CS 1155 Spring 1999 HW#7 Sample Solutions

1. Consider the following recurrence equatisp= 6s,_q — 11s, » +6s,,_3, with 55 = 3, s; = 6,
ands, = 14.
(a) (5 points) What is the characteristic equation of this recurrence?
Solution:

It is reasonable to hope thstwould have the forns,, = cr” for a nonzero constaut This
would mean that
cr" = 6ot — 13cr™2 + eer3
Dividing by cr'3 would then give
rP=62-17 +6
Therefore, the characteristic equation of the recurrence relation would be

xX—6C¢+1x—6=0 O
(b) (5 points) What are the roots of the characteristic equation?
Solution:

The characteristic equation is equivalent to the following:
P-62+xr+2-6=0
(r=3Pr+2¢-3)=0
r=3)[r-3r+2]=0
r=-3)-2t-1)=0
Clearly the roots of the characteristic equation are 1, 2, and 3. 0
(c) (10 points) What is the solution of the recurrence? Prove your answer.
Solution:
Since the characteristic equation has three different roots, we can assume that

Sn=Cary" +Corp" + Caf 3"
We know that, = 3,s; = 6, ands, = 14. Letr; = 1,r, = 2, andr3 = 3. Solving

03 = C +C*Cs
U

6
14

gives uscy = ¢, =c3 = 1. In other words, the solution of the recurrence is

C; +2¢, +3Cq

c; +4c,+9¢,

Sy=r"+r " +rx"=1+2'+ 3
We can prove this by using induction. The basis cases wher®, 1, 2, can be verified
easily. Assuming that for anyso thatO < n< m , our solution is correct, we want to prove
that forn =m+ 1, our solution is also correct:

Sh = Sm+1

= 65y — 115y, 1 +65p,2

=6(1+2"+3M 111 + I+ 3 + 61 + I2+ 3M)

=(6—11+6)+ (622 —11x 2 + 6)x 22+ (6x 32— 11x 3 + 6)x 3™2



=1+l gml

Therefore, our solution of the recurrence is correct. O

2. (10 points) Consider the sequence defined in Example 4, page 239 of the text. The characteris-
tic equation has only one root, namely 3. (Therefore, for the solution of this recurrence,
part (b) of Theorem 1 is applicable.) The proof of part (a) of Theorem 1 has two steps: (a) a
basis step where the constacis ¢, are determined, and (b) and inductive step. Which of

these two steps in the proof of part (a) of Theorem 1 fails for this example? Why?
Solution:
The first step fails because the equations

%ﬁo =C +Cy
[B1 = Cqf1 +Colp

cannot be solved far or ¢, if the characteristic equation has only one rootyj.e.r,. [

3. (15 points) Consider the matrick, M2, andM" defined on page 231 of the text book. Using

these definitions, prove that, foralk 1, FIB(n+ 1) [(FIB(n—1) —FI Bz(n) = (—1)n .
Solution:
We could use induction for this problem, but a simpler route exists:

FIB(n+ 1) [FIB(n—1) —FIB%(n)
11
10

[FlB(n +1) FIB(n)}
FIB(n) FIB(n-1)
4. (10 points) Consider the sequesg&vheresy = 2,5, =1 ands, =S, 1 +S, o forn= 2.
(a) Calculates, forn=2, 3, 4, 5 and 6.
Solution:
$=5+5=1+2=3
KB=5+51=3+1=4
$p=%3+t5,=4+3=7
S=+53=7+4=11
$$=S5+$=11+7=13 O
(b) Give an explicit formula fos,.

Solution:
Theorem 1 is applicable in this case. The characteristic equation is

X2-x-1=0

n

= " = =(-1)" 0

=M =m*

It has two roots:1

. Solving

+./5 _ 1-./5
7



52201““02
J  1+./5 1-./5
%ﬂ— 5 Gt =5 G
gives us; = ¢, = 1. Therefore,
o = b*/5T ri- 5 O
n 02 0O 0O 2 0O

5. (10 points) Give an explicit formula fg.
(c) s=5ands,=s41forn=>1.
Solution:
$,=5
(d)sg=3,sy=5ands, =25, 1—s, oforn=2.
Solution:
Using Theorem 1, the characteristic equation is

-2x+1=0
which has only one root, 1. Solving
B =¢ +c, [0
% =ct+c,
we havec; = 3 andc, = 2. Therefore
s, =3+ O

6. (10 points) Theorem 2 does not specifically apply to the following recurrence, but the ideas
carry over.
(b) Given thatt;, = 3t,+ f(n) , find a formula fdr,

Solution:
Our guess would be

1@
3‘3“5132 s (8)

|
and we can prove it by using induction. The basis is

S = Sy —BE% ><OD=S1

Assume that (8) is true for a specific



S3m+1 = S3 |:Bm

35, + (3™

m+1 f(3)
Dl 3 Z

D+ f(3 )

f(3) f&E
3m"0

m+1
Dg}l 32

qm+1 f(3 )D
EESl 32 :

The inductive step is also true. Therefore (8) is true fanallo. O

7. (10 points) Recursively defirsg = 1,a; = 3,a, = 5 anda,, = 3a,, » + 2a,, 3forn= 3.

(d) Prove tha, = 2a, ; + (-1)"1forn> 1. (8)
Solution:
We need to use th®econd Principle of Mathematical Inductitor this problem. First, we
need to verify that (8) is true for= 1 and 2.
ifn=1,2, 1+ 1" =2+ (1)} "=28+1=3=a

ifn=2 2,1+ 1"1t=2a, ;+ (-1 '=2a,-1=5=a,
Then, assuming that (8) is true for indices from hte 1, we need to prove that (8) is still
true for indexn.

a, = 3a,_,*t2a,_3

= 3(2a,_,+(-1)"" %) +2(2a,_,+(-1)"%

6a,_5+3(-1)" 2+4a,_,+2(-1)"*

6a,_,+4a,_,+(-3+2)(-1)""*

6a,_5+4a, _,+(-1)"°

= 2(3a,_z+2a,_,)+(-)3(-1)" "

=2a _,+(-1)"*
The proof is not complete at this point. Notice that in order to use the (8) assumption in the
second sub-step above;- 3 has to be 1. This means that our inductive step works only
if n= 4 and then = 3 case has to be covered in the induction basis:
a3=3 +t295=9+2=11
ifn=3 2, +1"t=2a  + (1P 1=2a,+1=11 =4
Now the proof is complete. O



8. Letp, g be two propositions. Consider the following recursive definition of thesatwell-
formed conjunctive and disjunctive Boolean expressions yssargiq:
Basis p,qU E.
Recursive Stepf e, e, are expressions i, then(e; Oe,) JE ande, Ue,) OE .

An expression is ik iff it is obtained from the basis by a finite number of applications of the
recursive step.
(a) (5 points) What are the expressions obtained after two applications of the recursive step to
the set of expressions defined by the basis?
Solution:
Let E; denote the séf afteri applications of the recursive step.

i E
0 |pq
1 |paq,
(PUP), (POp), (@U0q), (@Ua), (pPO0), (PUa), @Up), @Op)
2 1p.q
(PUpP), (P Op), (@U0), (@Ua), (pPOq), (PTa), @Up), @Op),
plus all 10x 10x 2 = 200 cases oé{ [l e,) and €, e,), wheree;, e, U E;

(b) (10 points) For an expressianlet P(e) denote the number of occurrences of the proposi-
tionsp andq in e and letO(e) denote the number of occurrences of the operaiiasd[]
in e. Prove, by induction, that for every expressdnE, P(e) = 1 +O(e).
Solution:
Induction basis: for every expressienl Eg = {p, g}, P(e) = 1 +O(e), because
P(p) =1=1+0(p), P(q) = 1 =1 +0O(q)
Inductive step: assuming that for every expressiahE;, P(e) = 1 + O(e), where (i < n,
we want to prove that for every expressedn E;, 41,
P(e) =1 +0(e) (8)
If e E,, (8) is obviously true according to the inductive assumption. Therefore we only
need to consider the cases wheie E,,,; bute J E,, . Thene can be eitherg; Ue,) or (e;
Ley), wheree; U Ej, e, UEj, O<si<n, O<j<n.Ife=(g Uey,

P(e) = P((e,Uey)) = P(e) +P(&)

(1+0(e)) +(1+0(ey))

1+(1+0(e) +0O(ey))

1+0((e Uey))

1+0(e)

Thee= (g; Uey) case is very similar.

In summary, according to th@econd Principle of Mathematical Inductiofg) is true for
all E. O
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