4 Mixing time

Sincef satises E; (jx zj?) R?, weconsiderthe restriction of f to the ball of radius R In(4e=34)
around z; and then by Lemma5.17in [1Z], the measureof f outside this ball is at most a=4. In
the proof of the conductancebound, we can considerthe restriction of f to this set. In the bound
on the conductancefor a set of measurea, the diameter D is e ectiv ely replacedby R In(4e=3a).

The bound on the mixing time then follows by applying Theorem along with either
Corollary 1.6 in [I7] or the averageconductancetheorem of [5]. For the latter, we have that for
any subsetof measurex, the conductanceis at least

cr Cr

(x) nRIn(nR=rx) In(4e=X)  nR In?(nR=rx) :

Then the theorem of [5] implies that after m > C(n2R2?=r2)In°(M nR=r") steps, we have
Ao (M5 of) <"
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