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� - notation (asymptotic tight bound)

We say that T(n) is �( f (n)) or write T(n) = �( f (n)) if
9c1; c2 > 0 and n0 � 0 such that 8n � n0 we have
c1f (n) � T(n) � c2f (n)

Example:

T(n) = 3n2 + 2n + 5 ) T(n) = �( n2) with
c1 = 3; c2 = 9.

T(n) = an2 + bn+ c ) T(n) = �( n2)

BUT 6n3 6= �( n2)

�(1) is any positive constant

Properties:

T(n) = �( f (n)) ) T(n) = O(f (n)) and T(n) = 
( f (n))

If f = O(g) and g = O(h) then f = O(h):
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Recurrences

T(n) = O(1) for small n - boundary condition

for algorithms asymptotic solutions only:

bn
2 c =

� n
2 n � odd
n� 1

2 n � even

dn
2 e =

� n
2 n � odd
n� 1

2 n � even
b; c; d; e are usually omitted

we assume that n is a power of 2 in Ex:
T(n) = 2T(n=2) + �( n)
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Solving Recurrences

Substitution method:

Guess the solution.
Use induction to �nd the constants and to prove that
it is correct.
If we desire an exact solution, then we need to deal
with boundary conditions, otherwise not.

Example 1:

T(n) =
�

1 n = 1
2T(n=2) + n n > 1

Guess: T(n) = n logn + n
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Substitution method

Example 2:(asymptotic notation) T(n) = 2T(n=2) + �( n)
(shown in class)

name the constant in the additive term

show the upper O() and lower 
() bounds separetly.

Example 3: T(n) = 8T(n=2) + �( n2),
Upper Bound: T(n) � 8T(n=2) + cn2 for c > 0
Guess: T(n) � dn3; d > 0 but
T(n) � 8dn3

8 + cn2 = dn3 + cn2 6� dn3 doesn't work !
Remedy: subtract off a lower order term and assume
T(n) � dn3 � d0n2:
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Substitution method

Example 4: the false proof for T(n) = 4T(n=4) + n; that
T(n) = O(n)

T(n) � 4(cn=4) + n = cn + n = O(n) WRONG ! (different
constant shown (c+ 1)n)
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Master Method:

Used for divide-conquer recurrences of the form:
T(n) = aT(n=b) + f (n); where a � 1; b > 1; and f (n) > 0:
It is based on Theorem 4.1.
Compare nlogb a versus f (n):

Case1: f (n) = O(nlogb a� � ) for some constant � > 0 (f (n)
is polynomially smaller than nlogb a)
solution: T(n) = �( nlogb a)

Case2: f (n) = �( nlogb a logk n); where k � 0 (f (n) is
within a polylog factor of p nlogb a, but not smaller)
solution: T(n) = �( nlogb a logk+1 n)
Simple

case:k = 0 ) f (n) = �( nlogb a) ! T(n) = �( nlogb a logn)
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f (n)

f (n=b)

f (n)

af (n=b)

a2f (n=b2)

�( n log b a )

logb n

f (n=b) f (n=b)

f (n=b2)

�( nlog b a ) +
log b n � 1P

j =0
aj f (n=bj )�( n log b a )

�(1)�(1)�(1)�(1)�(1) �(1) �(1)

f (n=b2) f (n=b2) f (n=b2) f (n=b2) f (n=b2) f (n=b2)
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Master Method cont.

Compare nlogb a versus f (n):

Case3: f (n) = 
( nlogb a+ � ) for some constant � > 0 and
f (n) satis�es the regularity condition af (n=b) � cf (n)
for some constant c < 1 and all suf�ciently large n
(f (n) is polynomially greater than nlogb a)
solution: T(n) = �( f (n))
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Master Method - examples

T(n) = 5T(n=2) + �( n2)

T(n) = 27T(n=3) + �( n3 logn)

T(n) = 5T(n=2) + �( n3)

T(n) = 27T(n=3) + n3=logn
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Divide and conquer: multiplication

(a + ib)(c+ id) = ac� bd+ i (bc+ ad)

requires four real-number multiplication

Gauss' clever observation:
bc+ ad = (a + b)(c+ d) � ac� bd

just three real number multiplications

your task will be to use it for regular multiplication
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Matrix multiplication

multiplying n � n matrices C = AB ; cij =
nP

k=1
aik bkj for

i; j = 1; : : : ; n

ordinary algorithm �( n3)

Idea: multiply 2 � 2 matrices with only 7 multiplications
�

r s
t u

�
=

�
a b
c d

�
�
�

e g
f h

�

P1 = a(g � h); P2 = (a + b)h; P3 = (c + d)e; P4 =
d(f � e); P5 = (a + d)(e+ h); P6 = (b� d)( f + h); P7 =
(a � c)(e+ g); r = P5 + P4 � P2 + P6; s = P1 + P2; t =
P3 + P4; u = P5 + P1 � P3 � P7
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Idea: multiply 2 � 2 matrices with only 7 multiplications
�

r s
t u

�
=

�
a b
c d

�
�
�

e g
f h

�

P1 = a(g � h); P2 = (a + b)h; P3 = (c + d)e; P4 =
d(f � e); P5 = (a + d)(e+ h); P6 = (b� d)( f + h); P7 =
(a � c)(e+ g); r = P5 + P4 � P2 + P6; s = P1 + P2; t =
P3 + P4; u = P5 + P1 � P3 � P7
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Strassen' s algorithm - analyzis

T(n) = 7T(n=2) + �( n2)

Solution: master theorem �( nlog 7) = O(n2:81)

Best algorithm to date O(n2:376)
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