CS 1155 HW 5 Sample Solutions

Question 1. (10points) Exercises 3.5, problem 5(b), page 174 of the text

If G and H are both graphswith vertex set {1, 2, ..., n}, we say that G isisomorphic

toH,andwriteG H, in casethereisaway to label the verticesof G so that it
becomes H. For example, for the graphsin Figure 3, with vertex set {1, 2, 3}, are
isomor phic by relabeling f(1) = 2, f(2) = 3 and f(3) = 1.

(b) Show that isan equivalencerelation on the set of all graphswith vertex set {1,
2,...,n}

Solution:
Let the set of all graphswith vertex set {1, 2, ..., n} be S, then isareationon S.

IfG HwhereG1 SandH1 S, thefunction f is aone-to-one function mapping the vertex set
of G to that of H.
A relation is equivalent if and only if the relation is reflexive, symmetric and transitive (P. 167).

Therefore, we need to show s reflexive, symmetric and transitive.

(1). Show G Gforevery GI S.
If GT S, let V bethe vertex set of G and the function f be such that

forevery il V,f(i) =i

ieG G
\ reflexive.

(2). Show if G HwhereG1 SandHT S thenH G.
Let Vg be the vertex set of G and V that of H.

G H
\ Thereisafunction f such that

forevery il Vg, f(i) =] wherejT V.
Sincef is a one-to-one function, it isreversible, i.e. thereis afunction g such that
foreveryj1 Vu, g() =f*() =i whereil Ve.

Labeling the vertexes of H using function g we get G.
\'H G
\ symmetric.

(3).Showif G H,H LwheeG,H,LT SthenG L.
Let Vg be the vertex set of G, V, that of H and V. that of L.
Let function f and g be such that



forevery il Vg, (i) =] wherejT Vu,
forevery j1 Vi, g() =k wherek T V.
Let functionh=g°f,i.e.

forevery i1 Vg, h(i) = g(f(i)) = g(j) = k wherek T V..

Labeling the vertexes of G using function hwe get L.
\' G L
\ istrangitive.

\ is an equivalence relation.

Question 2. (10 points) Exercises 3.5, problem 18, page 176 of the text.

Let Sbethe set of all sequences (s,) of real numbers, and define (s,) » (tn) if {n1
st to}isfinite. Show that » isan equivalencerelation on S.

Solution:
Similar to Question 1, we need to show that » is reflexive, symmetric and transitive.

(1). Show (s) » () forevery s,T S

Letset T={nT :s,! s,wheres,T S}.Sonumber of elementsin T is zero, hence finite.

\' (s)» ()
\ »isreflexive.

(2). Show if (s,) » (t,) for every s, t, TS, then (t,) » (S)

Letset T={nT :s? tywheres,t,1 S},setT;={nl :t,! s,wheres,t,1 S}.
(s) » (tn)

\ Tisfinite.

T isequivalent to T;.

\ T,isfinitetoo.

\ () > (s)
\ »issymmetric

(3). Show if (sy) » (t) and (t,) » () for every s,, to, rn 1 S, then (s,) » (1)
Letset T={nT :s! tywheres,t,1 S},setTi={nT1 :t,! r,wheret, r,1 S}, setTo={n

T st rywheres, r,1 S}.

() » (tn) and (tn) » (rn)
\ Tand T, arefinite

LetM;={s: nl andisthesameasin (s,), and s,=t, wheres,, t,1 S},
M,={t:nl andisthesameasin (t,), and s,=t, wheres,, t,1 S},
N;={s: nl andisthesameasin(s,), ands,! t,wheres, t,1 S},



and N, ={t; nT andisthesameasin (t,), and s,* t,wheres,, t,1 S}.
Apparently, M; and M, are equivalent, and N; and N, are finite.

Since (t,) and (rn) have finite number of different elements, M, and (r,,) have finite number of
different elements.

M]_ = Mz

\ Mj and (r,) have finite number of different elements.

Since N; isfinite, it has finite number of different elements from (ry).

() =M1E Ny,

\ (s)) and (ry) have finite number of different elements.

\ (s0) » (o).

\ »istrangtive.

\ »isanequivaent relation.

Question 3. (15 poaints)

Let A beaset with 10 elements.

(8). How many different binary relationson A arethere?
(b). How many of them are reflexive?

(c). How many of them are symmetric?

Solution:

(8. Since al the binary relationson A isasubset of A" A.
\ The number of different binary relationson A = 2* Al = 21

(b). If Risareflexive binary relation on A, then R should at |least include the following tuples:
(a4, &), (8, &), .-, (Buo, o).

Other tuplesinrelation Risasubset of A~ A —{ (a1, &), (&, &),-.., (10, @0)}-

\  The number of different reflexive binary relation on A = 24 Al-10 = 2%

(o). If Risasymmetric relation on A, then R would be such that

if (@, a)T Rwhere, a, a1 A, then(g,a)l R
LetB={[(a, &), (& a):a &l Aandi? j} ([a b] represents an unordered pair, so [a, b] = [b,
a)

\ |B|=(JA" A|-10)/2=45.

R must include a subset of the pairsin B plus a subset of {(a, &), (&, &),.-., (210, &0)},
The number of different symmetric binary relation on A = 2B~ 210= 2% 210=2%

Question 4. (15 points)
Let R beatransitive and reflexiverelation on aset A. Let T bearelation on A such
that (a, b) isin T if and only if both (a, b) and (b, a) isin R. Provethat T isan

equivalence relation.

Solution:



We must prove that T is reflexive, symmetric and transitive.

(1). Show (a, @) T T foreveryal A.

Risreflexiveon A.

\ Foreveryal A, (a a1 R,ieleeb=athen(ab)=(b,al R
\ (@l T.

\ Tisreflexive.

(2). Show if (3, b) T Twherea, b1 A, then(b, a1 T.

If ( b)T T,thenboth (a b)and (b, a1 R,i.e both (b, a) and(a b)T R.
\ (b3l T.

\ Tissymmetric

(3). Show if (3, b)T Tand(b,c)1 T,then(a, c)1 T.

If (3 b)T T, then both (a, b) and (b, & T R.

Similarly both (b, ¢) and (¢, b) T R.

Ristransitive

\ (a,¢)T Rbecause(a b)and(b,c)l
(c,aT Rbecause(c, b)and (b, a1

\ (a0l T.

\ Tistrangtive.

\ Tisanequivalencerelation.

Question 5. (10 points) Exercises 3.6, problem 8 (a), (b), page 183 of the text.

(a). List the elementsin the sets Ag, A1 and A, defined by

Ac={mT :-10Em£10andm k (mod 3)}.
(b) What iSA3? A4? Az3?

Solution:

(@.Ao={ml :-10EmE£10andm 0 (mod 3)}
\' Ai={-9,-6,-3,0,3 6,9}

Ai={ml :-10£m£10andm 1 (mod 3)}
\' A;={-8,-5-2,1,4,7, 10}
A,={ml :-10£m£10andm 2 (mod 3)}

\' A;={-10,-7,-4,-1, 2,5, 8}

(b). Az={mi :-10EmE£10andm 3 (mod 3)}
3 0(mod 3)
\A3:A0
A,={ml :-10£m£10andm 4 (mod 3)}
4 1 (mod3)



\ A4:A1

Az={ml :-10£m£10andm 73 (mod 3)}
73 1(mod 3)

\ A73:A]_

Question 6. (15 points) Exercises 3.6, problem 14 (b), (c), and (d), page 184 of the
text.

(b). Isthefunctionf: [ 1,® [ ], given by f([n]p) = [nz]pwell defined? Explain.
(c). Repeat part (b) for thefunctiong: [ ]6® [ ]2 given by g([n]e) = [n7]12.
(d). Repeat part (b) for thefunctionh: [ 16® [ ]wgiven by h([n]e) = [n¥]12.

Solution:

(b). Let n + mp be the representative of [n], wherem1 |, then

f(Inlp)

(n + mp)* mod p

(n* + 2mp + m?p?) mod p

(n* mod p + 2nmp mod p + m*p® mod p) mod p (Corollary (&) on page 180)
=(x+0+0)modp

(Corollary (b) on page 180 and let x = n* mod p where x < p)

=X,

which isindependent of m.
\" f([n]p) doesn’t depends on the representative of the equivalence class.
\" f([n]p) is well defined.

(). Let n + 6m be the representative of [n]s wherem T | then

g([n]e) = (n + 6m)* mod 12
= (n? + 12nm + 36m% mod 12
= (n’ mod 12 + 12nm mod 12 + 36m” mod 12) mod 12
=(x + 0+ 0) mod 12 (Let x = n’ mod 12 where x < 12)
=X,

which isindependent of m
\' g([n]e) doesn’t depends on the representative of the equivalence class.
\' g([n]e) iswell defined.

(d). Let n + 6m be the representative of [n]e wherem1 , then

h([n]e) = (n + 6m)® mod 12
= (n® +18n°’m + 108nm* + m®) mod 12
= (n* mod 12 + 18n°m mod 12 + 108nm* mod 12 + 216m°> mod 12) mod 12
= (y + 18xm mod 12 + 0 + 0) mod 12
(Let x =’ mod 12 and y = n’* mod 12 where x, y < 12)



=y + 18xm mod 12

which is dependent of m
\' h([n]e) depends on the representative of the equivalence class.
\' h([n]e) is not well defined.

Question 7. (10 points) Exercises 3.6, problem 16 (a), (b), page 184 of the text.

(a). Show that the four-digit number n = abcd isdivisible by 2 if and only if the last

digitdis.
(b). Show that n = abcd isdivisibleby 5if and only if d is.

Solution:

(a). n=abcd = 1000a + 100b + 10c +d

\' nmod 2 = (1000a + 100b + 10c + d) mod 2
= 1000a mod 2 + 100b mod 2 + 10c mod 2 + d mod 2

(Corallary (a) on page 180)

=0+0+0+dmod2 (Corollary (b) on page 180)
=dmod 2

\ nmod2=0if and only if d mod 2 = 0.

\ nisdivisbleby 2if and only if thelast digit d is.

(b). n=abcd = 1000a + 100b + 10c + d

\' nmod 5 = (1000a + 100b + 10c + d) mod 5
=1000amod 5 + 100b mod 5 + 10c mod 5 + d mod 5
=0+0+0+dmod5
=dmod 5

\ nmod5=0if and only if d mod 5 = 0.

\ nisdivisbleby 5if and only if thelast digit d is.

Question 8. (15 points) Exercises 4.2, problem 16, page 211 of the text.

Prove(2n+ 1)+ (2n+3)+(2n +5) + ... + (4n—1) = 3n?for al nin

2n-1
also bewritten Q (2i +1).

i=n
Solution:

Prove by induction.
(1). Whenn=1,

2n-1 1
QA@+) =3 (Qi+1) =2 1+1=3
i=n i=1

3=3" 1°=3

. Thesum can



2n-1
\ Q@i+ =3

The claim istruewhen n = 1.

(2). Suppose that the claim is true when n = k. We need to show that the claim is also true when n
=k+1
2Ic<)—l
\ Q@+1) =(k+1)+(2k+3)+(2k+5) +...+(4k-1) =3k
i=k
2(kg1)-1
a@+1) =[2kk+1)+1] +[2(k+2) +1] +...
i=k+1
+[22k+1)-3) +1] +[2(2(k +1)—2) +1] +[2(2(k + 1) — 1) + 1]
=(2k+3)+(2k+5)+...+(4k—-1) + (dk + 1) + (4k + 3)
=[(2k+1) +(2k+3)+(2k+5) + ... + (dk-1)]
—(2k+1)+(4k + 1) + (4k + 3)
=3k*+ 6k + 3
=3(K*+ 2k + 1)
=3(k + 1)
\ If theclamistruewhenn=Kk, thenitisasotruewhenn=Kk + 1.

2n-1
From (1) and (2), § (2i +1) =3n?istrue

i=n



