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Mixture Densities and
Radial Basis Function Networks

Frank Dellaert
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Sources

• C. Bishop: Neural Networks for Pattern 
Recognition (Chapter 2 & 6)
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Locally weighted Averaging
(Kernel Regression)
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Classification Problem:
given midterm score x,
determine Grad/Undergrad
Classes = { Cg,Cu}

Estimate class-conditionals
P(x|Cg) and P(x|Cu)
and Priors P(Cg), P(Cu)
using Parzen Windows
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Parzen Windows
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Calculate Posterior !
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Posteriors
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KR Multiple classes

• one-in-c encoding
– class 1 = 1 0 0

– class 2 = 0 1 0

– class 3 = 0 0 1

• KR still works !
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Density Estimation

• Kernel Regression
• Gaussian
• Naïve Gaussian
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Classification using Gaussians
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Mixture Densities

• Hierarchical
• Mixture of Gaussians
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Clustering

$$$
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Estimating Mixture Parameters

• Given component membership
• Estimate mixture coefficients P(j) = Nj/N
• Parameters of Gaussian: sample means and 

sample covariance
• If naïve mixture: diagonal covariance
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Most Probable Membership

• Given component parameters ?
• What is probability xi belongs to comp. j ?
• P(j|xi) ~ P(xi|j)P(j)
• most probable j = argmax P(xi|j)P(j)
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K-Means Clustering

• initialize randomly
• calculate probable membership
• re-calculate mixture parameters



9

January 2002 Copyright (c) 2002 Frank Dellaert 17

Clustering using the
K-Means Algorithm
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Probabilistic Membership

• given mixture parameters
• is exactly P(j|xi)
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Expectation-Maximization

• initialize randomly
• calculate expected membership
• re-calculate mixture parameters

January 2002 Copyright (c) 2002 Frank Dellaert 20

Clustering using the Expectation 
Maximization Algorithm (EM)
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Classification using Mixtures

Now P(x|Ck) is mixture !
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Density Estimation
• Kernel Regression
• Mixture Densities
• Gaussian
• Naïve Gaussian
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Number of Parameters

• Naïve Gaussian: 2d
• Gaussian: d(1+d)
• Naïve Mixture: 2Md 
• Gaussian Mixture: Md(1+d)
• Parzen: N + 1
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Radial Basis Function Networks
• share bases
• radially symmetric Gaussians
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Unsupervised Learning

• p(x|k) = � j p(x|j)P(j|k)
• p(x) = � k p(x|k)P(k)

= � k � j p(x|j)P(j|k)P(k)
= � j p(x|j) � k P(j,k) 
= � j p(x|j)P(j)

• This is a mixture
• Learn using EM !
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What are the bases, weights ?

• p(x|k) = � j p(x|j) p(j|k)
• p(x) = � j p(x|j)P(j)
• So, Bayes Law:

p(k|x) = � j p(x|j) p(j|k) p(k)       p(j)
--------------------------- *  -----
� j’ p(x|j’ )P(j’ )               p(j)

= � j wkj Gj(x)
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Normalized Bases, Weights

• Gj(x) = p(x|j) p(j)
------------------- = P(j|x) 
� j’ p(x|j’ )P(j’ ) 

• p(k|x) = p(j|k) p(k) 
-------------- = P(k|j)

p(j)
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Classification using RBF

• basis = p(j|x) feature j posterior
• weight = p(k|j) posterior of class given j

• � j wkj Gj(x) = � j p(k|j) p(j|x) = � j p(k,j|x) 
= p(k|x) 

• finding weights = iterative ML
• priors built in
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Kernel Regression

• as a regression method
• one Gaussian per point
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Exact Interpolation

• kernel on every point
• matrix inversion
• multiple dimensions:

• E = 0.5*(t-Bw)’  *  (t-Bw)

• -B’*(t-Bw)=0 � B’B w = B’ t � w = B-1t
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Radial Basis Function Networks

• less bases M<N
• position bases undetermined
• individual widths
• bias parameters
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Training

• given fixed bases
• pseudo-inverse:

• E = 0.5*(t-Bw)’  *  (t-Bw)

• B’B w = B’ t � w = (B’B)-1B’t = B†t
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Basis Functions

• EM mixture estimation
• clustering
• subset
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The End


