Divide and Conquer Recurrences

The recurrence:

T(n) = aT% +oend, TA) = e

wherea > 0,b > 1,¢ > 0,d > 0ande > 0 are constants, has the solution given
below:

Case 1: If d = logya then T'(n) € O(n? logn).

Case 2: If d > logya then T'(n) € O(n?).

Case 3: If d < logya then T'(n) € O( n'°&2).

Proof: Assume that n = b*. Then, & = log,n and a* = nlo&a,

T(n) = aT(% + cnt
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Case 1: We have b® = a. Then we get:
T(n) = en® + ¢ n%logyn.

That is, T(n) € O(n® logn).

Case 2: T'(n) = ea® + ¢/ (1—(%)*)n?, where ¢ = (—%+). This gives, T(n) = ea* + ¢ n¢ — ¢ a*.
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Since d > logya, n® dominates a*. Therefore, we have T'(n) = O( n?).
Case 3: T(n) = ed® + d((&)F — 1n% where ¢ = (z%+)- This gives,
b
T(n) = ed* + cda* — ¢ nd. Since d < logya, a* dominates n?. Therefore, we

have T(n) = O( d*) = O( nl°&).



