1 Problem 1

Let’s write formulas for the initial sections of the B-splines of degrees 1, 2 and
3. Bj is simply a piecewise linear curve joining the consecutive control points
(in particular its starting point is Pp):

B, — (1—t)P0+tP1 ift € [0,1)
YTl @-t)P +(t-1)Py ift €1,2)

To compute Bs for t € [0,1) we use the averaging definition:

Bo(t) = [/ Bi(u)du = [ Bi(u)du+ [ Bi(u)du

= [{(Py +u(P1 — Po))du+ [T ((2P1 — P2) + u(P, — P1))du

=1 —=t)Py+ (1/2—t2/2) (P, — Py) + t(2P; — Po) + ((t + 1)?/2 — 1/2) (P, — Py)
1—t)Py+ (1/2 —t2/2)(P1 — Po) + t(2P1 — Po) + (?/2 + t) (P> — Py)
Py+ P1)/24t(PL — Py) + t*(P, — 2P + Py) /2.

—~

In particular, the starting point of By is By(0) = (Py + Py1)/2, i.e. the
midpoint between the first two control points. Now we compute the starting
point of Bs:

1
1 2 1
Bg(O) = / Bg(u)du = (P0+P1)/2+(P17P0)/2+(P272P1+P0)/6 = 6PO+§P1+6P2
0

2 Problem 2

One can just compute the two polynomials Bp, p, p, p; (t/2) and Bp, py, Py1s Poras (t)
and ‘simply’ compare the coefficients. That’s quite a lot of calculations though.
A less involved method is based on the following observation:

For four numbers, A, B, C, and D there is one and only one cubic polynomial
P(t) such that P(0) = A, P'(0) = B, P'(1) =C and P(1) = D.

Why? If P(t) = a+bt+ct?+dt3 then P(0) = a, P'(0) = b, P(1) = a+b+c+d
and P'(1) = b+ 2c+ 3d. For given A, B,C, D one can therefore compute the
coefficients a, b, ¢, d uniquely from the system of 4 equations with 4 unknowns:

a=Ab=B,a+b+c+d=C,b+2c+3d=D.

Now, look at the two cubic polynomials Bp, p, p, p; (t/2) and Bp, py, Py1oPe1as (t)-
They have the same values at ¢t = 0 (since a Bezier curve starts at the first con-
trol point). By the deCasteljau algorithm, they also have the same values at
t = 1. From the formula for Bezier curves, it’s quite easy to compute the veloc-
ity (derivative) at the starting point (t=0): it’s three times the vector joining
the first and the second control point. Therefore,

=3/2(P — P)

DN | =

d
EBPOP1P2P3 (t/2)1t=0 = 3(P1 — Po) *

and J
EBP0P01P012P0123 (t) = 3(P01 - PO) = 3/2(P1 - PO)



In a similar way one can verify that the derivatives are the same at ¢ = 1. This
means that the two polynomials are the same and therefore

BP0P1P2P3 (t/2) = BP0P01P012P0123 (t)

3 Problem 3

Draw the convex hulls of the control points. Can the curves stay within their
hulls, start and end at the first and last control points without meeting each
other somewhere in the middle?

4 Problem 4

Any point on the interval joining P, and P, will be OK. Use the fact that
the tangent vector to the Bezier curve at the starting point points in the same
direction as the vector from the first to the second control point. Similarly,
the tangent vector at the endpoint points in the same direction as the vector
from the second last to the last control point. Two curves join smoothly if the
tangent vectors at the endpoint of the first curve and the starting point of the
second curve point in the same direction.



