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1 Review and Basics

1.1 Binary Numbers

Any positive integern can be represented by a sequence of binary digits (i.e.bhtig) 1 ...b2b1 by, whereb; € {0,1}:

k
=0

wherek = [log, n].
Example: 17 =1-2*4+0-2340-224+0-2" +1-2° = 100015

The subscript notation will sometimes be used to denote the base of a number. It will not be included when the context
makes the base obvious. A prefix@f denotes base 16 or hexadecimal notation.

1.2 Two’s Complement

A k bit number can be used to represent ahyositive integers. If a representation for negative numbers is required,
then an extra bit is needed for the sign of the number. In one’s complement notation, the xatueepresented by

1bgbg_1...bab1bg

wheren = bpb,_1...bab1bg andb; is the negation ob;. This representation is undesirable because positive and
negative numbers can not be directly manipulated without converting signs, and there are two representations of zero
(a positive and a negative zero).

In two’s complement notatior2*~! — 1 positive numbers plus zero agli—! negative numbers are mapped to the
2% possiblek bit numbers.

Example:, for k = 3:



Decimal Value 2’s Complement

0 000
1 001
2 010
3 011
-4 100
-3 101
-2 110
-1 111

Numbers in two's complement have some useful properties:
¢ No redundant zeros
e Most significant bit determines if number is negative
¢ Least significant bit determines if number is odd/even
e -1lis“next"to 0

¢ All numbers (positive or negative) can be added without performing sign conversions (sign extension may be
needed though)

Quick way to convert, to —n: invert all of the bits ofn = byb,_1...b2b1 by and then add 1.

Example: (verify with previous table)

3 011
100 (conversion to binary)

101 (add one)

Lol

1.3 Circuit Analysis

It is important to be able to take a circuit, and analyze it to determine the gate delay, wire delays, and required area
for layout. Although any circuit you may implement will have fixed parameters (such as numbers being 32 bits wide),
asymptotic analysis can still be very important for this, because it can still give us an idea of how good a circuit it.
And parameters may vary from one generation of a processor to the next.

As an example, we will design a left barrel shifter, and then determine the asymptotic gate delay, wire delay, and
area requirements. This should also serve as a quick review of some basic principles from logic design.

The left barrel shifter performs the following computation:

z=rx<Lpy = (z<y)l(z>n-y)

wheren is the total number of bits in our number (such as 16, 32, etc.). Note that this is not particularly meaningful
if y > n (shifting a 32-bit number by more than 32 bits is silly). Tke >, and| are interpreted with the standard C
semantics.
Figure 1 shows the circuit layout for an 8-bit left barrel shifter. The argumesptecifies how many positions to
shift by. The top row shifts by four positionsgf = 1, otherwise it doesn’t shift at all. Similarly, the second row shifts
by two positions ify; = 1. In general, for am-bit shifter, thei-th row from the bottom (counting from zero!) shifts
the bits by2? positions. This simply requires several rows of 2-to-1 muxes, each driven it
Note that eachy; must drive the select input for muxes. If there are too many gates connected together like
this, the amount of time required to charge or discharge the gates’ inputs becomes quite large. To prevent unnecessary
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Figure 1: Top: an 8-hit left barrel shifter. Bottom: a fan-out tree for drivingithgignals to the mux select inputs.



circuit delays, thdan-outof a gate is often limited to 4 gates, but this depends on many other factors as well (wire
lengths, the size of the driving gate, the sizes of the gates being driven, etc.). The bottom of Figure 1 shows a fan-out
tree with a fan-out limitation of 2. Another feature of the fan-out tree (apart from being faster than drivingeaés

at the same time) is that the signal will reach all of the inputs at about the same time. For some applications, this may
not matter. For others (such as clock distribution), it can be very critical.

Let us first analyze what the gate delay will be. The gate delay is the number of gates that a signal must pass
through in the worst case. For arbitrary circuits, this can be a very difficult problem to solve, because there may be
many paths through the circuit. Because the shifter has a very regular structure, it is easy to analyze. We already made
the observation that we really only want to shift for valuesdhat are less thalg n'. Therefore, we limity to be
lg n-bits wide. From the earlier explanation of how the shifter works, we know that for every hjtvoé need one
layer of muxes. Thudgn layers of muxes are needed, and the total gate del@ylisn).

Wire delay and circuit area are functions of a particular layout. If a different layout is used, the wire delay and
circuit area can change. In this circuit, it is perhaps a little easier to first analyze the area. The area is simply the width
times the height. The width of the circuit (3(n) because for any row, there amemuxes. Another way to argue
that the width iO(n) is that each of the muxes takes two inputs, which givezusires in parallel, which will also
require a width ofO(n). How about the height? The bottom row requires enough room for two wire tracks to run
horizontally, plus the height of one mux. The next row requires four tracks of wiring, and the following requires eight.
Thei-th row require< - 2¢ rows for wiring, plus the height of the mux. Thus,

lgn—1

height(n) = Z (2-2"+0(1))

=0

TheO(1) is for the height of the mux. It is some constant, but we are not particularly concerned with the exact value.
With some more algebraic manipulation:

Ign—1 lgn—1

height(n) = 2 Z 2+ Z 0(1)
i=0 =0

= 2.(2%" —1)+1gn-0(1)
= 2(n—1)+0(lgn)
= 0O(n)

Therefore, the total area for anbit shifter isO(n) x O(n) = O(n?).

From the circuit layout in Figure 1, the longest distance a signal will travel wiltpevheny = 7 = 1115. In
the bottom levelxzz must travel all the way to the right. This distancelién), because there are— 1 other wires
(or n mux widths) that the signal must cross. In the second row, the signal can only travel a distance of two columns;
four columns in the next row, and so on. You can see that in the worst case, the signal will be able to travel back to
column 6. The total distance traveled will be approximately across the circuit and back, which@gs}illThere is
also some vertical distance that has to be traveled by all of the signals. From our area calculation, we know that the
height of the chip igD(n). We can also see that everysignal starts at the bottom and makes its way to the top, and
no signals every travel in the downward direction. Therefore, the vertical component of the wire delayd$:also
The total wire delay is the sum of the horizontal and vertical components, which still givegs

We did ignore they signals in the above computation. The height of the fan-out tré¥lisn), and there is one
per row. So the true height is really(n) (from before}+1gn - O(lgn) for one fan-out tree per row. This totals up to
O(n + (Ign)?) which is stillO(n), so our earlier results do not change.

Often in circuit analysis, we simply ignore any effects that are due to the wires. Whether or not we should worry
about the wires depends on the situation. For a small 8-bit shifter like the one we just looked at, the overall circuit
delay will probably be dominated by the gate delay. But if we have a 64-bit shifter, there will be about 128 tracks of
wire running horizontally, and 64 muxes to a row. The wires now have to travel some fairly substantial distances, and

logy, x

1We will uselg to meanlog,, In for the natural logarithm, and jusbg when the base doesn’t mattdog, r = Togr

thereforeO(log, n) = O(log, n), and so we may often just omit the base.

for any baseh, and



thus the wire delays may have a significant impact on the overall circuit delay. Anyone who has done a bit of VLSI
layout should be able to appreciate the importance of worrying about your wires.

Asymptotic analysis doesn't tell us exactly how fast or big our circuits are going to be, but it is an important tool
for designing circuits, and for choosing what circuits you want to use. Often, you can tradeoff delay for area (i.e. you
can get a slower circuit that takes up less room).

2 Addition
2.1 The Full Adder: 1-bit addition

In elementary school base 10 addition, we align the two numbers we want to add (the operands) and then proceed one
column at a time, carrying over digits as necessary:

carry: 1 1
X: 1 2 3 4 5
y: + 3 8 1 7 2
Z: 5 0 5 1 7

To add binary numbers by hand, we can do the same thing:

carry: 1 1 1
X: 0 01 0 1
y: + 1 0 1 1 1
zZ 1 1 1 0 0

Notice that each columntakes three inputs;,y; and the carry from the previous colums})( and generates two
outputsz; and the carry to the next column; (). The initial carry in ¢g) is zero. The full adder is a circuit that
computes; ande; 41 givenx;, y; ande;. This is the truth table for the full adder:
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The block diagram for the full adder is shown in Figure 2.

2.2 Ripple Carry Adder

The Ripple Carry Adder (RCA) is the simplest adder. It mimics the “elementary school” approach of adding numbers
by forming a straight chain of full adders, connecting the carry-out of one stage to the carry-in of the next. The block
diagram for the RCA is shown in Figure 3. The carry out of one stage is fed into the carry in of the next stage. The
initial carry in is set to zero, and the last carry out is ignored (or it can be used to detect arithmetic overflow). The gate
delay isO(n) because the carry must sequentially “ripple” throughailll adders. For the straight layout, the area
required isO(n) and the wire delay i©(n).
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Figure 2: The full adder block diagram.
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Figure 3: The ripple carry adder (RCA).

2.3 Carry Skip Adder

The last bit (most significant bit) of the RCA must wait for the carry information to make its way through all previous

n — 1 stages before it (the last stage) may proceed. To reduce this delay, we introduce the concept of the propagate
signal. Our goal is to identify situations where the carry information can be “short cutted”. Let's take a look at one
bit's worth of addition (not necessarily the first bit!):

xz Yy ‘ Cout

0 0 0 «— always 0, regardless of,
?

(1) é 7 — couy @lways equals;,,

1 1 1 «— always 1, regardless of,

In the first and last case, it doesn't matter what the value of the incoming carry is. The middle two cases are more
interesting because these are the cases where the circuit will have to generate a signal based on the carry in. Fortunately,
the signal generated is simply the same as the carry in. For example—f0 andy, = 1, thencs = ¢4. This effect
can be “chained”: ifry, = 0,23 = 1 andy, = 1,y3 = 0, thencs; = ¢4 = c3. In this case, if we detect that both
stages 3 and 4 should simply pass ongmpagaté the earlier carry in, then the carry logic for bits 3 and 4 can be
completely circumvented.

Figure 4 shows how the carry logic can be “skipped”. To compute if biay propagate its carry, it simply has
to check for the case that only one of its inputs (x and y) is a one. This can be easily computed with an xor, and this
signal is called the propagate sign&). If both P, and P, ; are one, then the carry in for these two blocks is passed
directly on to the next stage. The delay of two levels of carry logic has been converted into a single multiplexer delay.
Therefore, the overall number of gate delays has been approximately halved. The key insight here is that although we
can not compute all of the carry in bits at the same time (since they are dependent on each other), we can compute in
parallel whether a certain bit will end up propagating the carry bit or not. This is possible b&¢alesgends only on
x; andy;, both of which are immediately available.

The number of bits to put into a “skip block” is denoted by The circuit just discussed would be a carry skip
adder withk = 2. Figure 5 shows a carry skip adder for= 16 (the number of bits) and = 4. Let us trace the worst
case gate delay for the circuit. First, a carry signal may be generated by the very first blobkf This requires
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Figure 4: A carry-skip adder block (= 2).

Figure 5: Ann = 16 bit carry skip adder witlk = 4 bit skip blocks.P; ; denotes all of the propagate signals fréin
to P;. Hexadecimal notation is used for the indices that are greater than 9 due to space constraints.

going throughk full adders. In the worst case, this carry signal now has to propagate all the way to the last ltock of
bits. This requires going through — 1 MUXs. Finally, the carry may have to propagate through the last bloék of
bits, incurring anothek full adder delays. The total delay is thus:

7(carryskip(n,k)) =2-k-7(FA) + (% - 1) -T(MUX)

wherer(X) is the propagation delay for a gate of tyfle Treating all gate delays as the same ({¥1)), the total
gate delay i€)(k + 7). The question that should be asked now is how is the valiechbsen to minimize the overall
delay?

To minimize the expressio@(k + %), we findk such that the derivate of the expression is zero. In the following,
the big-O notation will be omitted in some steps.

4 (k+ %) differentiate
= 1-4& =0 setequaltozero
= k2 =n
= k=0(y/n)
So to minimize the total gate delay of the carry skip addahould be proportional t¢/n. Substituting this back into

the original expression for the gate delay, we @ét/n + %) = O(y/n). This is a considerable improvement over

the RCA. In the next section, we will again exploit the fact that we can compute propagation information for all bits
in parallel to build an even faster adder.

2.4 Lookahead Carry Adder

In this section, we will only concern ourselves with how fast we can compute the carry bits. Once we have that, the
remaining full adders only add an additiori2(1) gate delay.
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Figure 6: A tree of PGK operators to compuRé& K ;5.

The Lookahead Carry Adder (LCA) extends the propagate signal beyond a simple propagate/don’t propagate to a
three valued signal. The possible values of this new propagate sigmabasgate(P), generatgG), andkill (K). The
meaning of generate is that regardless of the incoming carry bit, we will “generate” a carry bit (carry outis 1). The
meaning of kill is the opposite, in that the incoming carry bit is “killed” and forced to zero. To generat&'sheve
use the following table:

Each block of bits will generate a PGK signal. For two adjacent blocks, the circuit combines the two PGK signals to
output a PGK signal for the combined block. This is computed as follows:

PGK, PGK, | PGK,, = PGK, ® PGK,
K X K
P K K
P P P
P G G
G X G

X denotes “don’t care” or any inputPGK; is the PGK signal for the left block (more significant), aRd: K, is
the PGK signal for the right block (less significant). TRes the associative PGK combining operator. A& K
is K, then the combined PGK signal must also be K. This is due to the fact that when a kill signal is generated, it
is independent of any earlier carries. Similarly for the cas®6fK; = G. If PGK; is P, then the circuit should
propagate the PGK signal from the right block. A tree of PGK operators is shown in Figur@6:Af,; = K, then
it means that regardless of what the carry in for the whole block of 16 bits is, the carry out will be zero. On the other
hand, if PGK 15 = P, then the carry in can bypass the entire 16-bit block.

The PGK tree computes the sigial7 K; in [lgi] ®-delays. What we want is signals, fromPG K all the way
up toPGK,,_1. We could simply use trees, each computing one of tR& K;’s. This is not a good solution because
it unnecessarily uses up a lot of space.



PGK,_PGK,_$GK,_3 PGKy; PGK, PGKj

% |

Pn_1 Pp_2 Pp_3 Py Py Py

Figure 7: A linear chain of operators to compute all of theG K; signals.

Observe again that what we want to compute is:

PGK() = PO
PGK, = P®PF
PGKy; = PP ®F
PGK,_1 = P,1®P, 2® - QPI®F
or
J
PGKJ - ®Pn

There is a very regular structure. The PGK equations can instead be written recursively as follows:

Py ifi=0

PGK; = {pi®PGKi_1 otherwise

One simple way to compute all of theGK;’s is to directly implement this recursive formula in hardware. This is
shown in Figure 7. The problem with this approach is that it takés) gate delays to gegPGK,,_1, which does us
no good.

Let us return to the PGK-tree in Figure 6. We will use the subtree that combBijngsoughP; as an example.
Remember that the full adder in bit positibactually wants the signal from one position earlier, 1. So bit position
1 wantsPG K, which is simplyP,. We can pass this signal directly to position 1, as illustrated in Figure 8. Position
2 wantsPG K1, which is conveniently the output of the right subtree. Lastly, position 3 W&rf>, which can be
computed by combining? with the output of the right subtree.

Let us consider the next subtree covering bit positions 4 through 7. Position 4 R&IRS, which (similar to
PGK,) is simply the value produced by the subtree to the right. Figure 9 illustrates this. The computation for bit
position 5 is similar to position 3. Bit position 6 is more interesting. We do not want to simplyRgk&’, and
combine it withPs. Such an approach will ultimately lead to a linear chaimef. To computePG K5, observe that
we already havé’G K, 5 as well asPG K3 = PG K 3 from the other subtrees (I@G K ;, = ®f:j P,). Also note
that PG K is already being passed down the tree for the subtree covering bit positions 4 and 5. The signals cross
paths at the parent of the 4,5 subtree and the 6,7 subtree. At this point, we can cétaliing with PGK, 5 to
obtain PG K. Once we have this signal, computifigs K¢ is the same as computimgG K, or PGKs.

The reason why this works is that we can compute different “sections” oPtA&" signals separately and in
parallel. This is due to the fact that tlyeoperator is associative. The general node is shown in Figure 10. The node
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Figure 8: A subtree for computinBG K, through PG K3. The bold lines indicate signals that are directly used to
compute the finaPG K values that go back down the tree.
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Figure 9: PGK circuitry to comput€G K5 and PG Kg. The gates foPG K, throughPG K, were omitted to reduce
clutter.

PGKout = PGK; ® PGK,
PGKin

PGKT,in PGKin
PGK; PGK,

Figure 10: The general node for the PGK-tree.
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Figure 11: A parallel prefix circuit forn = 8.

contains one gate for computing the “upward” signal (the subterms of the prefix), and one gate for computing the
“downward” signals (combining the subterms). Although Figure 9 is a little messy, you should be able to identify
these two gates and the corresponding wires for the parent of the 4,5 subtree and the 6,7 subtree. The full tree for
n = 8 is shown in Figure 11. The initial signal into the tree{s since there is no carry in from before bit position
zero. Since the PGK signals are two bit values, they must be converted back into a single bit carry at the leaves. The
circuit that performs this is the box labeled C in Figure 11. Assuming an encodilig-e000, P = 01, G = 11, then
the conversion simply involves dropping the least significant bit of the PGK signal.

The computation is called a “prefix” computation, because é3GH; is a prefix of the final PGK signaP, _; ®
... ® P; ® Py. The circuit presented is called a parallel prefix tree because it computes all of the prefixes in parallel.
The gate delay through the prefix treg(ign — 1) - 7(®) (the signal starting fron®, goes throughgn — 1 gates
on its way up the tree, and then at the root, it starts back down the tree, passing flaroggttes before it reaches the
leftmost leaf. The only other computations are the initial computation fottseand then the final full adder. The
total gate delay is thu®(Ign). This is a very big gain over our previot¥n) andO(y/n) implementations.

The parallel prefix circuit can actually be used to compute the prefixes of any associative operator. For instance, if
we haver’ = {z,_1,...,21, 70}, the prefix sums forr’ is defined as

n=0

By replacing thex operator in Figure 11 with an addition operator, the same circuit can be used to compute the
different X;’s.

As drawn in Figure 11, the parallel prefix tree requif&3: 1g n) area and)(n) wire delays. Figure 12 illustrates
an alternative layout for the parallel prefix circuit called an H-tree layout. The H-tree layout can be used to compactly
layout binary tree structures. There gfe leaves on each side, and each side has a lengymdéaves and/n — 1
parallel prefix nodes. Therefore the side lengtiDis/n). The total area required is therefore oidlyn) (can’t do
any better than that since there arkeaves in the tree). The wire delay@X/n) (with a square layout, each side has
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Generic parallel prefix tree node
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Figure 12: An H-tree layout of the parallel prefix tree circuit. The root of the tree is in the center.

lengthO(1/n), and the longest path will have to cross the circuit horizontally,\(n)) and vertically O(/n) for a

total distance ofD(2y/n) = O(y/n)). Like the parallel prefix tree, the H-tree is also a recursive structure. You can
build a2n-node H-tree out of 2 separatenode H-trees by simply putting them side by side, and connecting their
individual roots with a new parallel prefix node (the new root). Unfortunately for the adder, this layout does not buy
us anything because we still need room to get#e) wires into and out of the circuit. Other binary tree circuits can
take advantage of the H-tree layout though.
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