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Abstract. A monotone boolean circuit is said to be multilinear if for
any AND gate in the circuit, the minimal representation of the two
input functions to the gate do not have any variable in common. We
show that monotone multilinear boolean circuits for bipartite perfect
matching require exponential size. In fact we prove a stronger result by
characterizing the structure of the smallest monotone multilinear boolean
circuits for the problem. We also show that the upper bound on the
minimum depth of monotone circuits for perfect matching in general
graphs is O(n).

1 Introduction

Since Razborov [7] showed a super-polynomial lower bound on the size of mono-
tone circuits for perfect matching and established a super-polynomial gap be-
tween the power of general circuits and monotone circuits, there have been other
functions in P [9] for which the gap has been shown to be exponential. But the
lower bound for monotone circuits for perfect matching is still super-polynomial.
It has been shown in [6] that monotone circuits for perfect matching require lin-
ear depth.

Let PM denote the problem of finding whether a graph has a perfect matching
and let BPM denote the problem of finding whether a bipartite graph has a
perfect matching. The upper bound on size of arithmetic circuits for permanent
in [1] yields a 2°(" size monotone boolean circuit for BPM directly (replace
the product and plus gates with AND and OR gates respectively) and can be
generalized to an upper bound on size for PM also. But the depth of these circuits
is 2(nlogn). We show in Section 2 that linear depth monotone circuits can be
constructed for PM.

Since attempts to show an exponential lower bound on the size of monotone
circuits for BPM have not succeeded, it seems worthwhile to check if such a
bound can be shown for restricted monotone circuits. In Section 3 we show
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that under two different restrictions on the function calculated by AND gates
and OR gates, monotone circuits for BPM require exponential size. We call the
circuits satisfying the restriction on the AND gates multilinear because of the
similarity to the restriction of multilinearity in arithmetic circuits. As defined in
[5], an arithmetic circuit is multilinear if at each gate the power of any variable in
minimal representation of the polynomial computed is at most 1. Equivalently,
for any product gate, the minimal representation of the polynomials of its two
input gates have no variable in common. A recent result of Raz [5] shows a super-
polynomial lower bound on multilinear arithmetic formulas for the permanent.
Multilinearity for arithmetic circuits has been extensively studied for the lack
of strong lower bounds for general arithmetic circuits and because they seem to
be the most intuitive circuits for multilinear functions (see [4] and [5] for more
references). We call a monotone boolean circuit multilinear if for any AND gate,
the minimal representation of the of the two inputs to the gate do not have any
variable in common. We say a monotone boolean circuit is in the simplest form
if it satisfies the restriction on OR gates and a stronger restriction on AND
gates than multilinearity. The circuits constructed in Section 2 and the circuits
obtained from [1] for perfect matching are examples of circuits in the simplest
form. It turns out that the smallest multilinear boolean circuits for BPM are
also in the simplest form. The upper bound on size implied by Section 2 and the
lower bound shown in Section 3 are very close showing that the analysis of the
lower bound for monotone multilinear boolean circuits is quite tight. Since the
circuits in the simplest form not only seem to be the most natural circuits for
PM and BPM, but also attain the lower bound for multilinear boolean circuits
and provide the best known upper bound on the size and depth of monotone
circuits for these problems, it seems plausible to conjecture that these are the
smallest monotone circuits for the perfect matching problem.

To the best of our knowledge, our lower bounds are not implied by any of
the known lower bounds for arithmetic and boolean circuits. When a multilinear
boolean circuit for BPM is converted to an arithmetic circuit in the natural way
(by replacing the AND and OR gates by product and plus gates), it does not
necessarily yield a multilinear arithmetic circuit for permanent because boolean
circuits can use idempotence.

We use the notion of minterm defined in [2] to analyze the circuits. Our
lower bounds use a direct argument for circuits computing BPM. One of the
key lemmas (based on the idea that there are not “many” perfect matchings
that do not have an edge crossing a “balanced” cut) is reminiscent of the tree
separator theorem [3]. The tree separator theorem has had many applications
such as small depth circuits for context-free language recognition [8] and showing
the relationship between depth and size of monotone circuits (see [10]).

In what follows, we will assume that all circuits are monotone boolean cir-
cuits in which the AND and OR gates have fan-in 2. The inputs to the circuit
correspond to edges of a graph G on a set V = {1,2,...n} of n vertices, where n
is even. That is, the input corresponding to pair {i,j} is 1 if the edge is present
in G and 0 otherwise.



2 Upper Bounds on Depth and Size of Monotone Boolean
Circuits for PM

Let S CV and S be even. A subset m of edges is said to be an S-matching if m
is a matching with an edge incident on each vertex of S and no edge in m has
one end point in S and the other in V' — S (m may contain edges that have both
end-points in V' — S). We say m is an ezact S-matching if m is an S-matching
and m has no edge incident on a vertex in V — §.

We first describe the depth upper bound for PM.

Theorem 1. PM has monotone circuits of O(n) depth.

Proof. For the sake of simplicity of this construction, we assume n = 2*, though
the result can be proven for any even n. If n = 2, the construction is trivial. So
assume n > 2. Suppose for each S C V,|S| = n/2, we are given a circuit Cg
that evaluates to 1 iff there is a S-matching in the input graph G. If we take
the AND of Cs and Cgs., we get a circuit Cp that evaluates to 1 iff there is
a perfect matching that does not cross the partition P = {S,S°}. If we take
the OR of all circuits corresponding to the partitions of V into two sets of
n/2 vertices, we get a circuit Cy for perfect matching on V (see Figure 1).
Since the number of partitions of V into n/2 vertices is W, the depth of
the OR gates at the output of Cy is |logn! — log2! — 2log(n/2)!] < an + b
where a and b are positive constants independent of n. Therefore the depth
of Cy isan+b+ 1+ maw depth(Cs) where depth(Cs) is the depth of Cs.

The Cs may be recursively constructed the same way as Cy since Cys is a
circuit for perfect matching on the graph induced by S. Therefore the depth of
C<(an+b+1)+(an/2+b+ 1)+ ... = O(n). If n were not a power of 2,
at each level of recursion, split the set of vertices into two sets of even sizes in
the most balanced way. For example if n = 36, we need to consider all subsets
of size 18 at the first level, all subsets of size 8 and 10 at the second level, all
subsets of size 4 and 6 at the third level and so on. O

The upper bound on size for PM obtained above is n©(1)237/2 a5 the level of
recursion that contains the maximum number of gates is the second level with
O((n72) (Zﬁ)) gates. Since finding if there is a perfect matching in a bipartite
graph on n vertices is the same as checking whether the permanent of the n/2 x
n/2 incidence matrix is not zero, we can obtain a upper bound of n?)27/2 on
size for BPM by replacing the product and sum gates in the arithmetic circuit
for permanent given in [1]. The same approach can be generalized to obtain
a better size upper bound for PM as follows. In the construction in Theorem
1, instead of considering partitions {S,S¢} into the most balanced even sets,
consider partitions such that S is a set of two vertices, one of which is the vertex
of smallest index in V. Now the circuit for each S¢ can be constructed recursively.
At level 2, we need at most ("”}) subcircuits to compute the different possible

values for S°. In general, at level i, we need at most ("_’) subcircuits. Solving
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Fig. 1. Construction of circuit Cy for showing the depth upper bound

3 Lower Bound on Size of Restricted Monotone Circuits
for BPM

A minterm of a monotone boolean function is a minimal set of variables that
when set to 1, the function evaluates to 1 irrespective of the value of the variables.
Let C be a circuit. Let g be a gate of C. The function computed by g is the
boolean function representing the output of g in terms of the input gates. The
set of minterms of g in circuit C, denoted by mintermc(g) (or minterm(g) if the
circuit is clear from the context) is the set of minterms of the function computed
by g.

Throughout this section, we assume that the inputs to a circuit correspond to
the edges of a bipartite graph G on a bipartition {V',V'¢} of V = {1,2,...n} into
equal sets. That is, there is an input corresponding to each pair (i,j) € V' x V'*
that is 1 if the edge between i and j is present in G and 0 otherwise. The edge
set of gate g is the set of all edges that appear in some minterm of g. The vertez
set of a subset m of the edges is the set of all end points of the edges in m. The
vertex set of g is the vertex set of its edge set. The edge set and vertex set of a
subcircuit of C' are defined to be the respective values for the output gate of the
subcircuit.

3.1 Lower Bound for Simple Circuits for BPM

A circuit is said to be simple if for any OR gate g in the circuit with input
gates g1 and go, the vertex sets of g, g1 and g2 are the same. It can be seen by
induction that in a simple circuit, the vertex set of any minterm of a gate is the



same as the vertex set of the gate. The statement is true for input gates. If it is
true for the input gates g; and g» of an OR gate g, it is true for g as well since
minterms of g are either minterms of g; or g». If the statement is true for the
input gates g; and g, of an AND gate g, all the minterms of g have the same
vertex set since any minterm of g is the union of some minterm of g; with some
minterm of g and all minterms of g; have the same vertex set, as do minterms
of gs.

Lemma 1. Assume n > 2. Let C be a simple monotone circuit for BPM. For
any perfect matching m, IV, CV, |V|/3 < |Viu| < 2|V|/3 such that Vi, is the
vertex set of some gate g and m is a Vi, -matching.

Proof. Set U = V, m' = m and let g be the output gate of C. At any stage
later, we will ensure that (U, m/, g) satisfy the following constraints:

(1) U is the vertex set of g.
(2) m' is a subset of m, m’ is a minterm of g and U is the vertex set of m' (and
hence m is a U-matching).

Also, let U > 2|V'|/3, which is true initially when U = V. Since [V| =n > 2,
the gate g can not be an input gate. If g is an OR gate, one of the two input
gates g1 or go of g, say g1, has m' as a minterm. Let g < ¢’ and repeat. If
g is an AND gate, let V; and V5 be the vertex sets of its input gates ¢g; and
g2 respectively. Without loss of generality, let |Vi| > |V2|. There must be some
minterm m; of g; and ms of g, such that m' = my [Jms. From a remark above
the lemma, we know that the vertex sets of m; and ms are V; and V5 respectively,
and hence U = V] |J Vs. Therefore (V1,mq,g1) satisfy conditions (1) and (2). If
[V|/3 < Vi <2|V|/3, then V; is the required value for V,,. If not, |V1| > 2|V|/3,
since otherwise |V;| + |V2| < 2|V|/3, contradicting |U| > 2|V|/3. Since C has a
finite depth, and input gates have vertex set of size 2, we will successfully find a
value for V,,. O

The problem with proving the above lemma for general monotone circuits
for BPM is that for a particular gate, there can be two minterms with different
vertex sets. So we can not associate a “cut” with each gate such that none of its
minterms crosses it.

Theorem 2. Simple monotone circuits for BPM require exponential size.

Proof. Let n > 2 and let C' be a simple monotone circuit for perfect matching.
Enumerate one set V,,, satisfying the conditions of Lemma 1 for each possible
perfect matching m on the bipartition {V',V'“}. For each U C V of size p,
there are at most (p/2)!"5%! perfect matchings that do not cross it (assuming
G is a complete graph, this number is exactly (p/2)!"52! if U contains the same
number of vertices from V' and V'¢ and zero otherwise). Therefore, each U C
V,|V1/3 < |U| £ 2|V|/3 corresponds to at most (n/6)!(n/3)! perfect matchings.



Since the number of perfect matchings in a complete bipartite graph is (n/2)!,
we must have enumerated

(n/2)! 2(1)o(n/21og 3—

— 9(n/2log n/3) _ (24597
EIORI e
distinct subsets of V, each of them corresponding to a different gate of C'. There-
fore, the number of gates in C is 2(2-459"). i

3.2 Lower Bound for Multilinear Circuits for BPM

A circuit C is said to be multilinear if the edge set of any AN D gate is the disjoint
union of the edge set of its input gates. Unlike simple circuits, multilinear circuits
are expressive enough to compute any monotone boolean function.

A circuit is said to be in the simplest form if it is simple and the vertex set
of any AND gate is the disjoint union of the vertex set of its input gates. It
can be seen that the circuits used to show upper bound on depth and size for
PM were in the simplest form. Also note that circuits in simplest form are also
multilinear.

Theorem 3. A multilinear circuit of smallest possible size for BPM is also in
the simplest form.

Proof. Let C be a multilinear circuit for bipartite perfect matching on {V',V'¢}
of smallest possible size. We will define a required vertex set V, for each gate g
satisfying;:

(1) If g is an AND gate with input gates g; and go, the required vertex of g is
the disjoint union of the required vertex sets of g; and go.

(2) If g is an OR gate with input gates g1 and g», the required vertex sets of g,
g1 and go are the same.

(3) There is at least one minterm of g that is an exact V;-matching.

(4) All minterms of g have an edge to each vertex in V.

(5) Let g be a gate with input gates g; and g». Let the output from g; to g
be replaced by the output of a new subcircuit that computes a function f.
Assume that any minterm m of f is the superset of some minterm m' of
g1, and all minterms of g; that are exact V,,-matchings are also minterms
of f. We call f the pruned function of the output of g; (Note that pruning
the ouput of a gate is defined with respect to the required vertex set of the
gate). Let the output from go to g also be replaced by a pruned fuction of
the output of go. Then the new output of of g is a pruned function of the
original output of g.

Intuitively, if an input gate g1 to an OR gate g has no minterm that is an
exact Vy-matching, we can replace the input from g; to g with a zero input
without affecting the function calculated by the circuit. For gate g, the effect of
this change is to increase the size of some minterms while some minterms drop
out. But all minterms that are exact Vy-matchings are unaffected as they must



have been minterms of the other input gate to g. This pruning effect cascades
all the way to the output gate. But the function calculated by the output gate
will remain the same as all its minterms will be exact matchings on its required
vertex set, namely V. We will apply a series of such changes.! Note that if the
output of a gate is pruned multiple times, the resulting output function of the
gate is also a pruning of the original output of the gate.

In the proof below, we might modify C' by removing the connection between
some gates. If at any time, there is no path from a gate to the output gate, we
assume that the gate has been deleted without loss of generality (since such a
gate can no longer affect the output of the circuit).

The required vertex set of the output gate is defined to be its vertex set V. It
can be seen that it satisfies conditions (3) and (4). We define the required vertex
set of a gate based on the required vertex sets of its parents (gates to which it
supplies an input) in C. Once the required vertex set of a gate g is defined, it
passes a requirement, a subset of V', to its children g; and g, as defined below:

Case 1: g is an AN D gate: By property (3), 3m € minterm(g) such that m is
an exact Vy-matching. Therefore, Im; € minterm(g1) and Ime € minterm(g2)
such that m = my |Jmsa and my [ ma = 0 (since the edge sets of g1 and g2 are
disjoint. This is because of the multilinearity of the original circuit and the fact
that the subcircuit rooted at g has not yet been modified). The requirements
passed to g1 and go are the vertex sets of m; and mo, say V; and V5, respectively.

Hence, m; is an exact Vi-matching. Suppose some m' € minterm(g;) does
not have an edge to some v € V;. Then some subset m' of m' | Jms is a minterm
of g. Also, my does not have an edge to v since m; |Jmz was a V4 |J Va-matching
and m; has an edge to v. But then m" does not have an edge to a vertex v in the
required vertex set of g, contradicting (4) for g. Therefore, all m' € minterm(gy)
have an edge to each vertex of V;.

This also means that any m' € minterm(g) which is an exact V,-matching
is produced by the disjoint union of m| € minterm(g1) and mj € minterm(g2)
where m} and m}, are exact Vj-matching and exact Va-matching respectively
(Since m' = mj |Jm} is an exact V-matching, if m} is not an exact V;-matching,
then Je; € mj such that e; has an endpoint va € V5. But m), has some edge
e2 incident on ve. For m) |Jm) to be a matching, e; and e» must be the same
edge. But this contradicts the multilinearity of the original circuit). We will now
show that condition (5) holds for g if we define the required vertex set of gy
and go to be V; and V5 respectively. Suppose we replace the inputs from g
to g and g2 to g in C' with inputs from two new subcircuit C; and Cs having
output gates g; and g respectively to get a new circuit C’. Let the outputs of
g4 and g) be pruned functions of the outputs of g; and g2 respectively. Then if
m € mintermc:(g) then Imy € minterme:(g7) and ma € mintermc:(gy) such

tIn the original version of the paper, it is mentioned that applying one such change
results in a multilinear circuit. This is not true since some minterms of the gates in
the circuit can grow in the process. But we do get back multilinearity after applying
all such possible changes. This is because all minterms of a gate that grew larger
eventually drop out.



that m = my |J mo. Since m; is the superset of some minterm of g; in C and mq
is the superset of some minterm of g, in C, m is the superset of some minterm
of g in C. That is, the output of g in C’ is a pruned function of the output of
g in C. Also, if m € mintermg(g) and m is an exact V; |J V2-matching, then
m € mintermc:(g) too. Therefore, the new output of the gate g is a pruned
function of the original output of the gate.

Case 2: g is an OR gate: Suppose g2 does not have any minterm that is an
exact Vy-matching. Replace the input from g» to g with a zero input to get a cir-
cuit C' (This has the same affect as replacing the output from g with the output
from g¢; and deleting g. But we will retain g for the moment to avoid changing
parent-child relations we have already analyzed). If m € mintermc(g) is an ex-
act Vy-matching, then m ¢ mintermc(g2). Therefore m € mintermc(g1). This
implies m € mintermc:(g). If m € mintermc:(g), then m € mintermeg(gy1).-
Therefore, Im' € mintermc(g) such that m' C m. That is, the output of g in
C'" is a pruned function of the output of g in C. Therefore, applying property
(5) to gate g and subsequently to all the gates along the paths to the output
gate, we see that the outputs of circuits C' and C' are the same. Replace the
current circuit with the modified circuit C'. Note that the required vertex set of
any gate for which the value had already been defined still satisfies conditions
(3)-(5). The gate g then passes its required vertex set V, as the requirement to
g1- Gate g passes no requirement to gs since g is no longer its parent. To simplify
the analysis later, we will assume that the zero input takes on the role of the
second child go of gate g. If both g1 and g> have minterms that are exact V-
matchings, g passes V; as the requirement to both g; and g». Below, we assume
that g, has a minterm that is an exact V,; matching (since g has a minterm which
is an exact V, matching, one of g; and g, must have such a minterm) and hence
was not disconnected from g.

Since every minterm of g, is the superset of some minterm of g, all minterms
of g1 have an edge to every vertex in V. The same holds for the minterms of g.

Let us now analyze condition (5) for g assuming V, is defined as the required
vertex set of g1 and go. Let the inputs from g; and g» to g be replaced by inputs
from two new subcircuits C; and Cy with output gates gf and g} respectively.
Let the output functions of g and g} be pruned functions of the outputs of g;
and g, respectively. Then if m' € mintermc:(g), either m' € minterme:(gy) or
m' € mintermcr(gh). In either case, Im € mintermc(g) such that m C m'. Also
if m € mintermc(g) is an exact V -matching, then either m € mintermc(g1)
or m € mintermc(gz).Therefore, m € minterme:(g). That is, the output of g
in C" is a pruned function of the output of g in C.

If for some gate g1, all its parents pass the same requirement Vj, define Vj
to be the required vertex set for g;. Conditions (3)-(5) are satisfied for g;.

Suppose two parents g and g’ of a gate g pass different requirements V; and
V> respectively. Without loss of generality, assume there exists vertex v satisfying
v € V1, but v ¢ Va. Since g passed V; as requirement to g, all minterms of g;
have an edge to v. But since g’ passed V2 as requirement to g;, there exists a



minterm m of g; that is an exact Vo-matching, and hence m does not have an
edge to v, a contradiction. Therefore, all parents of g; pass the same requirement.

We will now show that the required vertex set of each gate is in fact its vertex
set. Let g be a gate whose required vertex set is not the same as its vertex set.
Therefore Im € minterm(g) with an edge e to a vertex outside its required
vertex set. If g is an OR gate, one of its two input gates, say ¢', has m as a
minterm. Since the required vertex sets of g and g’ are the same, g’ too has an
edge to a vertex v outside its required vertex set. If g is an AND gate with
inputs g; and go, then Im, € minterm(g1) and mo € minterm(gs2) such that
my|Jmaz = m. Let e € my. Then g; has a minterm m; that has an edge to
a vertex v outside its required vertex set (since the requirement passed by an
AND gate to its input gate is a subset of its required vertex set). Since C' has
finite depth, we obtain a input gate whose required vertex set is not the same
as its vertex set. But this is a contradiction of property (3).

Therefore, from conditions (1) and (2), the new circuit is in the simplest form.
But if we removed the connection between an OR gate its child and replaced
it by a zero input, we would have decreased the size of the circuit (because we
can eliminate the OR gate as explained before). This would contradict the as-
sumption that the original circuit was the smallest multilinear circuit for BPM.
Hence a multilinear circuit for BPM of the smallest size is also in the simplest
form. O

Corollary 1. Multilinear circuits for BPM require exponential size.

Proof. This is easily seen from Theorem 2 and Theorem 3, since circuits in
simplest form are also simple. O
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