CS 1155 HW6 Sample Solutions

(10 points) Exercises 4.2, problem 18, page 211 of the text.

n

Provel®+2°+ ... +n®=(1+2+...n)i.e, Yi®=[Yi]*for all nin P. Hint:
i=1 i=1

Usetheidentity in Example 2(b).

Basis:

1 1
n=1 Yi*=[Yi]?
i=1 i=1
1°=1°
1=1
true

Assume inductively that the claim is true for some positive integer n =k, i.e., that

k k
Yi®=[>i]> Need to show that this assumption implies that the claim is true for
i=1 i=1

n=k+1.

k+1 k

Z_i3 = _Zi3 +(k +1)°

=20+ (k + 1)°
(k(k+1)/2)* + (k + 1)°
(k + 1)*(k/4 + (k + 1))

= (k + D((k + 4k + 4)/4)
= (k + D((k + 2)/2)

= (k+ 1) ((k + 1) +1)/2]
=[(k + 1)((k + 1) + 1)/2]?

(3



(10 points) Exercises 4.2, problem 22, page 211 of the text.
Provethat 8"*?+ 9”"**isdivisible by 73 for n O N.

Basis:

n=0: 8*2+9?0*1
=8+9
=64+9
=73

which is divisible by 73

Assume inductively that the claim istrue for somen = k. Show that the
assumption impliesthat the claimistruefor n=k + 1.

8(k+l)+2+ 92(k+l)+l: 8k+3+ 92k+3
- 8(8k+2+ 92k+l) + 92k+3_ 8(92k+l)

By the induction hypothesis 8(8“* 2+ 9%*%) is divisible by 73.
So must show that 9%*3- 8(9%*1) is divisible by 73.

92k +3_ 8(92k + l) — 92k + 1(92 _ 8)
=9**4(81-9)
— 92k + 1(73)
whichisdivisible by 73

(15 points) Exercises 4.4, problem 8, page 23 of the text.
Let > ={a, b} and let s, denote the number of words of length n that do not
contain the string ab.

(a) Calculate 5, s1, &> and ss.

Ao ={A}

A ={a b}

A, ={aa, bb, ba}

A; ={aaa, bbb, baa, bba}
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(b) Find aformulafor s, and proveit iscorrect.

Thisis similar to Example 4(a) on page 228.

To get arecurrence formulafor s, consider n> 1. If aword in A, endsin a, then

a can be preceded by any word in A,,.1. S0 s,-1wordsin A,end ina. If aword

Anendsinb, thenit must beal b’'s. So 1 word in Aends ilb. Thus, s=5.:1+1

is the recurrence relation foy and

S =1+t 1l=g+1+1=g3+1+1+1=..
=%.1+1=5,+2(1)=5.3+3(1)=...=s.n+tn(l)=5+n=1+n

To show that this formula is correct, need to prove that it satisfies the recurrence
conditions that define,snamely that;s=2 and s=5,.1 + 1

Ss=1+n

s=1+1

2=2

true

S$=%-1+1
l1+n=(Q+n-1)+1
1+n=1+n

true

(15 points) Exercises 4.4, problem 12, page 234 of the text.
Provethat the sequence M1, M, ... of matrices defined by
M,=01 17 , M,=[2 1
a A 1 and

M,=FIB(n+1) FIB(n)O
[FIB(n)  FIB(n - 1)0

forn = 3 satisfies M+ 1 =M; M,forn OP.
Basis:
nN=3: Mz;1=Mi* M3

M4:Ml' M3

[FIB(4+1) FIB@)O=0 10FBGE+1) FB(3)O
[FIB(4) FIB(4-1)0 0 OOFIB(3) FIBE3-10O



[FIB(5) FIB@O=0 10FIB(4) FIB@3)O
[FIB(4) FIB(3)D [l OOFIB(3) FIB(2)O

(5 30=0 1003 20
(B 20 O oz 10

B 30=03) +12) 12 + (1O
B 20 3)+02) 1(2) +0(1)0

5 30=0 30
3 20 B 20
true

Assume inductively that the claim is true for n = k. Then, show that the
assumption impliesthe clamistruefor n=k + 1.

Mk+1+1=Mge Misy

substitute using the inductive hypothesis
Myi2=Mpe My e My

Mk+2=Mzie Mie Mye My

Mk+2: Ml' Ml' Ml' e ® Ml
there are k + 24
M= Mk+2
substitute using the definition of the sequence and Example 7, page 231

FIBk+2+1) FIBK+2)=[FIBK+2+1) FIB(k+ 2
FIBk+2) FIB(k+2-1) FIBk+2) FIB(k+2- 1
true



(10 points)
Consider the definition of a Fibonacci sequence FIB(n) in example 3(a), page
228 of thetext. Prove, by induction, that for all integersk = 1,
k
FIBks+2=1+ ) FIB;
i=1

Basis:
1

k=1 FIB;+2=1+>FIB,
i=1

FIB;=1+1
2=2
true

Assume inductively that the claim is true for some positive k. Need to show that
the assumption implies the claim istrue for k + 1.
k+1

FIBk+1+2=1+ Y FIB;
i=1

k
FIBi+s=1+FIBc.1+ YFIB;
=1

substitute the inductive hypothesis

FlBk+3 = FlBk+l+ FlBk+2

true from the definition of the Fibonacci sequence

FIB(n) = FIB(n- 1) + FIB(n - 2) where k + 3 is substituted for n.

(10 points) Let m=a + 3 and a=af, wherem # 1 and a # (3.
Let A,=m-a/(m-1). For k>1,let ox+1=m - a/A«. Provethat, for n= 2,

An=[(@"-B" Y - (@"- BI(@"- B") - (@ - B )]
Basis:

n=2 A;=[(a®""- ") — @ - BA)I(a” - B7) — @ " - B* )]
Az =[(a® - B7) - @ - B))I(a® - B) — (0 - )]
Az =[(a - B)(o® +aB + %) — (@ - B)(a + B)I/[(a - B)(a +B) - (o - B)]
Az =[(a - B)((a® +ap +B) — [ +B))V[(a - B)(a +B - 1)]
Az =[(a” +ap +p°) — @ +P)l/(a +B - 1)
Az=[(a +P)*- 20B +aB — (@ +P)l/(a +B - 1)



Az =(mf —2a+a—m)/(m-1)
Az =[m(m-1) —-a}/(m-1)

A =m-a/(m-1)

true

Assume inductively that the claim is true for some positive k. Need to show that
the assumption implies the claim is true for k + 1.

Aci1=m—alA

Acs1 =0 +B-oBAI(o - BT — @ - BYII(a" - B — @ - BT}

Acs1=0+B-opf(a" - B — @ 1- BN/ [(@ - BT — (@ - BY)]

A1 ={(a +B)[(a" - B — @ - B9 - aB(a - B — @ - BN/ [(aF -
B — @ - B

Ak+l: [(G +B)(Gk+l'Bk+l—Gk +Bk) -GB(Gk _Bk_ak—1+Bk—1)/ [(Gk+1—
B - @ - B

Ak+l:(ak+2_aBk+l_ak+l+aBk+ak+lB_Bk+2_akB+Bk+l_ak+lB+
aBk+l+akB_aBk)/ [(Gk+l—Bk+l)—(Gk'Bk)]

Aca= (@20 B2 4 B [ ) — o - )
st §1k+1=[(G(“””-B(“””)—(ak”-Bk”)]/ (0"t =B - @2

true

7. (15 points) Let R be a binary relation on a set Swith n elements. Let Ry =R.
Define R; 41 from R; asfollows:
Ri:i1=RilU {(a c)|(a, b) ORiand (b, c) O R}.
Show that if Ri = R+ 1for somei 20, then R =R, for all j > 1.

Basis:

i=0: R+«1=Rod{(a, c) | (a, blJ Ry and (b, c)J Ro}
R1= Ry O {subset of R}
Ri=Ry
true

Assume inductively that the claim is true for all positive integezs ® k. Need to
show that the claim is true for k + 1.



If weset k =i+ 1, then the assumption holdssince0<i<kand R =R;+1
Sok+1=i+2

Ri>=Ri:+.0 {&Jbset of Ri+l}

Ri+2=Ri+1

Substitute using the induction hypothesis

Ri+2=Ri

Sofork+1=i+2=j, where0<i<jtheassumption still holdsand R; = R,

Consider the recursive definition of the language L asfollows: L consists of
all stringsover {0, 1} obtained from the basis step by a finite number of
applicationson therecursive step:

Basis: Theempty stringisinL;

Recursive: If x O L then 11x00O L.

(&) (5 points) How many strings of length k exist for each k > 0?

for strings of length 3k, thereis 1 string
for strings any other length, there are O strings

s, =1lif nisdivisbleby 3
= 0 otherwise

(b) (10 points) Prove, by induction, that for every stringw O L the number of
1's is twice the number of O’s.

Note that each string increases in length by 3 (add two 1's and one 0) to make the
next string. So one can write a recurrence relation based on the length k.

kn=3+ k-1

which isthe same as

ky =110+ 00+ Kk, — 1

where k, is the length of the nth string in the language and you add the length of

two 1's and the length of one 0 since these are always going to be put onto the
previous string to make the next one.

Basis:

n=1 k= 2+1lk (kisA, and k is 110)
3=3+0
3=3

true



Assume inductively that the claim is true for all positive integers 0 < n. Need to
show that the claimistruefor n+ 1.

Kn+1 = 0110+ OO + k,

Kn+1 = 0110+ D00+ 1100+ 00O + Ky -4

From the inductive hypothesis, we know that k, _; has twice as many 1's as there
are 0's. From inspection, we see thafil[ 1+ [0 + (1117 + [0 has twice as

many 1's (a total of 4) as there are O's (a total of 2). So we see that for every 0
added to a string there are two 1's added. Thus for every stiihg,whe

number of 1's is twice the number of 0's.



