1 Rays

A ray in 3D is described by its origin o, a 3D point, and the direction cf, a 3D
vector. A point on the ray has the form o + ¢ x d, where t is a nonnegative
number.

2 Ray-Sphere Intersection

A sphere is described by its center ¢ and radius r. A point p belongs to the
sphere if its distance from the center is equal to r, i.e. |ép| = |p —¢| = r.

An intersection of a ray o+ td and a sphere centered at ¢ and having radius
r can be found from the above equations by substituting p := o+ td:

r=lo+td—c| = |co+td.
By squaring both sides of the above equation we obtain
12 =0 + 2(co - d) x t + |d]? = 2.
We can write this as a quadratic equation
A’ + Bt+C =0,

where

A= |d_12’

B =2(¢o-d),
and
C =|co]* —r
Forgetting that we need ¢ >= 0 for a while, we can say that the number of
solutions depends on its discriminant A = B2 — 4AC:
1. if A <0, no solution exists (ray certainly misses the sphere)
2. if A =0, there is only one solution (geometrically, this means a tangency)

3. if A > 0, there are two solutions.

In the second case, the solution is given by —B/(2A) and in the third case, the
two solutions are given by (=B £ v/A)/(24).

Since ray extends only in one direction (positive t), the solutions with ¢t < 0
have to be rejected. Also, both for shadow and visibility calculations only
the closest intersection matters. Therefore, what we really want is the least
nonnegative ¢ that solves our intersection equation. This means that:

1. In case 1., we should report that there is no intersection



2. In case 2., we should report there is no intersection if ¢ < 0 (which happens
to be equivalent to B > 0 since A > 0); otherwise, we should return the
solution ¢t = —B/(2A4).

3. In case 3., we should return the least positive number of the two ¢’s. If both
are negative, we should report no intersection.

3 Ray-Triangle Intersection

A 3D triangle is defined by its vertices, three points in 3D. Let’s call them
a1, as and as. To decide whether a ray intersects a triangle and compute the
intersection point, we proceed in two steps.

1. Compute the intersection of the triangle’s plane and the ray; if there is no
intersection, report 'no intersection’

2. Decide whether the intersection point is inside or outside the triangle.

3.1 Step 1.

The normal vector to the triangle’s plane can be computed by
= (11?12 X aﬁlg.

Then, the plane can be described by the following property: a point p belongs
to it if and only if
aip-n=0.

Substituting p := o + tinelds:

and so oL
ajo -1t

t=——o—.

d-n

Similarly to the sphere case, if ¢ < 0, we can safely report 'no intersection’.
Otherwise, we still need to test whether the intersection point (which can be

—

computed from the ray equation, as o + td), is inside the triangle or not.

3.2 Step 2., using the Cross product

This is one of numerous ways to do this which I happen to like best.

Look at the directions of the cross products pd, X pds, pds X pds and pds X pdy .
Notice that they need to be parallel to the plane’s normal vector. If all of them
point in the same direction, p is inside the triangle. Otherwise, it is not. To
check whether two vectors point in the same direction or not, compare the signs
of one of their coordinates. To avoid numerical problems, select a coordinate
which has large (or better, largest) magnitude.



4 Local reflection models

L = unit length vector towards the light source
V = unit length vector towards the eye

N = normal vector to the surface

R =L reflected about N

Figure 1: Vectors needed for lighting calculations

... Take a look at Section 6.2.1, which I followed in class. Be sure to know
the formula
R=—-L+2x(N-L)N
and understand where it comes from. For colorful objects, we have the following
formulas for the red, green and blue components:

Case 1 Iff-]\720:

— —

I = kaydy + Ii(kar(L - N) + ks(max(0, R - V)™))

1!

= — — —

Iy = kagla + Li(kag(L - N) + kg(max(0, R - V)™))
Iy = kapla + Ii(kap(L - N) + ks (max(0, R - V)™)).

Case 2 If L-N <0 (or the point we are looking at is in shadow), we use only
the ambient light terms: I, = koo, Iy = kagla, and Iy = kqpl,.

All the k’s are properties of the surfaces.

5 Putting it all together: a simple ray tracer

A simple ray tracer computes a color for a pixel, say with coordinates (7, j) on
an m x n-pixel screen as follows.

First, it computes the closest intersection point of a ray (call it an eye ray)
originating from the eye and passing through the center of the pixel (i,j) with
the objects in the scene. The screen is described by a point [, its lower left
corner, and two vectors h and l_: running along its horizontal and vertical edges



<Y

Figure 2: Screen in the virtual world and ray through the center of a pixel (i, j).

(respectively, Fig. 2). This intersection point will tell us what is visible "through’
that pixel. The ray is described by:

Origin: e, the eye.

Direction: (l + (i;‘s) « h 4+ (j:‘r’) * 17) —e.

The formula for the ray direction can be obtained like this: to reach the lower
left corner of the pixel from [ (the lower left corner of the screen) we need to
move ¢ times by the vector running along the horizontal edge of a pixel and j
times along the vector running along a vertical edge of a pixel. These vectors
are i_i/m and ¥/n. Then, we need to move from the lower left corner to the
center of the pixel, i.e. by .5 % E/m +.5%7/n. Hence the formula for the center
of the pixel (4, 7):
(l—l—w*ﬁ—i—ﬁ—ﬁ*ﬁ).
m n

Subtracting e gives the coordinated of the vector running from e to the center
of the pixel, i.e. the direction vector for the eye ray.

To compute the intersection of that ray with the objects in the scene, one
can simply go over all the objects and compute their intersections with the
ray, keeping track of the closest one (i.e. smallest ¢ parameter for which an
intersection happens).
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Figure 3: Eye ray and shadow ray

Once the closest intersection point (call it p) is computed, we need to decide
whether it is in shadow or not. First, notice that if p is facing away from the
light then it is certainly in shadow. To test whether this is so, look at the dot
product N - p?), i.e. the dot product of the normal vector at p and the vector
starting at p and pointing towards the light source (Figure 4; note that this
corresponds to Case 2 in Section 4). If it is negative, then p is facing away from
the light and therefore it cannot be lit and we can compute the color using only
the ambient term. Otherwise, we need to test whether other primitives block
the light from hitting p. To do this, we consider the ray (shadow ray) starting
at p and ending at the light source b (the direction vector is therefore b — p).
We need to decide whether that ray intersects a primitive different from the one
containing p before it reaches the light source (then p is in shadow) or not (then,
p is lit). We can reuse the closest intersection routine (however, it has to know
it needs to skip the primitive containing p!): if ¢ is the parameter where the
closest intersection happens and ¢ < 1, it means that the intersection is between
p and b and therefore p is in shadow. If either there is no intersection or ¢t > 1
then the point p is lit.

Now, if p is lit then we need to use the full formula for the reflected light
intensity as in Section 4. If p is in shadow, we use only the ambient term and
skip the diffuse and specular terms.

Finally, a remark on normal vectors. If p is on a sphere, then the normal
vector can be computed as |pcz)c|' For a triangle, we can compute the cross
product of vectors running along two edges and then normalize the result (i.e.
divide by its magnitude). It is important to check whether the vector computed
in the above way points towards the viewpoint, i.e. whether the dot product of




N and pé is nonnegative (Figure 5). If not, N should be substituted with —N.
The normal vector computed in this way points to the side of the triangle that
we actually see from the viewpoint.

Figure 4: Points facing away and towards the light on a sphere.

Figure 5: Normals pointing to the side of the eye should be used for all calcu-
lations.



