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Intr oduction to graphs

A graph is a combinatorial structure which represents a
pairwise relationship among a set of objects

De�nition: A graph G = (V; E) is a pair of sets, where V is a �nite set
of vertices and E is a set of pairs of elements from V called edges.

if pairs are ordered then G is a directed graph

unordered pairs de�ne an undirected graph

a graph means undirected graph unless otherwise
speci�ed
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Graphs are around us

Transportation networks:

Communication networks

Information networks:

Social networks:

Dependency networks:
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Examples

G1 = (V; E) : V = f 1; 2; 3; 4g; E =
ff 1; 2g; f 1; 3g; f 2; 3g; f 3; 4gg

1 4

32

G2 = (V; E) : V = f 1; 2; 3; 4g; E =
f (1; 2); (1; 3); (2; 3); (4; 3)g

1 4

32
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Graph algorithms

Running time

G = (V; E) has two input parameter s: jV j = n and jE j = m

in general jE j �
� n

2

�
= O(n2)

if jE j � n2 then G is dense

if jE j � n then G is spar se

O(m + n) is considered linear time (input size)
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Computer representation of a graph

I. adjacenc y matrix: A : n � n and

A[i; j ] =
�

1 if (i; j ) 2 E
0 otherwise

1 4

32

1 4

32

1 2 3 4
1 0 1 1 0
2 0 0 1 0
3 0 0 0 0
4 0 0 1 0

Pros: can check an edge presence in O(1) time
Cons: memory consumption: �( n2), wasteful if G is sparse
and jE j � n
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Computer representation of a graph

II. adjacenc y list: 8v 2 V Adj [v] = f w 2 V : (v; w) 2 Eg

1 4

32

Adj [1] = f 2; 3g
Adj [2] = f 1; 3g
Adj [3] = f 1; 2; 4g
Adj [4] = f 3g

1 4

32

Adj [1] = f 2; 3g
Adj [2] = f 3g
Adj [3] = ;
Adj [4] = f 3g

memory consumption: 8v dG(v) and thus
n +

P

v2 V
dG(v) = n + 2m = O(n + m)

which is O(n) for sparse graphs
Cons: edge presence is no longer a constant time
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Searching graphs

Exploring mazes): Depth First Search (go as deeply as possibly

What parts of the graph are reachable from a given vertex?

I J

BD

K L

EA

G H C F

I

G

H

D

C

A

F
B

EJ

K
L

Equipment: a ball of string and a piece of chalk Computer
simulators: chalk - color variables, ball of string - stack
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Searching graphs

DFS VISIT(u)
color[u] := Gray
d[u] := time := time + 1
for v 2 Adj [u] do

if color[v] = White
then DFS VISIT(v)

color[u] := B lack
f [u] := time := time +
1

DFS(G)
for each vertex u 2 V(G)

do color[u] := White

time := 0
for u 2 G(V) do

if color[u] = White

then DFS VISIT(u)
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Depth �r st search

DFS VISIT(u)
color [u] := Gr ay
d[u] := time := time + 1
for v 2 Adj [u] do

if color [v] = W hite

then DFS VISIT(v)

color [u] := B lack
f [u] := time := time + 1

DFS(G)
for each vertex u 2 V (G)

do color [u] := W hite

time := 0
for u 2 G(V ) do

if color [u] = W hite

then DFS VISIT(u)

D A

FHG

K L

I

E

JC

B
1,20 2,13 3,8

4,7 5,69,1210,1116,1715,18

14,19

22,2321,24

Red edges form a
collection of trees rooted at
the starting vertex. Trees

constitute a forest.
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Depth �r st search

DFS VISIT(u)
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Anal ysis

Correctness of DFS VISIT(u)

never jumps to vertices not reachable from u
does it �nd all vertices reachable from u?
Proof: assume there exists such a vertex v not visited. Consider any path

from u and let z be the last vertex on the path visited by the procedure. Now

let w immediately follow z: Then it contradicts the fact that z was not visited.

Running time:
DFS VISIT(u) is called only once for each vertex
in DFS VISIT(u) we have jAdj (u)j steps and sinceP

v2 V
jAdj (u)j = 2m = �( jE j); the total is �( jV j + jE j)

- linear in the size of the input.
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Applications of DFS

Connectivity

Path: a path P in a graph G is a sequence of
vertices v1; v2; : : : ; vk such that every consecutive
pair vi ; vi +1 is an edge in G:
If v1 = vk and other vertices are all distinct then we
have a cycle.
An undirected graph G is connected if for every pair
of vertices in G there is a path from u to v in G:

We can use DFS to verify whether G is connected and
also to count the number of connected components.
Time: �( m + n)
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