Fast Fourier Transform

Consider two polynomials:

A(ZL‘) = a + a1z + -+ + an—ll‘n_l
and

B(m) = bO —+ blgj + ... 4 bnfll'nil_
Let their product be

Cx) = ¢ + iz + -+ + Con_ g2,

For all 0 < 2n — 2, the coefficient ¢; of C(x) is:
k
C, = aobk + albk_l + -+ Clkbo = Z aibk_i.
i=0

(Assume that, for i > n, a; and b; are zero.)

Takes O(n?) multiplications.



Fast Fourier Transform
A polynomial of degree d is uniquely characterized by its values at d 4+ 1 distinct points.
Let xg,21,..., 29, 2 be 2n — 1 distinct points.
Let A(xg), A(x1), ..., A(xe,_2) be the values of the polynomial A(z) at these 2n — 1 points.
Let B(xg), B(x1), ..., B(xo,—2) be the values of the polynomial B(x) at these 2n — 1 points.

Then, the values of the product polynomial C(x) at these 2n — 1 points is : C(z;) = A(x;) x B(x;) for
0<i<2n—2



Fast Fourier Transform

Polynomial evaluation: going from coefficient representation to value representation: O(n) for each point

using Horner’s scheme.
Polynomial interpolation: going from value representation to coefficient representation: O(n?) using La-

grange interpolation.

1. Choose N distinct points xq, ..., Tn_1.
2. Evaluate A(x) and B(z) at these N points.
3. Pointwise product: C(z;) = A(z;) X B(z;) for0 < ¢ < N —1.

4. Interpolate C(xg),...,C(zn-1) to get C(z).

Computing C(z) take O(n?) time.

Choose the points of evaluation so that C'(z) can be computed in O(n logn) time.



Fast Fourier Transform: evaluation

Assume that the number of coefficients N is a power of 2.

Express A(z) as:

[ap + aza® + -+ + an—22™ Y + zar + a3’ + - + an_ia™ ]
Let Ao(2?) = ag + ap2® + -+ + ay_p2V 72
Let Ao(.TZ) = a; + (13552 + -+ aN_lxN_2.

Then, A(z) = A.(2?) + z A,(2?).

Suppose the points are such that z; = — TNy for0 < 5 < % — 1: symmetry.

e Evaluate Ae(l'jQ) and Ao($j2) for0 < j < % - L
e For) < j < % — 1, form:
Alx) = Ac(z®) + x;40.(z;%)
Alzjn) = Ac(z;?) — a;A.(x?).
Number of multiplications reduces by a factor of 2.

Evaluating A, (2?) same problem with half the number of coefficients and half the number of points.

Need points that satisfy the symmetry property recursively.



Fast Fourier Transform: roots of unity
Consider the equation 2%V — 1 = 0.

N distinct roots expressible as :
w = eN: principal N-th root of unity.

Let z; = w/for0 < j < N-—1.

Properties of a principal N-th root of unity.:

ew # 1forl < j < N-—1.
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ew = —wrfor0 < j

If w is a principal N-th root of unity, w? is a principal %th— root of unity.



Fast Fourier Transform: Algorithm
FFT(A,N,w) — U
Al «— FFT(A,Y,0?)
A2 — FFT(A, Y, u?)
For0 < 5 < %—1Do:

U(j) = AL(j) + w A2(j)
UGG+35) = AlL(j) — wA2(j)

O(N log N).



Fast Fourier Transform: Algorithm

To form the R, the values of the product polynomial C'(z) at the N points w’ for 0 < j < N —1.

FFTEvaluation(A(x),w, U).
FFTEvaluation(B(z),w, V).
For0 < j N—1do: R[j] = Ulj] x V[j]
Fast Fourier Transform: Evaluation as Matrix vector product

FFT evaluates the polynomial A(z) at 1,w,w?, ... w1

A is the vector of coefficients of A(z).
Result in vector U.

Let W be the N x N matrix whose (j, k)-th entry is w’*.

Vector U with values of polynomial A(z) at 1,w,w?, ... w1 is:

W x A = U.



Fast Fourier Transform: Inverse Transform

Values of the product C'(z) of A(x) and B(x) in the vector R.
Let C be the vector of (unknown) coefficients of C'(z).

Then,
W x C = R

To get C' given R:
C =W'R
Let:
W = (D)%
w
for 0< 73,k < N-—1.

Form the product of W with WZ:
W x WI)y =0

it o+ k.
(W X WI)Jk =N
itj = k.

Conclude that:



Fast Fourier Transform: Inverse Transform
% is a principal N-th root of unity if w is.

To get the coefficients C' given R:

e FFTEvaluation(R, N, %) to get a vector S.

e For0 < j < N-—1do S[j] = S[j]/N.

O(N logN).



