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All-pairs shortest paths

InpuT: graph G = (V, E), directed,
w: E—=R, |V|=n, |[E|=m
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All-pairs shortest paths

InpuT: graph G = (V, E), directed,

w: E—RX, |V]|=n, |[E|=m

OuTPuT: @ n X n matrix of shortest-path distances d(u, v)
Methods:

Bellman-Ford algorithm - run once for every v € V,
time: O(n*m) = O(n*)
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All-pairs shortest paths

InpuT: graph G = (V, E), directed,

w: E—RX, |V]|=n, |[E|=m

OuTpuT: a n x n matrix of shortest-path distances §(u, v)
Methods:

Bellman-Ford algorithm - run once for every v € V,
time: O(n*m) = O(n*)

Better: use clever dynamic programming
Assume for now that there are no negative cycles.
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All-pairs shortest paths

Graph representation: adjacency matrix W = (w,;) of edge
weights and w;; = 0, for all ¢.
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All-pairs shortest paths

Graph representation: adjacency matrix W = (w,;) of edge

weights and w;; = 0, for all ¢.

Dynamic programming:

What are the subproblems? - all subpaths of a shortest
path are shortest paths
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All-pairs shortest paths

Let d,g”“) be the weight of a shortest path from : to j that
uses at most m edges

CS3510 A, Fall 2005 — p. 3/9



All-pairs shortest paths

Let d,g”“) be the weight of a shortest path from : to j that
uses at most m edges

< m — 1 edges k’'s

O
X SO ——

< m — 1 edges
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All-pairs shortest paths
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All-pairs shortest paths

Recurrence:
d(o) _ 0 f 1=

o ifiF£ ]
%m)::IMn{%?4)+u%ﬁ

tJ 1<k<n
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All-pairs shortest paths

Answer:
5(i,7) =dl Y =dY =dt = ...

ij
d;; — 6(i,7) as in Bellman-Ford
If N0 negative cycles, then every shortest path has at most
n — 1 edges.
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All-pairs shortest paths

Answer:

5(i,5) =diy Y =dl =alitt = ...

d;; — 6(i,7) as in Bellman-Ford

If N0 negative cycles, then every shortest path has at most
n — 1 edges.

Time: n — 1 passes (extensions of shortest paths), each
time computing n* entries (d;;'s) in ©(n).

Total: ©(n*). No improvement over Bellman-Ford!
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Faster dynamic programming
solution

Floyd-Warshall algorithm
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Faster dynamic programming
solution

Floyd-Warshall algorithm
Subproblems:
subpaths of shortest paths but characterize differently!
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Faster dynamic programming
solution

Floyd-Warshall algorithm
Subproblems:
subpaths of shortest paths but characterize differently!

Let cg”’) be the weight of a shortest path from : to ;5 with
intermediate vertices in {1,2,...,m}, now m < n.
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Faster dynamic programming
solution

Floyd-Warshall algorithm

Subproblems:
subpaths of shortest paths but characterize differently!

Let c§7> be the weight of a shortest path from : to ;5 with

intermediate vertices in {1,2,...,m}, now m < n.
‘e

o 7

) | m—1) .]

\ Ci

intermediate verticesin {1,...,m — 1}
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Floyd-Warshall algorithm

_ wij
. (m—=1) (m—1) (m—1)
= mm{cij yCim .t Conj }
—— ~-
doesn’t contains m
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Floyd-Warshall algorithm

(0 _

C%j ) b ( ) ) ( )
m . m—1 m—1 m—1
Q¢ =min{c; ¢, G )

N—— -~
\ doesn’t contains m

Answer: matrix O = (c{}").
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Floyd-Warshall algorithm

(0 _
Cz’j Wi
< cg;") — min{cf;;n_l), c,g;'z_l) + c,,(,:;_l)}
—— ~-
\ doesn’t contains m
Answer: matrix O = (c{}").

FLOYD WARSHALL(G, w)
form :=1ton do
fori:=1tondo
for y :=1ton do
If Cij > Cim, T Cmyj
then Cij -— Cim -+ Cmyj
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Floyd-Warshall algorithm

(m) . (m—1) (m—1) (m—1)
< Cij = mm{cij yCim .t Conj }
—— ~-
\ doesn’t contains m
Answer: matrix O = (c{}").

FLOYD WARSHALL(G, w)
form:=1tondo
fori::=1tondo
for y :=1ton do
If Cij > Cim, T Cmyj
then Cij -— Cim -+ Cmyj
Time: ©(n?)
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Floyd-Warshall algorithm

(m) . (m—1) (m—1) (m—1)
< Cij = mm{cij yCim .t Conj }
—— ~-
\ doesn’t contains m
Answer: matrix O = (c{}").

FLOYD WARSHALL(G, w)
form:=1tondo
fori:=1tondo
for y :=1ton do
If Cij > Cim, T Cmyj
then Cij -— Cim -+ Cmyj

Time: ©(n?)
Best to date is O(n?lgn + nm).
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Trasitive closure

Transitive closure G* = (V, E’) of G = (V, F) is a graph with
edges (i,7) € £’ if and only if there is a path ¢ ~ jin G
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Trasitive closure

Transitive closure G* = (V, E’) of G = (V, F) is a graph with
edges (i,7) € £’ if and only if there is a path ¢ ~ jin G
Solution:
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Trasitive closure

Transitive closure G* = (V, E’) of G = (V, F) is a graph with
edges (i,7) € £’ if and only if there is a path ¢ ~ jin G
Solution:

adjacency matrix (elements in {0, 1}, no weights
needed)

FLoyD_WARSHALL algorithm, replacing
min — BooleanOR

+ —  BooleanAN D

(k) . ,(k=1) (k—=1) , ,(k—1)
ti =1 V (,, Aty )

Time: O(n?)
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Trasitive closure

Transitive closure G* = (V, E’) of G = (V, F) is a graph with
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adjacency matrix (elements in {0, 1}, no weights
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min — BooleanOR

+ —  BooleanAN D
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Dynamic programming - summary

brute force algorithm is exponential
optimal substructure property (recursive solution)
overlapping subproblems (memoize)

constructing the optimal solution
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