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Independent Set Problem

Given a graph G = (V, E), an independent set is a subset

I C V of the vertices such that no two vertices in [ are
adjacent.
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Independent Set Problem

Given a graph G = (V, E), an independent set is a subset
I C V of the vertices such that no two vertices in [ are

adjacent.
Optimization problem (Maximum Independent Set (MIS)): given

G = (V, E), find a largest independent setin V.
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Independent Set Problem

Given a graph G = (V, E), an independent set is a subset
I C V of the vertices such that no two vertices in [ are

adjacent.
Optimization problem (Maximum Independent Set (MIS)): given

G = (V, E), find a largest independent setin V.
Applications:

models execution of conflicting tasks
error-correcting codes

special case of coloring and other problems
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Independent Set Problem

Given a graph G = (V, E), an independent set is a subset
I C V of the vertices such that no two vertices in [ are

adjacent.
Optimization problem (Maximum Independent Set (MIS)): given

G = (V, E), find a largest independent setin V.
Applications:

models execution of conflicting tasks
error-correcting codes

special case of coloring and other problems
Easy for paths (your project), trees and bipartite graphs.
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &
vertices ?
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &

vertices ?
Theorem Independent Set is NP-complete.
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &
vertices ?

Theorem Independent Set is NP-complete.

Proof:
Independent SeteNP.(easy)
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &
vertices ?

Theorem Independent Set is NP-complete.

Proof:

Independent SeteNP.(easy)

Independent Set is NP-hard
Proof via a reduction from 3SAT.
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &
vertices ?

Theorem Independent Set is NP-complete.

Proof:

Independent SeteNP.(easy)

Independent Set is NP-hard
Proof via a reduction from 3SAT.

Consider a formula ¢ €3SAT with n variables z4, ..., z,
and m clauses
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &
vertices ?

Theorem Independent Set is NP-complete.

Proof:

Independent SeteNP.(easy)

Independent Set is NP-hard
Proof via a reduction from 3SAT.

Consider a formula ¢ €3SAT with n variables z4, ..., z,
and m clauses

Generate a graph G4 with 3m vertices.
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Independent Set Problem

Decision problem: given G = (V, E'), and an integer k, does
there exist an independent set in G with at least &
vertices ?

Theorem Independent Set is NP-complete.

Proof:
Independent SeteNP.(easy)

Independent Set is NP-hard
Proof via a reduction from 3SAT.

Consider a formula ¢ €3SAT with n variables z4, ..., z,
and m clauses

Generate a graph G4 with 3m vertices.

Will show that G, has an independent set on m
vertices < the formula ¢ is satisfiable.



Independent Set Problem

Graph G, construction:

VC' € ¢ include a triangle in G4 (the vertices in the
triangle correspond to the literals of C)

other edges (between triangles): Vi put an edge
between x; and z; (to encode conflicts)
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Independent Set Problem

Graph G, construction:

VC' € ¢ include a triangle in G4 (the vertices in the
triangle correspond to the literals of C)

other edges (between triangles): Vi put an edge
between x; and z; (to encode conflicts)

Example: ¢ = (21 V 25V 23) A (€1 Va3V xy) A(x3V 22V 14)
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Independent Set Problem

Graph G, construction:

VC' € ¢ include a triangle in G4 (the vertices in the
triangle correspond to the literals of C)

other edges (between triangles): Vi put an edge
between x; and z; (to encode conflicts)

Example: ¢ = (21 V 25V 23) A (€1 Va3V xy) A(x3V 22V 14)
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From 3SAT to Independent Set

From Satisfaction to Independence:
if ¢ is satisfiable, then 3 an independent set [ in G s.t. |[| > m.
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From 3SAT to Independent Set

From Satisfaction to Independence:
if ¢ is satisfiable, then 3 an independent set [ in G s.t. |[| > m.

Suppose ¢ Is satisfiable, and we have a satisfiable
assignment to the variables z, ..., x,.

CS3510 A, Fall 2005 — p. 6/??



From 3SAT to Independent Set

From Satisfaction to Independence:
if ¢ is satisfiable, then 3 an independent set [ in G s.t. |[| > m.

Suppose ¢ Is satisfiable, and we have a satisfiable
assignment to the variables z, ..., x,.

For every clause in ¢ there is at least one literal
satisfied (=1).
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From 3SAT to Independent Set

From Satisfaction to Independence:
if ¢ is satisfiable, then 3 an independent set [ in G s.t. |[| > m.

Suppose ¢ Is satisfiable, and we have a satisfiable
assignment to the variables z, ..., x,.

For every clause in ¢ there is at least one literal
satisfied (=1).

Construct the Independent set [ : from every triangle
pick one satisfied literal (ties broken arbitrarily).
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From 3SAT to Independent Set

From Satisfaction to Independence:
if ¢ is satisfiable, then 3 an independent set [ in G s.t. |[| > m.

Suppose ¢ Is satisfiable, and we have a satisfiable
assignment to the variables z, ..., x,.

For every clause in ¢ there is at least one literal
satisfied (=1).

Construct the Independent set [ : from every triangle
pick one satisfied literal (ties broken arbitrarily).

no two such nodes are adjacent (x and x cannot be
both satisfied at the same time).
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From 3SAT to Independent Set

From Independence to Satisfaction
if there exists an independent set [ in G s.t. |I| > m, then ¢ is
satisfiable.
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From 3SAT to Independent Set

From Independence to Satisfaction
if there exists an independent set [ in G s.t. |I| > m, then ¢ is
satisfiable.

Suppose we have an independent set I with m
vertices.
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From 3SAT to Independent Set

From Independence to Satisfaction
if there exists an independent set [ in G s.t. |I| > m, then ¢ is
satisfiable.

Suppose we have an independent set I with m
vertices.

For every triangle, we have exactly one vertex in I.
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From 3SAT to Independent Set

From Independence to Satisfaction
if there exists an independent set [ in G s.t. |I| > m, then ¢ is
satisfiable.

Suppose we have an independent set I with m
vertices.

For every triangle, we have exactly one vertex in I.

Fix an assignment that satisfies all literals that
correspond to vertices in I (other variables are set
arbitrarily).
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From 3SAT to Independent Set

From Independence to Satisfaction

if there exists an independent set [ in G s.t. |I| > m, then ¢ is
satisfiable.

Suppose we have an independent set I with m
vertices.

For every triangle, we have exactly one vertex in I.

Fix an assignment that satisfies all literals that
correspond to vertices in I (other variables are set
arbitrarily).

This rule yields a satisfying assignment (x and x are
never together in 1 ).
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From 3SAT to Independent Set

Example:
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From 3SAT to Independent Set

Example:

¢:($1\/f5\/513_3)/\(SET1VQZ3V334)/\(ZC3\/£I?2\/QE4)
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From 3SAT to Independent Set

Example:

¢: ($1\/SET5\/SL'—3)/\(517_1\/5133\/£C4)/\(£C3\/£172\/£E4)
Satisfying assignment:
r1=1, 20=1 23=1, 24 =0, x5 = 0.
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Maximum Clique Problem

Given G = (V, E), a clique K is a subset of vertices K C V
such that every two vertices in K are adjacent.
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Maximum Clique Problem

Given G = (V, E), a clique K is a subset of vertices K C V
such that every two vertices in K are adjacent.

Maximum Clique Problem : given G = (V, E), find a clique of a
largest size.
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Maximum Clique Problem

Given G = (V, E), a clique K is a subset of vertices K C V
such that every two vertices in K are adjacent.

Maximum Clique Problem : given G = (V, E), find a clique of a
largest size.

Decision problem: given G = (V, '), and an integer £, does
there exist a clique in G of size at least k&7
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Maximum Clique Problem

Given G = (V, E), a clique K is a subset of vertices K C V
such that every two vertices in K are adjacent.

Maximum Clique Problem : given G = (V, E), find a clique of a
largest size.

Decision problem: given G = (V, '), and an integer £, does
there exist a clique in G of size at least k&7

Theorem CLIQUE IS NP-complete.
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Cligue is NP-complete

1. CLIQUEENP.
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Cligue is NP-complete

1. CLIQUEENP.

2. Pick an NP-complete problem for reduction?
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Cligue is NP-complete

1. CLIQUEENP.
2. Pick an NP-complete problem for reduction?- Independent Set.

CS3510 A, Fall 2005 — p. 10/?7?



Cligue is NP-complete

1. CLIQUEENP.
2. Pick an NP-complete problem for reduction?- Independent Set.
3. Reduction from IS:

take k£ and two graphs: G = (V, E)and G' = (V, '),
such thatV(u,v) € G, (u,v) € E' < (u,v) ¢ E. (G’

is a complement of (5.)

Every independent set in GG is a clique in G' and
every clique in G’ is an independent set in G.
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Cligue is NP-complete

1. CLIQUEENP.

2. Pick an NP-complete problem for reduction?- Independent Set.
3. Reduction from IS:
take k£ and two graphs: G = (V, E)and G' = (V, '),
such thatV(u,v) € G, (u,v) € E' < (u,v) ¢ E. (G’

is a complement of (5.)

Every independent set in GG is a clique in G' and
every clique in G’ is an independent set in G.

4. Thus, G has an independent set I of size at least £ If
and only if G’ has a clique of size k.
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From IS to Clique



From IS to Clique



From IS to Clique



Minimum Vertex Cover

Given G = (V, E), a vertex cover C'is a set of vertices
C' C V such that for every edge (u,v) eitheru € C orv € C
(or, possibly both).
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Minimum Vertex Cover

Given G = (V, E), a vertex cover C'is a set of vertices

C' C V such that for every edge (u,v) eitheru € C orv € C
(or, possibly both).

Minimum Vertex Cover Problem : given G = (V, F), find a
vertex cover of a smallest size.
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Minimum Vertex Cover

Given G = (V, E), a vertex cover C'is a set of vertices

C' C V such that for every edge (u,v) eitheru € C orv € C
(or, possibly both).

Minimum Vertex Cover Problem : given G = (V, F), find a

vertex cover of a smallest size.
Decision problem: given G = (V, E'), and an integer £, does

there exist a vertex cover in G of size at most k£?

CS3510 A, Fall 2005 — p. 12/?7?



Minimum Vertex Cover

Given G = (V, E), a vertex cover C'is a set of vertices

C' C V such that for every edge (u,v) eitheru € C orv € C
(or, possibly both).

Minimum Vertex Cover Problem : given G = (V, F), find a

vertex cover of a smallest size.
Decision problem: given G = (V, E'), and an integer £, does

there exist a vertex cover in (G of size at most £?
Theorem Vertex Cover is NP-complete.
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Minimum Vertex Cover

Given G = (V, E), a vertex cover C'is a set of vertices

C' C V such that for every edge (u,v) eitheru € C orv € C
(or, possibly both).

Minimum Vertex Cover Problem : given G = (V, F), find a

vertex cover of a smallest size.
Decision problem: given G = (V, E'), and an integer £, does

there exist a vertex cover in GG of size at most £?
Theorem Vertex Cover is NP-complete.

Lemma If I is an independent setina graph G = (V, F),
then the set of vertices C' =V \ I is a vertex cover in G.
Furthermore, if C'is a vertex coverin G, then I =V \ C'is
an independent set in .
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Minimum Vertex Cover

20,
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Minimum Vertex Cover

XD

o independent set
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Minimum Vertex Cover

o maximum independent set

O minimum vertex cover

CS3510 A, Fall 2005 — p. 13/?7?



Minimum Vertex Cover

o maximum independent set

O minimum vertex cover
Reduction from the Maximum Independent Set:
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Minimum Vertex Cover

o maximum independent set

O minimum vertex cover
Reduction from the Maximum Independent Set:
Take an instance (G, k) of INbEPENDENT SET and produce an

instance (G, n — k) of VERTEX COVER.
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