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Randomiz ed Selection algorithm

RANDOMIZED-PARTITION(A; p;r )

i  RANDOM(p;r )

A[r ] $ A[i ]

return PARTITION(A; p;r )

RANDOMIZED-SELECT(A; p;r; i )

if p = r then return A[p]

q  RANDOMIZED-PARTITION(A; p;r )

k  q � p + 1

if i = k then return A[q]

if i < k then return RANDOMIZED-SELECT(A; p;q � 1; i )

else return RANDOMIZED-SELECT(A; q + 1; r; i � k)
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Randomiz ed Selection algorithm-

analysis

It AGAIN depends on the outcome of the
RANDOMIZED-PARTITION

Call a choice of splitter(pivot) central if it lies anywhere
between [n

4 ; 3n
4 ]; where jAj = n

FACT:
Since half of the elements in A are central the probability
that we randomly choose a central element is 1

2

A central element causes the array to shrink to at most
3
4n:

Let ET(n) be the expected running time of the
Randomized Selection algorithm.
Then ET(n) � ET(3n=4) + O(2n), where O(2n) is the
expected partition cost This gives ET(n) = O(n) - excellent
algorithm in practise!
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Conc lusions:

On any input, the RANDOMIZED SELECTION algorithm
returns the correct answer in an average of O(n) steps

similar idea shows that the average case running time
for QUICKSORT is O(n logn): ( more technical, optional
reading 7.3-4).

In both cases (Quicksort and Selection) the average
case and randomized versions of algorithms turned out
to be the same, which doesn't hold in general!
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Probabilistic analysis versus

randomiz ed algorithms

Probabilistic analysis of an algorithm ( average case
analysis):

input is randomized (we must know the distribution of
inputs)

the expectation is over this distribution

Randomized algorithm

randomization appears within the algorithm

the behavior of the algorithm is determined by an
output of random-number-generator

in practise it is implemented by a
pseudorandom-number-generator
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Selection in worst-case linear time

theoretical interest only

idea: generate a good partitioning element
deterministically

SELECT(i )

Divide the n elements into groups of 5

Find the MEDIAN of each group of 5 by brute force

Use SELECT recursively to �nd the median x of bn=5c
medians

Partition the n elements around x

if i = k then return x

if i < k then SELECT(i ) in the lower part

else return SELECT(i � k) in the upper part
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Selection

Analysis: what do we gain?
the number of elements which are � x:
bn=5c � 1

2 � 3 = 3bn=10c � n
4 for n � 50 Analogously, we have

� n
4 elements � x; and the worst case is 3n=4 Running

time: T(n) � T(n=5) + T(3n=4) + �( n); and T(n) = O(n)
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Applications

Finds a median in linear time => subroutine

�nd i th order statistic

improves QUICKSORT to run in �( n logn) worst-case
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Divide and Conquer algorithmic

technique - summar y

Divide a problem into subproblems, solve each
subproblem and combine the solutions

simple and powerful

the analysis involves recurrence relations

usually reduces the running time from polynomial to a
lower polynomial
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Lower bound for comparison sor ts

How fast can we sort ?

Worst-case:

Insertion sort - O(n2)

Merge sort - O(n logn)

Quicksort -O(n2) or O(n logn)(if median partition
applied)

All the above are comparison sorting algorithms: only
operation used to learn about the order of the input is a
comparison of pairs of elements
Theorem Every comparison sorting takes 
( n logn)
steps to sort n numbers.
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Decision tree

abstract model of all comparison sorts

Assumption: all input elements are distinct
Desision tree:

internal nodes: pairs of elements being compared

leaves: sorted sequences

Example: INSERTION SORT, input: a1; a2; a3

1:32:3

2:3

1:2

1:3a1a2a3

a1a3a2 a3a1a2

a2a1a3

a2a3a1 a3a2a1

<

<

<

<

<

>

>

>

>

>

2 6 9

9 2 6
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Decision tree

How many leaves a decision tree must have ?

Answer: � n!, all permutations plus some redundancy
For every sorting algorithm we have one tree for each n
What is the length of the longest path in this tree?

Insertion sort tree: �( n2)

Merge sort tree: �( n logn)

Theorem Any decision tree that sorts n elements has
height 
( n logn) (i.e. at least one path is that long).
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Decision tree

Theorem Any decision tree that sorts n elements has
height 
( n logn) (i.e. at least one path is that long).

Proof: let h be the height of a binary tree T. Then T has at
most 2h leaves.
Here: n! � 2h and
using Stirling's formula n! � ( n

e)n we have
h � log2(n!) � log2( n

e )n = n logn � n loge = 
( n logn):
Corollar y Merge sort and Heapsort are asymptotically
optimal comparison sortings.
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