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Quicksort

another divide and conguer approach to sorting
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Quicksort

another divide and conguer approach to sorting

sorts “in place”, very practical

Divide: partition array into 2 subarrays such that
elements in lower part elements in upper part

Conquer: recursively sort 2 subarrays
Combine: trivial because “in place”

Key: linear-time ( n) partitioning algorithm
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Partition for Quicksort

PARTITION(A; p;T)

X  Alr]
I p 1
for | ptor 1do
If A[J] X then
I 1+ 1

exchange A[i]$ Alj]

exchange A[i + 1]1$ AJr]
returni + 1
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Quicksort

QuicksoRrT(A; p;r)
If p< r then

g ParTITION(A; p;I)
QuicksorT(A; p;q 1)
QuicksorT(A; q+ 1;r)
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QuicksoRrT(A; p;r)
If p< r then

g ParTITION(A; P;I)

QuicksorT(A; p;q 1)

QuicksorT(A; q+ 1;r)
Initial call: QuicksorT(A; 1;n)

Quicksort
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Quicksort - analysis

The running time of quicksort depends on the partitioning
of the subarrays
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Quicksort - analysis

The running time of quicksort depends on the partitioning
of the subarrays

Best case: ParTITION always splits the array evenly
T(n) = 2T(n=2)+ ( n) = ( nlogn) like merge sort

Worst case: unbalanced partition, O elements in one
subarray, n 1in the other subarray

T(n)=T0O)+T(h 1)+ (n)=T(n 1)+ (n)
because T(0) = (1) and T(n) = ( n?)
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Quicksort - analysis

The running time of quicksort depends on the partitioning
of the subarrays

Best case: ParTITION always splits the array evenly
T(n) = 2T(n=2)+ ( n) = ( nlogn) like merge sort

Worst case: unbalanced partition, O elements in one
subarray, n 1in the other subarray
Tn=T0)+Th L+ (n=TM 1+ (n)
because T(0) = (1) and T(n) = ( n?)

Average case: ( nlogn) ( proven in the text, will not
cover it)
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Balanced Partitioning

Consider a 9-to-1 split (produced by PARTITION)
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Balanced Partitioning

Consider a 9-to-1 split (produced by PARTITION)
the running time: T(n) T(9n=10)+ T(n=10)+ ( n)
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Balanced Partitioning

Consider a 9-to-1 split (produced by PARTITION)
the running time: T(n) T(9n=10)+ T(n=10)+ ( n)
solution: T(n) O(nlogn) (recursion tree + substitution)
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Balanced Partitioning

Consider a 9-to-1 split (produced by PARTITION)

the running time: T(n) T(9n=10)+ T(n=10)+ ( n)
solution: T(n) O(nlogn) (recursion tree + substitution)
conclusion: any split of constant proportionality will yield a
recursion tree of depth (log n)
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Median, order statistics

Problem: nd the ith smallest of n elements
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Median, order statistics

Problem: nd the ith smallest of n elements
| = 1. minimum
| = n . maximum
| = b(n+ 1)=2cori = dn+ 1)=2e: median

example: the median of [45;1; 10; 30, 25] is 25 important
and more meaningful than mean
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Median, order statistics

Problem: nd the ith smallest of n elements
| = 1. minimum
| = n . maximum
| = b(n+ 1)=2cori = dn+ 1)=2e: median

example: the median of [45;1; 10; 30, 25] is 25 important
and more meaningful than mean

general selection problem: the ith order statistic

Solution: sort and return the ith element O(nlogn) - too
costly
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Selection algorithm- divide and
conguer approach

try the same algorithm as for Quicksort:
SeLecT(l)
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Selection algorithm- divide and
conguer approach

try the same algorithm as for Quicksort:
SeLecT(l)

Partition the array into two subarrays, pivot= Q.
K :=rank of g
If 1 = k then return q

If I < k then call seLecT(i) in the lower subarray
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Selection algorithm- divide and
conguer approach

try the same algorithm as for Quicksort:
SeLecT(l)

Partition the array into two subarrays, pivot= Q.
K :=rank of g

If 1 = k then return q

If I < k then call seLecT(i) in the lower subarray

else call seLect(i k) In the upper subarray

Time:
ideal solution pivot = $JA] T(n) = T(n=2)+ O(n)
and thus T(n) = O(n)
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Selection algorithm- divide and
conguer approach

try the same algorithm as for Quicksort:
SeLecT(l)

Partition the array into two subarrays, pivot= Q.
K :=rank of g

If 1 = k then return q

If I < k then call seLecT(i) in the lower subarray

else call seLect(i k) In the upper subarray
Time:
ideal solution pivot = $JA] T(n) = T(n=2)+ O(n)
and thus T(n) = O(n) but in this case pivot = median:
back to the original problem!
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Randomiz ed divide-and-conquer:
Median and Quicksort

divide and conguer often works well in conjunction with
randomization
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Randomiz ed divide-and-conquer:
Median and Quicksort

divide and conguer often works well in conjunction with
randomization

Divide: perform it using randomization

IDEA for ParTITION: ChoOSe a pivot g2 A uniformly at
random

but rst let's review some probabillity...
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Some basic probability - revision

Finite probability space
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Some basic probability - revision

Finite probability spaceis de ned by underlying sample space
, which consists of the possible outcomes of the
process(experiment) under consideration.
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Some basic probability - revision

Finite probability spaceis de ned by underlying sample space
, which consists of the possible outcomes of the
process(experiment) under consideration.

Example: =fHEADS, TAILSg, =11;2;3;4;5;60q,
two dicetossed: =f1(i;)):1;] = 1,2;:::,69
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Some basic probability - revision

Finite probability spaceis de ned by underlying sample space
, which consists of the possible outcomes of the
process(experiment) under consideration.

Example: =fHEADS, TAILSg, =11;2;3;4;5;60q,
two dicetossed: =f1(i;)):1;] = 1,2;:::,69

An event A Is any subset of

Example: A = rolling 7 on 2 dice

A = £(1;6);(2:5);(3;4); (4;3);(5;2); (6; 1)g
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Some basic probability - revision

A probability distribution P is a mapping from events of
to R which satis es the following axioms:
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Some basic probability - revision

A probability distribution P is a mapping from events of
to R which satis es the following axioms:

P(A) O
P() =1
P(A[ B)= P(A)+ P(B) P(A\ B)

A discrete random variable X iIs a function from toR
Example: two dice, | | = 36

Let X be the sum of dice. Then P(X = 5)= 2

Expectgd value (expectation, mean, average):
EX = xP(X = Xx)

X
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Basic probability -cont

Example: Y the outcome of rolling one die
EY = (1+2+3+4+5+6) =35
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Basic probability -cont

Example: Y the outcome of rolling one die
EY = (1+2+3+4+5+6) =35
Linearity (always applicable):

E(aX + Y)=aEX + EY; a constant
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Basic probability -cont

Example: Y the outcome of rolling one die

EY = (1+2+3+4+5+6) =35

Linearity (always applicable):

E(aX + Y)=aEX + EY; a constant
Independence: Two random variables X and Y are
Independent if

8X;V: P(X=xY=y)=P(X =Xx) P(Y =Y)
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Basic probability -cont

Example: Y the outcome of rolling one die

EY = (1+2+3+4+5+6) =35

Linearity (always applicable):

E(aX + Y)=aEX + EY; a constant
Independence: Two random variables X and Y are
Independent if

8,y :P(X =xY=y)=P(X =x%x) P(Y =Yy)

If X and Y are independentthen E(XY)=EX EY
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In nite  sample spaces
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In nite  sample spaces

may occur in the context of algorithms

Example (Waiting for a rst success): Flip a coin until it
rst turns HEADS.

Let X be the number of ips performed.

CS3510 A, Fall 2005 — p. 13/1



In nite  sample spaces

may occur in the context of algorithms

Example (Waiting for a rst success): Flip a coin until it
rst turns HEADS.

Let X be the number of ips performed.

X=123:::

CS3510 A, Fall 2005 — p. 13/1



In nite  sample spaces

may occur in the context of algorithms

Example (Waiting for a rst success): Flip a coin until it
rst turns HEADS.

Let X be the number of ips performed.

X =123:::
Assume P(HEADS)=p OandP(TAILS)=1 p

CS3510 A, Fall 2005 — p. 13/1



In nite  sample spaces

may occur in the context of algorithms

Example (Waiting for a rst success): Flip a coin until it
rst turns HEADS.

Let X be the number of ips performed.

X =123:::
Assume P(HEADS)=p OandP(TAILS)=1 p
P(X=j)=(1 p) *pand

P P L
EX:_llF’(X:J):_lJ(l P! “p=
)= )=
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In nite  sample spaces

may occur in the context of algorithms

Example (Waiting for a rst success): Flip a coin until it
rst turns HEADS.

Let X be the number of ips performed.

X =123:::
Assume P(HEADS)=p OandP(TAILS)=1 p
P(X=j)=( p) *pand
P _ P . .
EX = 1JF’(X =)= 1J(l P! “p=
1= 1=
For a fair coin, it is enough, on average, to ip it 2 times.
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