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The Fourier transform is essential to understanding the effects of linear filters and the phe-
nomenon of aliasing. In class we talked about three variants of the discrete Fourier transform or
DFT. In all cases, the idea is to write theN × 1 vectorf as a linear combination of basis functions

fj =
∑

k

ckUjk

The above is the “synthesis” equation, as it synthezises the signal out of orthogonal basis functions.

1 DFT using only Real Values

This variant is explained in Chapter 8 of “The Scientist and Engineer’s Guide to Digital Signal
Processing” by Steven W. Smith, which can be downloaded for free at http://www.dspguide.com.

For an N-point DFT, this variant usesN + 2 basis functions, namelyN/2 + 1 cosines and
N/2 + 1 sines:

fj =
N/2∑

k=0

ckcos(2πjk/N) +
N/2∑

k=0

skcos(2πjk/N)

and hence the “Fourier coefficients” are theN + 2 values(ck, sk) for k = 0..N/2. The reason we
choose sines and cosines is because they transform very simply under convolution: only their mag-
nitude and phase will be changed. Hence,we can understand the effect of any linear filtering
operation on any function simply by understanding how it acts on the sine and cosine waves.

However, it is annoying that we do not haveN fourier coefficients, butN + 2. The apparent
discrepancy is explained by the fact that we always haves0 = sN/2 = 0. Also, while synthesis is
easy, analysis (the DFT) is not very elegant in this framework.

2 Matrix Form of the Real DFT

It is nicer to drop those two extra sine waves, and write the synthesis in matrix notation:

f = Uc
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where theN ×N matrixU consists ofN basis functions as its columns, arranged in the following
order:

Uj0 = cos(2πj0/N) = 1, 1, 1, 1...

Uj1 = cos(2πj1/N)

Uj2 = sin(2πj1/N)

Uj3 = cos(2πj2/N)

Uj4 = sin(2πj2/N)

...

UjN = cos(πj) = 1,−1, 1,−1...

This is the “two scalars andN/2 − 1 dials” story from class: the Fourier coefficients are the two
scalars (one for the DC component, and one for the highest frequencyN/2), andN/2−1 “complex
dials” that give the magnitude and phase for frequency 1,2,3... etc up toN/2− 1.

The beneficial consequence of writing the synthesis formula in matrix notation is that comput-
ing the Fourier coefficientsc is now very easy:

c = U−1f

This is the “discrete Fourier transform” or DFT.

3 Complex DFT

The problem with the above is that it is not symmetric: for example, there is no way to “multiply”
in frequency space. To do that, we need to switch to complex numbers, for which multiplication is
defined as:

(r1e
iφ1)(r2e

iφ2) = (r1r2)e
i(φ1+φ2)

In fact, everything becomes very elegant when instead of thinking of real vectorsf and coefficients
c, we think of bothf andc as complex N-vectors. In that case, we have

f = Uc

with theN ×N “Fourier matrix”U given as

Ujk = e2πijk/N

The benefit of this form is that the inverse of the Fourier matrix now has a very simple expression

U−1 =
1

N
Ū

whereŪ is the complex conjugate transpose ofU . Hence, the discrete Fourier transform is given
as (from “Introduction to Applied Mathematics” by Gilbert Strang):

c = U−1f =
1

N
Ūf

This is both the easiest and the most standard form of the DFT. It can be implemented inO(N log N)
using the “Fast Fourier Transform” algorithm. However, one annoyance about this form of the DFT
is that the DFT of real signals is redundant: the real part will be even, and the imaginary part odd.
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