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Intr oduction to graphs

A graph is a combinatorial structure which represents a
pairwise relationship among a set of objects

CS3510 A, Fall 2005 — p. 2/1



Intr oduction to graphs

A graph is a combinatorial structure which represents a
pairwise relationship among a set of objects
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Intr oduction to graphs

A graph is a combinatorial structure which represents a
pairwise relationship among a set of objects

De nition: A graph G = (V; E) is a pair of sets, where V is a nite set
of vertices and E is a set of pairs of elements from V called edges.

If pairs are ordered then G IS a directed graph
unordered pairs de ne an undirected graph

a graph means undirected graph unless otherwise
speci ed
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Graphs are around us

Transportation networks:
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Transportation networks:
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Social networks:
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Examples

Gi=(V;E): V=11,234g; E =
ff 1;29;f1;3g;f2; 3g;f3;490
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@
N

G,=(V;E): V=11,23,4g;, E =
f(1;2);(1;3);(2;3); (4;3)g
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Graph algorithms

Running time
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Graph algorithms

Running time
G = (V;E) has two input parameters: V] = nand [Ej = m

in general JE]| > = 0O(n?)
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Computer representation of a graph

|. adjacency matrix: A :n n and

1 if (iij)2E

Al TT= O otherwise
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Computer representation of a graph

|. adjacency matrix: A :n n and

1 if (iij)2E

Al TT= O otherwise

O R Lk O|F
O Fr O FIDN
P O FR P W
O O O+

> W DN
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Computer representation of a graph

|. adjacency matrix: A :n n and

1 if (iij)2E

Al TT= O otherwise

1 (4) 123 4
10110

2/10 010

V 3]00 00

é 2(3) 4/0 010
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Computer representation of a graph

|. adjacency matrix: A :n n and

1 if (iij)2E

Al TT= O otherwise

1 (4) 123 4
10110

2/10 010

V 3]00 00

é 2(3) 4/0 010

Pros: can check an edge presence in O(1) time
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Computer representation of a graph

|. adjacency matrix: A :n n and

1 if (iij)2E

Al TT= O otherwise

W N -
o O O
O O LN

P O FR P W
O O O O b

é >é> 410 0

Pros: can check an edge presence in O(1) time
Cons: memory consumption: ( n?), wasteful if G is sparse
and jEj n CS3510 A, Fall 2005 — p. 6/1



Computer representation of a graph

Il. adjacency list: 8v2 V Adj[v]=fw2V : (v;w) 2 Eg
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Computer representation of a graph

Il. adjacency list: 8v2 V Adj[v]=fw2V : (v;w) 2 Eg

Ad
Ad
Ad
Ad

BN R

3
f2;3g
f1;3g
f1;2;4g
f3g

CI)
2 3
Adj[1]= f2: 39
Adj [2] = f3g
Ad [3]=;
Adj [4] = f 39
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Computer representation of a graph

Il. adjacency list: 8v2 V Adj[v]=fw2V : (v;w) 2 Eg

2
Ad
Ad
Ad
Ad

meri]_(;)ry consumption: 8v dg (V) and thus

n+ dg(V) = n+ 2m= O(n+ m)

which is O(n) for sparse graphs

1]
2]
3

A4

v2V

CI)
2 3
Adj[1]= f2: 39
Adj [2] = f3g
Ad [3]=;
Adj [4] = f 39
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Computer representation of a graph

Il. adjacency list: 8v2 V Adj[v]=fw2V : (v;w) 2 Eg

CI)
2 (3 2 (3
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Cons: edge presence is no longer a constant tiMecssion raizo0s .7
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Searching graphs

Exploring mazes): Depth First Search (go as deeply as possibly
What parts of the graph are reachable from a given vertex?

F

NTHETEE

1
]
>
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Searching graphs

Exploring mazes): Depth First Search (go as deeply as possibly
What parts of the graph are reachable from a given vertex?

F H

AL fﬁ@j

C G

| ‘ ‘
A

Q

Equipment: a ball of string a

a piece of chalk
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Searching graphs

Exploring mazes): Depth First Search (go as deeply as possibly

What parts of the graph are reachable from a given vertex?
L

K

AT AIEEE
=

Equipment: a ball of string and a piece of chalk Computer
simulators: chalk - color variables, ball of string - stack

I A D
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Searching graphs

DFS_VisiT(U)

color[u] := Gray

dlu] .= time = time + 1
for v 2 Adj[u] do

If color[v] = White
then DFS_VisiT(V)

color[u] := Black
flul = time := time +
1
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Searching graphs

DFS_VisiT(U)

color[u] := Gray

diu] := time = time + 1
for v 2 Adj[u] do

if color[v] = W hite /@ﬁ@ ®—E
then DFS_visiT(V) :
©
K—QD

color[u] := Black
flu] ;= time := time +
1
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Searching graphs

DFS_VisiT(u)

color[u] := Gray

diu] := time = time + 1
for v 2 Ad [u] do

if color[v] = W hite /.j T
then DFS_VisiT(V) \
@ 0 &6 O
K—QD

color[u] := Black
flu] := time := time +
1
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Searching graphs

DFS(G) /.
for each vertex u 2 V(G) \.
‘_
O

do color[u] := White
—@

time = 0
foru2 G(V) do

If color[u] = White
then DFS_visiT(Uu)

CS3510 A, Fall 2005 — p. 9/1



Depth r st search

DFS_VisiT(U)
color[u] ;= Gray
d[u] ;= time = time + 1
forv 2 Adj[u] do

if color[v] = W hite

then DFS_VisiT(V)

color[u] := Black
f[u] ;= time = time + 1

DFS(G)
for each vertexu 2 V (G)
do color[u] := W hite
time = 0
foru2 G(V) do
if color[u] = W hite
then DFS_visiT(U)
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DFS_VisiT(U)
color[u] ;= Gray
d[u] ;= time = time + 1
forv 2 Adj[u] do

if color[v] = W hite

then DFS_VisiT(V)

color[u] := Black
f[u] ;= time = time + 1
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do color[u] := W hite
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Depth r st search

AL

K—~QD
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DFS_VisiT(U)
color[u] ;= Gray
d[u] ;= time = time + 1
forv 2 Adj[u] do

if color[v] = W hite

then DFS_VisiT(V)

color[u] := Black
f[u] ;= time = time + 1

DFS(G)
for each vertexu 2 V (G)
do color[u] := W hite
time = 0
foru2 G(V) do
if color[u] = W hite
then DFS_visiT(U)

Depth r st search

14,19

)

1,20 213

L]

15,18 16,17 10,11

®—O

21.24

22.23

S
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DFS_VisiT(U)
color[u] ;= Gray
d[u] ;= time = time + 1
forv 2 Adj[u] do
if color[v] = W hite
then DFS_VisiT(V)
color[u] := Black
f[u] ;= time = time + 1
DFS(G)
for each vertexu 2 V (G)
do color[u] := W hite
time = 0
foru2 G(V) do
if color[u] = W hite
then DFS_visiT(U)

Depth r st search

14,19 1,20 2,13

AL

15,18 16,17 10,11

®—O

21.24 22.23

Red edges form a

collection of trees rooted at
the starting vertex. Trees

constitute a forest.
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Analysis

Correctness of DFS_VisiT(U)
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Analysis

Correctness of DFS_VisiT(U)

never jumps to vertices not reachable from u
does it nd all vertices reachable from u?

Proof: assume there exists such a vertex v not visited. Consider any path
from u and let z be the last vertex on the path visited by the procedure. Now
let w immediately follow z: Then it contradicts the fact that z was not visited.
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Analysis

Correctness of DFS_VisiT(U)

never jumps to vertices not reachable from u
does it nd all vertices reachable from u?

Proof: assume there exists such a vertex v not visited. Consider any path
from u and let z be the last vertex on the path visited by the procedure. Now
let w immediately follow z: Then it contradicts the fact that z was not visited.

Running time:
DFS_VisiT(Uu) Is called only once for each vertex

i|3 DFS_VisiT(u) we have JAd| (u)] steps and since
JAd (u)] = 2m = ( JE)); the totalis ( JV] + JE))

v2V

- linear In the size of the input.
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Applications of DFS

Connectivity
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Applications of DFS

Connectivity
Path: a path P in a graph G is a sequence of
vertices vq;Vy; ... ; Vg such that every consecutive

pair vi; Vvi+, 1S an edge in G:

If vi = v and other vertices are all distinct then we
have a cycle.

An undirected graph G is connected If for every pair
of vertices in G there is a path fromuto v in G:
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Applications of DFS

Connectivity
Path: a path P in a graph G is a sequence of
vertices vq;Vy; ... ; Vg such that every consecutive

pair vi; Vvi+, 1S an edge in G:

If vi = v and other vertices are all distinct then we
have a cycle.

An undirected graph G is connected If for every pair
of vertices in G there is a path fromuto v in G:

We can use DFS to verify whether G is connected and
also to count the number of connected components.
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Applications of DFS

Connectivity
Path: a path P in a graph G is a sequence of
vertices vq;Vy; ... ; Vg such that every consecutive

pair vi; Vvi+, 1S an edge in G:

If vi = v and other vertices are all distinct then we
have a cycle.

An undirected graph G is connected If for every pair
of vertices in G there is a path fromuto v in G:

We can use DFS to verify whether G is connected and

also to count the number of connected components.
Time: ( m+ n)
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