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Model of computation

Turing machine convenient in the Theory of Computation

Random-access machine (RAM) model

sequential
arithmetic operations in unit time
data movement: load, store, copy in constant time
limited word size: integer is represented by
bits for some
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Sor ting Algorithms

Input: �

����� �����

� � �

�	�


 - a sequence of � numbers

Output: a permutation of the input such
that
Warm up: INSERTION SORT

Example: Idea:

sorted j

key
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Inser tion sor t (pseudo-code)

�

�

�

� �

�

�

INSERTION-SORT(A) COST TIMES

for to do

while do
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Anal ysis of Inser tion-sor t

�

�

�

�

- the running time of the algorithm on input of size �

- the cost of th line, a constant
- the number of times the while loop test is executed for

Best case: is a linear function of
Worst case: is a quadratic function of

Average-case: half of the worst-case but still
quadratic (asymptotically the same as the worst -case)

Summary: incremental sorting algorithm with quadratic run-

ning time
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Divide and conquer paradigm

Divide the problem into several subproblems similar to
the original problem

Conquer: solve the subproblem recursively (if small
enough then solve it using a simplest technique)

Combine solutions.
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Divide and conquer for sor ting -

Merge sor t

Divide the sequence into two subsequence of �

�

�

elements

Conquer: sort the subsequences recursively. If
length=1, then DONE.

Combine: merge the sorted sequences to get the sorted
answer.

Example:
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Merge-sor t example

Conquer

Merge

Divide

3221 6654

2

6542 6321

645 6231

231

6425 6231

6425 6231

6425 6231

66425

Try also
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Merge sor t (pseudo-code)

MERGE-SORT

If then

MERGE-SORT

MERGE-SORT

MERGE

initial call: MERGE-SORT
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Merging

MERGE

�

�

�

�

�

�

�

�

�

sorted sortedq rp
A

A

q+1

<

sorted
See pseudocode in the textbook

Time for Merge:
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Anal ysis of divide and conquer

algorithms

�

�

�

�

- the running time on a problem of size �

if then
- asymptotic notation, drop constants and lower

order terms, denotes a constant

- divide time

- combine time
general divide and conquer recurrence:
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Anal ysis of Merge-sor t

�

�

�

�

�

�

�

�

�

Solving the merge-sort recurrence

unroll the recurrence (draw a recursion tree) to
generate a guess

prove it using induction

in general we may need to use the Master Theorem
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Asymptotic notation

Asymptotic order of growth (rate of growth) is used for
comparing the relative performance of alternative
algorithms

step depends on

the way the program is compiled

the architecture being used for computing

and thus it may grow or shrink by a constant factor
Example:
Running time steps
if one step low level machine instructions then we
have steps
we can omit constant factors and lower order terms and
use asymptotic notation

Upper bounds

Lower bounds

Tight bounds
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Asymptotic notation

Asymptotic order of growth (rate of growth) is used for
comparing the relative performance of alternative
algorithms
we can omit constant factors and lower order terms and
use asymptotic notation
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- notation (asymptotic upper

bound)

Let

�

�

�

�

be a nonnegative function, say the worst-case
running time of an algorithm on an input of size �.

Given another nonnegative function we say that
is or write if and

such that we have
Example:

for and thus
with .

also (not tight)
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