CS 3500 Section A, Spring 2000

Final Exam Solutions

Problem1  Arrange the following 6 functionsin increasing O order: 4n + n'°97, logn + n%%2, n8 27 nl, 20n2.

Solution :
logn + n0-02

20n2

n3

4n + n'ogn
27’1

n!

Notice that n'®" islarger than any constant power of n, S0 4n 4 n'%9" = ©(n'°9") should come after n°. To see
that 4n + n'°9™ comes before 27, use the identity n = 2'°9” to get that

plogn _ (zlogn)logn _ 2(Iogn)2 < o

for large enough 7. O

Problem 2 Use the master theorem to find the © solution to the recurrence

T(n) = 2T(n/4) + 3vn + log? n

Solution:  Using the notationsin the master theorem, wehave @ = 2,b = 4, and f(n) = 3/n +log? n = O(n%/?).
Sincelog,2 = 1/2, f(n) = ©(n'°%2). Hence, by Case 2 of the theorem,

T(n) = ©(nY2logn) = ©(y/nlogn)

O

Problem 3  Label the following binary tree with numbers from the set {6,22,9,14,13 1,8} so that itisalega

binary search tree.



Solution:  Theinorder enumeration of the nodes should give the numbersin sorted order:

e

Problem 4  Construct the Huffman tree corresponding to letter frequencies of 4,5,7,8,12, and 20.
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Problen5  Describe an O(nlogn) time agorithm to test whether a sequence ay, . . ., a,, Of integers contains any
duplicates.

O

Solution: TheHuffmantreeis:

O

Solution :  Sort the sequence using an O(n logn) algorithms, such as heapsort or merge sort. Then traverse the
sorted sequence, checking whether any two consecutive elements are equal. Sincethislast step adds only O(n) tothe
running time, the whole algorithm runsin O(n logn). ]

Problen 6  Describe an O(nlogn) time agorithm that, for given integers « and aq, . . ., a,,, determines whether
or not there exist two «;’swhose differenceis exactly «.

Solution:  One possiblity isto sort thearray in O(nlogn) time, then binary search for each a; +  in the sorted
array (thistakes O(n logn) more time, since each binary search can be performed in O(logn) steps).
A more e egant solutionisto reduce this problem to the previous one. Construct the sequence

a1, az,...,0n, @1+, d2+,...,0, + 2

after eliminating duplicatesin ay, . . ., a,, if any, using the O(n logn) time algorithm given for the previous problem.
Now test again for duplicates in the newly constructed sequence. If any duplicateis found, it can only be produced
by a pair of indices for which a; = a; + «, which means that ¢; — a; = x. The running time of this last step is
O(2nlog(2n)) = O(nlogn), so thisagorithm still takes O(n logn) time overal. ]



Problem 7  You are given a sequence of positive integers ay, ay, ..., a,,, and a positive integer B. Your goal isto
determine if some subsequence of ay, a», ..., a,, SUmsto exactly B. In other words, determineif thereis a subset S of
(not necessarily consecutive) indicessothat ) ;. a; = B. Givean O(nf3) dynamic programming algorithmfor this
problem.

Solution: Foreveryie€ {1,...,n}andbe {1,..., B}, let

ists(i,b) = TRUE, thereexistsasubsequence of ay, . .., a; summing up to exactly b
crrstsiy, o) = FALSE, otherwise

Clearly, exists(1,0) = TRUE if b =0o0rb = aq, and exists(1,b) = FALSE for al other b's. Also,
exists(i + 1,b) = exists(i, b) OR exists(é,b — aij41)

Using thisrecurrence, we can compute al values exists(i, b) in O(nB). The answer to the original question is given
by exists(n, B). O

Problem 8  For agraphwithn vertices and m edges, Prim’'sM ST agorithmrunsin O(m logn) if () isimplemented
as a binary heap, and in O(n?) timeif @ isimplemented as an unsorted array. What relation must exist between m
and » (i.e., how dense must the graph be) for the array implementation to be asymptotically faster than the binary heap
implementation?

Solution :  The array implementation is at least as fast as the heap implementation if mlogn = Q(n?), or

2
m:Q(Ic:;n). O

Problem 9 Describe an O(m) agorithm for computing single-source shortest paths in a connected undirected
graph with edges of weight 1 or 2.

Solution : It is possible to give a modification of Dijkstra's algorithm that runs in O(m) by using a “bucket”
implementation of the priority queue. It is also possible to modify breadth-first search to handle graphs with edge-
weightsof 1 or 2. The following solution uses an unmodified breadth-first algorithm, by converting the shortest-paths
problem in a graph with edge-weights 1 or 2 to a shortest-paths problem in a graph with unit edge-weights.

Suppose G is a graph with n vertices and m edges of weight 1 or 2. Construct a new graph GG’ obtained from G
by subdividing each edge of weight 2, i.e., by adding a new vertex v, for each such edge ¢, deleting e, then adding
two edges of weight 1 connecting v. to the two ends of e. Clearly, this transformation does not change the weight
of the shortest paths. Since GG’ has only edges of weight 1, the shortest paths can now be computed by using BFS.
The running time of this BES is O(n’ + m/), where »’ and m’ are the number of vertices and edges in G’. Since
n' = O0(n+m), m = O(m), andn = O(m), it followsthat the overall running timeis O(m). ]

Problem 10  Two graphs G1 = (Vi1, F1) and G = (Va, E,) areisomorphicif there exists abijection f : V1 — 1%
such that (u,v) € Eq iff (f(u), f(v)) € Ea. A graph G = (V2, E») is a subgraph of a graph Gz = (V3, E3) if
Vo C Vaand B, C E3. Let SUBGRAPH_ISO be the problem of deciding whether a graph (1 isisomporphic to a
subgraph of agraph (i3, i.e.

SUBGRAPH_ISO = {< G/1,G3 > | G1 isisomorphicto asubgraph of G5}

Noticethat SUBGRAPH_ISOisintheclass NP, sinceitis easy to verify that (1 isisomorphicto a subgraph of G'3
if the subgraph and the isomorphism mapping are given. Complete the proof that SUBGRAPH_ISO is NP-complete.

Solution:  Wewill prove that CLIQUE reduces to SUBGRAPH_ISO. Let < G, k > bean instance of CLIQUE.
Let G1 be acomplete graph on & vertices, and Gi3 = G| clearly thepair < G'1, Gz > can be constructed in polynomial
timefor given G and k. Since acliquein G is nothing but a complete subgraph, it followsthat G has a clique of size
k if and only if G5 isisomorphic to a subgraph of (3. O



