A HIGH-ORDER SOLVER FOR THE HEAT EQUATION IN 1D DOMAINSWITH
MOVING BOUNDARIES*
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Abstract. We describe a fast high-order accurate method for the saluaii the heat equation in domains with
moving Dirichlet or Neumann boundaries and distributeccésr We assume that the motion of the boundary is
prescribed. Our method extends the worlkoGreengard and J. Strain, “A fast algorithm for the evalioat of heat
potentials”, Comm. Pure & Applied Math. 199@ur scheme is based on a time-space Chebyshev pseudmbkpect
collocation discretization, which is combined with a rexive product quadrature rule to accurately and efficiently
approximate convolutions with the Green’s function for tieat equation. We present numerical results that exhibit
up to eighth-order convergence rates. Assumiihgme steps and/ spatial discretization points, the evaluation of
the solution of the heat equation at the same number of piirgigace-time require® (N M log M) work. Thus,
our scheme can be characterized as “fast”, that is, it is veptknal up to a logarithmic factor.

Key words. Integral equations, spectral methods, Chebyshev polyadspmoving boundaries, heat equation,
quadratures, Nystrom’s method, collocation methodsmat! theory.

1. Introduction. We present a fast and high-order method for the solution efdin
mensional heat equation in domains with moving boundakésassume that the boundary
motion is prescribed. Given smooth functiofisy, andw we seek to compute(z, ¢t) such
that

ou .
Frie Au(z,t) + f(x,t) in w(t), t>0,
u(z,0) =w(x) in w(0), wu(x,t)=glx,t) on ~(t).

(1.1)

All our algorithmic choices can be extended to 2D and 3D. Témits, however, become
quite involved and additional algorithmic components azeassary. For clarity and due to
space limitations, we present the core ideas of our methutthéoone-dimensional case. We
will report the extensions to higher dimensions at a fututiela.

Formulation. The proposed algorithm is based on potential theory [13thu\it loss of
generality, letv(t) be contained in the unit bd® = [0, 1]. LetT" denote the boundary of the
unit box. By linearity, we decompose the problem (1.1) it initial condition component
u;, the distributed force componenf, and the boundary contributian,:

(?;;Z =Au; in Q, w(z,0)=w(x), wu(T,t)=0, t>0, (1.2)
an .
5 = Aup+f in Q wup(z,0)=0, wugl,t)=0, t>0, (1.3)
Bub .
e Aup in w(t), up(x,0)=0, wup(y(t),t)=9g—ui—uy, t>0. (1.4)

* This work is partially supported by the U.S. Department offery under grant DE-FG02-04ER25646, the U.S.
National Science Foundation grants CCF-0427985, and DBI/78.
T Department of Mechanical Engineering and Applied Mectgrimiversity of Pennsylvania, Philadelphia, PA
19104, USA ghr avan@eas. upenn. edu)
tDepartments of Mechanical Engineering and Applied Measniand Computer and Information Science,
University of Pennsylvania, Philadelphia, PA 19104, UBAK{os @eas. upenn. edu)

1
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We solve (1.2), (1.3), and (1.4) using an integral equata@mfilation; we compute,; and
(3 by

ui(z,t) = Volwl(z,t) = [ G(z,t;y)w(y)dy,

Q

: (1.5)
urle.) = Vifl@.t) = [ [ ety s mayar,
0
whereG(z, t;y,7) is the Green'’s function for the unit bdX with periodic boundary con-
ditions! The solution of (1.4) is obtained by the solution of a doublger indirect integral
equation formulation, which is given by

up(z,t) = (z,1) / /( : 3%::,;,% )gb(y,T)ds(y)dT, rewx(0,T]. (1.6)
~y(T ;

Heren is the outward normal tg. The double layer potential denoted By is the solution
for problem (1.4) provided the boundary densitysolves the following Fredholm second-
kind integral equation for > 0,

—%¢(w,t) + D[p)(x,t) = up(x,t), Ve (t). a.7)

Computational complexityT'he solution of (1.1) through potential theory required-eva
uation of double layer and volume potentials. A direct esdn of V[f] using M x N
quadrature points a/ x N locations in space and time, requi@éM? N?) work. The his-
tory dependence of this convolution can be overcome by usiadast algorithm of Green-
gard and Strain [6]. The key idea is to use two equivalent esijoas for the kernel?(z, t),
one that converges fast at distant times and the other agewéast locally. The volume po-
tential V is split into a local or near pa; and a far pary’r. For the evaluation of the
local part, a method-of-images expansiorcois used; for the far part, a Fourier expansion
is used. A recurrence relation to update the Fourier coefftsiin the far part eliminates
the need to integrate over the entire history. As pointedimy22], discrete sums of the
form>°"_, C, sin(nmz) andz,i”:1 sin(nmyy) f that arise in the computation df, can be
computed in optimal time by using the nonuniform FFT [4]. Tbeal part can be computed
optimally using the fast Gauss transform [7]. Using thesé¢hios the overall complexity
of computing the volume potential can be reduce®(@/ N log M ); the overall scheme is
second-order accurate.

Synopsis of the new methodere we extend the Greengard & Strain algorithm to a high-
order accurate scheme. We develop special product integrates to compute the local and
far parts of the heat potentials. The basic idea is to appratd the boundary density using
Chebyshev polynomials and then compute the resulting mtmesactly. To achieve optimal
complexity, we propose a scheme that makes use of fast suommaethods [4, 6, 7]. We
then build a solver for (1.1) based on a fast and high-ordaurate evaluation of volume and
layer potentials.

Following Greengard and Strain, this is the outline of outhod:

e We use a double layer integral equation formulation for Y1wlhich results in a
well-conditioned linear system;

e We discretize using a pseudo-spectral collocation metlsotyuChebyshev polyno-
mials;

IHere we described the decomposition into three subprobfentie case of a Dirichlet boundary condition.
The extension to the Neumann case is analogous.



Heat equation in domains with moving boundaries 3

e We develop high-order quadratures for the heat (and ottepkhpeaked) kernels
using recurrences;
e We derive a high-order scheme for the heat equation in dewath moving bound-
aries (with prescribed motion) and distributed forces.
The main contributions of this work are the high-order timafrching scheme, and the exten-
sion to problems with moving boundaries and distributedces!

Related work.Much of the research on solving the heat equation on moving tharies
has been concentrated on the Stefan’s problem for which git@mof the boundary is un-
known. In this paper, we consider only problems in which tha&iom of the boundary is
prescribed? Fast algorithms introduced recently dramatically impbtiee computational
complexity of solving integral equation formulations foarpbolic PDEs. The fast Gauss
transform [7] can be used to accelerate the solution of the-$pace initial value problem
for the heat equation. The Greengard & Strain algorithm Eg} be used for the efficient
evaluation of single and double layer heat potentials imided domains. Fast algorithms for
unbounded domains are discussed in [5, 14]. The work of [Ris2ne of the first attempts
to design fast methods for the heat equation. A direct foatmh was used in [8, 28] for
the 1D Stefan problem. In the case of prescribed Dirichléd,da direct integral equation
formulation leads to a \olterra system of equations that-isonditionec. 1ll-conditioning
can be avoided by using an indirect double layer formulatidrich we describe in detail in
Section 5. Recently, epitaxial step flow growth in 1D was dated in [10] using layer po-
tentials. Despite these remarkable advances, howeveg,afdhe existing methods achieves
both high-accuracy and optimal complexity.

Indeed, fast summation algorithms and high-order scheneesegcessary to build work-
efficient solvers for (1.1). The time integrals in all vatiaof the heat potentials have kernels
that are sharply peaked. A generic quadrature rule can ki lugeit will not achieve its
order of convergence for reasonable discretization sidagorm second-order convergence
in computing the single layer was achieved in [6, 20] usingrgsotic expansions. To obtain
high-order convergence through asymptotic expansioresneeds high-order derivatives of
the boundary density, something that can be computationally expensive. In [&?,a82
uniform second-order convergence was achieved by usingcepise linear approximation
for the boundary density and computing the convolution withheat kernel exactly.

An alternative is the design of special quadrature rulegergi («) = j_ll K(a,0)p(0)de,
with K being a singular, sharply-peaked, or oscillatory kertnel goal is to design high-order
accurate integration schemes. There exists a substaotigldf work on quadrature rules for
such problems. The main challenge is to ensure optimalithgoic complexity and compati-
bility with fast summation methods. In Kapur and RokhlinJa2d Rokhlin [19], corrections
to trapezoidal rule have been suggested for integratirgun functions. In Ma et al. [11]
and in Yarvin and Rokhlin [26], numerical tools to obtain gesdized Gaussian quadratures
have been devised. In Alpert [1] hybrid Gauss-trapezoidakrfor regular functions and sin-
gular kernels were developed. These approaches, howeserpadirectly applicable to the
heat kernel due to the spatial and temporal components &etimel. Although it may be the
case that they can be extended to the heat kernel, we hawefopten alternative approach
based on recurrence relationships.

Such recurrences have been established by Piessens [E6ide variety of kernels.
In Hasegawa and Torii [9], Cauchy principal value integre¢se evaluated using quadrature

2There is a large (and significant) body of work regarding llstancil-based discretizations of (1.1); we do
not attempt to review this literature. We believe that, fertain problems, there are significant advantages in using
integral equations. Since this work is in 1D, we postponedtbeussion to a future paper.

3In 1D ill-conditioning has little impact in practical comtions. The argument is important for problems in
higher dimensions.
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rules combined with Chebyshev-polynomial approximatioHere we concentrate on heat
potentials but this strategy can be applied to solving oRM2Es via integral equations. For
example, in Piessens [15] integral equations like the Aftelgral equation were solved. The
main difference between this method and quadrature ruldstswve discretize the density
but not the integral operator. Given a density) and a kerneK («, 0) we write:

—

q9— q

1
06) = X 6RITLO) = I(a) = 3 ob(a). whereli(@) = [ K(a.)Tu(6)db,

k=0 k=0 1.8)
based on the Chebyshev-polynomial expansion.ofrhe integralsly. () are computed to
machine accuracy using recurrence relations (Section &nhdFFT, the Chebyshev coeffi-
cients{¢(n)}?_, can be computed i®(¢log ¢) work and allZ;,(«) can be computed using
recurrence relations i@(q) work. Hence the overall complexity of computing the intégra
I(«) is O(qlog q). Using this method we compute heat potentials by approxigdte po-
tential density function using piecewige — 1) order Chebyshev polynomials, and thus,
obtain agth-order accurate method.

Contents.In Section 2, we discuss algorithms for the fast evaluatidmeat potentials.
In Section 3, we derive recurrence relations for computirggmomentd; («) defined in
(1.8) for heat kernels. The details of implementing the ftaug integral solver for (1.1) with
static boundaries, are given in Section 4. The case of baigsdaith prescribed motion is
discussed in Section 5. We report numerical results th#wbe efficiency and accuracy of
our scheme in Section 6.

2. Fast summation. The direct evaluation ofy;, by the formula (1.6) af\/ spatial lo-
cations andV time levels require€)(N2M ) work in 1D. The Greengard-Strain algorithm
reduces this work t@(NM). The key idea is to use two different representations of the
Green'’s function (for a square box with periodic boundanyditions) in different time inter-
vals: one for the history part that represents the influefi¢beosources located temporally
away from the current evaluation time; and one for the loaa fhat represents the influence
of the sources located at times closer to the current evafutine.

The Green’s function for the unit box is the solution to th@pad problem with homo-
geneous boundary conditions:

oG .

E"FAyG:é(w—y,t—T) inQ stGT,t) =0. (2.1)
The solution of this problem by Fourier series and by Kelvimethod of images give us two
equivalent expansions:

G(z,y;t,7) = e (=) sin(nma) sin(nry) (2.2)

n=1

i e—(@—y=2n)?/4(t—7)  —(z+y—2n)*/4(t-7) 2.3)
VAr(t — 1) VAT (t — 1) .

These expansions converge with different rates in diffietieme intervals. The Fourier rep-
resentation converges faster at distant times (from theentievaluation time), whereas the
method of images representation converges faster at ¢loses. This motivates splitting of
heat potentials into two parts,

n=—oo

t

t—o
vm:wm+wm:A Qw+[ Gr. (2.9)

—6JQ



Heat equation in domains with moving boundaries 5

Hered is a parameter that determines the error in truncating Ihatlséries in equation (2.3).
The operatod’r will be termed as the far part; ang. will be termed as the local part. The
exact same decomposition is also valid for single and delalyler potentials, withf being
replaced by the boundary density

2.1. Truncating the series. In 1D the boundaryy of the domainv corresponds to two
pointsb; andbs. Then the far part of the double layer potential simplifies to

co 2 —
Drl¢] = Z Z(—l)k 2n7 sin(nmx) /t 6cos(nwbk)e_"2”2(t_7)¢(bk,T)dT. (2.5)
- 0

1k=1

The error in truncating the series (2.5) afteterms can be bounded from above as fol-
lows,

p 2 t—9
Er(p) = ‘DFM - Z Z(—l)]C 2nm sin(nmc)/o cos(mrbk)e_"2”2(t_T)¢(bk,T)dT
n=1k=1
o t—o 9 o
= Z Z * on sin( mrx)/ cos(nmby)e™™ ™ T (b, T)dr
n=p+1 k=1 0
& t—0 0 —n?72s —n27%t
a2t e — €
<Aldle Y / nre T D = 4lgla Y -
n=p+1 n=p+1
< 4]¢| o i 67n271'25< 4|¢’|oo —(p+1)%7 25/00 o= g
mp+1) S T+ )" 0

2|¢|OO 67(p+1)27T25'

B T™T(p+ 1)

The local part expansion represents the influence of Gaupsilses initiated at = 0
and located afz — 2n,2n — z} -~ . The value of a Gaussian pulse evaluated at a distance

2 . . .
2ry/t from its center would be of the ordér\/—z. Hence, if the boundary is a distance
d away from the boundary of the unit bdk then the error in approximating the Green’s
42
function by just the first termi{ = 0) is of the order< ;3/5. Then, the local part of the

double layer is

Dufel = [ / oY 5 g rydr 40 (2.6)
ol= | . 4[7r(t—7)]3/2e y, 7)dT 577 | }

2.2. Fast evaluation of the far part. A direct evaluation ofDr[¢] at M x N points
in space and time requir€3(N2Mp) computations. Optimal complexity @¥((M + p)N)
can be achieved by using the fast algorithms in [4] and [6]. BAlefly summarize these
algorithms here. Let

én(T) = L(T) %g)ry)(b(yﬁ)ds(y) = n7 (cos(nmwba)d(be, 7) — cos(nﬁbl)(b(bl,T()Z) ,7)

t—48
Ch(t,5) =2 / e T4 (1) dr. (2.8)
0
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Then,
Drlo)(z,t) = i Cy(t,0) sin(nmx). (2.9)
n=1

The Fourier coefficients can be updated with constant workipe—step using the following
recurrence,

t+At—3 R
Co(t+ AL, 8) = e " ™ AL0L (1, 6) + 2 / e HAT G (Ddr. (2.10)
t—5
This recurrence is the key step that eliminates the histepeddence of the far part. Once
we have computed th&,, coefficients, we can evaluate (2.9) using the inverse NUFFT.

2.3. Optimal splitting of the heat potentials. In this section we briefly comment on
the selectiohof the parameters associated with the splitting of the hetaintials to a far and
local part. If we retaimp terms in the far part expansion and i= [At, the overall complexity
of computingD[¢] is W = O(N (M +p) log p+ M N1). For each target point, the local part
computation involves integrating ovetime steps, hence the local part evaluation contributes

O(MNI) to W. For fixed constant&;, ¢2), we setp = ¢; vV M andl = [C%"%MW to obtain

W = O(MN log M), which is off from being optimal only by a logarithmic factoFor
this choice of parameters (assuming exact evaluation dfathend near integrals) the error
estimates due to the splitting are given by

N 1/2 ﬂzc%cglw log M
M, N)= (R TN
5‘F‘( ’ ) O <<M10gM) € N

N 3/2 a?N
M.N) = T cplog M .
EL(MN) = 0O <<logM) ‘ )

Therefore, both errors are exponentially converging/@aand N are increased. For instance
if N = M = 256, by choosing:; = 2.5,c, = 0.1, both&p, £, are less than0~'> and for
this choice we gep = 40,0 ~ 0.0022 .

Next we describe our construction of recursive producgragon rules for the local and
far parts.

(2.11)

3. Quadratures. In this section, we compute the momerif$«) as defined by ‘(1.8)

for the kernels:e =9, e:@% , ig and then show how they can be used to compute the time
integrals inDy, andDp. First, we review some basic properties of Chebyshev pahjals.
Forz € [-1,1], the closed—form expression for theh-order Chebyshev polynomial, (x)

is given by:

T,(z) = cos(ncos ' z). (3.2)

The Chebyshev polynomials, (x) are orthogonal w.r.t the inner—product defined by:

1
(f (). g(x)) = / 1 %dx (3.2)

4The discussion here is important only in the asymptotictlirei, when the size of the time step is small. But
for significantly large time-step discretizations, we cast ffix the parameters, § such that < At and such that
the truncation errors are within the required accuracys Wimuld suffice to obtain optimal complexity.
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The nth-order Chebyshev coefficient ¢f«) denoted byf(n) can be computed by taking
inner—product withr, (x).

1 T 2
n):/_l%/ﬁ—nif)dx:%/o f(cos@)cosnb‘dé’:;—z_ ; f(cos ) cosnb db,
(3.3)
where c¢g =1 and ¢, =2 for k> 1. (3.4)

Now as the functiory(cos 6) is 2r—periodic, we can use FFT or the fast cosine transform

to compute{f(n)}?_ t in O(qlogq) time. Also, we will use the following properties of
Chebyshev polynomials:

Th—1
T, (z) = 22T, 1 (2) — Ty and [T, = ntl n C.
(0) = 20T, 1(0) - Toa(o), and [7, = 5 (32— =)y

For more details on the properties of Chebyshev polynomiadsrefer to [18]; a review on
spectral methods for solving PDEs using the Chebyshev patyais can be found in [24].

3.1. Recurrencerelations. The idea of computing the integrals through the approxima-
tion of the integrand by Chebyshev polynomials and then agmg the moments of smooth
functions by recurrences was first used by Clenshaw and<]@iti Consider integrating a
smooth functionf () in the interval (0, 1),

1 q—1 1 q—1
I= /0 f(@)dz = nz_%f(n)/o T2z — 1)dx = ;Jf(n)fn,

! T 1
— n 2z —1 Th- 12z —1
where I, _/ T, (22 — 1)dz = +1(22—-1) 1(22-1) .
0 n+1 n—1 o

One can easily show that evaluation of this will yield:

0 nis odd,
In = { — 4~ otherwise. (3:5)
Similarly we can derive the recurrences for computing themaots/;, (« fo (o, 0)T(0)
for a variety of kerneld<. In the Appendix we give recurrences for the smgular kextiel
for v € (—oo,1) andlogf. As the approximation of () by Chebyshev polynomials is
super-algebraically convergent, the error in the comporiatf the integral («) is approach-
ing zero exponentially (numerical examples can be founceictiSn 6). Now we discuss the
computation of integral operators that will arise while leeding the heat potentials. Let us
consider

Y o= [ Lot
a)_/o Vs @) ds, and )_/0 N IGLCD

In the limit any generic quadrature rule will converge to tloerect value of and.J with its
optimal convergence rate . The quality of the approximati@mwever, will be honuniform
in the value ofa. In fact, the constants deteriorate dramatically with $malAs a result,/
and.J become very difficult to compute accurately; a generic rulerequire thousands of
points—even for a few digits of accuracy. This is becausd#nrel becomes sharply peaked
for smaller values ofy, see Figure 3.1.
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Fic. 3.1.Kernel K («, 0) = L“Se*% for different values ofv. The kernel becomes sharply peaked

asa decreases, so an accurate evaluation of (3.6) by generidratiares requires an excessive number
of points.

This poses a challenge for Nystrom-type methods as onedwadd to develop special-
ized quadratures for different values®@f Instead, we are using a Chebyshev approximation
of f and derive recurrence relations to compute the momignts this way, giverr, we can
compute alll,, with O(q) work.

First we compute the base condition for the recurrence.

Iy(a) = /0 %e% df = 2/; e~ dz = /merfe(V/a).

Then, we compute higher moments by

1 1
M Va . tVa .
o) = [ e ¥t = [ e OO s =T

= In(a) = 2)‘\/aJn—l + nIn—l - In—27 (37)

1 1
where J,_1(«) :/ L -3 1 df = 2)\/ VOe T T, _odf + 20T o — Ju_s.
0 \/5 0
Integrating by parts, we get:

1 1
_a 1 « _a Tn—l Tn—3
/0 ’ 0o \2vi Ve n-1 n-3

Substituting this back in the expression fby_1, we obtain the following recurrence:

2n — 2 2n—17 In—l In_g
n- 5 sYn— 2 n—2 - ) 3.8
2n—1< o g nd T 202 \/a<n—1 n—3>) (3.8)

Jnfl (Oé) =
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To-1(A+1) Tn—s(/\+77)) _ (3.9)

where C, =e ¢ ( —

n—1 n—3

Using (3.8) we can computé,_;(«), from which I,,(«) can be computed using equation
(3.7). Now we establish the recurrences for the keznéf .

1
I, = / e~ T, (Ax +n) dz,
0

e [Ty Tha 1+/1 e (Thyr  Tha
L2y \n+1 n-=1/], Jo L2x \n+1 n-1/]’

2\ I, _
=ILit1=ch1+(n+1) (—In—i- L
« n—1
) (3.10)
n+1 —ax Tn-l—l Tn—l
wherec,11 = —— |e — .
« n+1 n-1/],

The recurrences (3.8) and (3.10) are numerically unstabléhe forward direction. More
specifically, we get a dominant solution rather than a mihfhsalution for these recurrences,
which prohibits us from computing higher-order moment® (4] for more details). Since
we use agth-order piecewise polynomial approximation ) we need to ensure that the
recurrences are stable uprtc= q.

Remark. The more sharply peaked the integration kernel is the maitdesthe recur-
rences are and thus, the higher the order of moments that nveorapute accurately. For
example, the kernel=? is sharply peaked for higher valuesef

Fora < 1, instead of using the recurrence (3.10), we &rs&® = >°F_ (—1)* (“;)k
and the recurrences given in the Appendix (8.1) to compute

1 PNk 1
In:/ e“”Tnd:C:Z( lj) Mok, whereMnk:/ 2T, da; (3.11)
0 k=0 0

herep is chosen such thét!i < ¢, the required accuracy.

The numerical instagility is a property of the recurrendatien; different recurrences
like (3.5) and the ones given in the Appendix for the kerrbéléor ~v € (—o0,1) andlog
are unconditionally stable.

3.2. Heat kernels. Using the recurrences derived here, we now develop prodtet i
gration rules for the time integrals of far and near partdefdouble layer.
a) Far part. To compute’,, (t + At, d) using the recurrence (2.10), we have to compute

in e —n2m2(t+At—7) ]
U,lo] = S e On(T)dT. (3.12)
t7

5There are algorithms that can be used for stabilizing theserrences, see for example [25]. The length of
the domainw (which is less than 1) sets an upper bound on the paramétethe recurrences (3.7, 3.8). Based on
this upper bound, we have obtained a global eighth-orderate method without resorting to any such recurrence—
stabilizing algorithms. In general, it is possible to getitrary order of accuracy by stabilizing the recurrences.

61f we take two linearly independent solutiorfis andg,, of a three term recurrenag, + 1 + anyn +bnyn_1 =
0, then f,, is called a minimal solution iff,,/gn — 0 asn — oo; g, is then termed as the dominant solution.
Adding any multiple off,, to g, would give us another dominant solution, but the minimalisoh is always
unique.
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As n increases, the kernel becomes sharply peaked, prohibitengse of smooth quadra-
ture rules to compute (3.12). Instead, we use the recursenée compute the Cheby-
shev coefficients oty (7) in the interval (t — 4,¢ + At — §), then we havep, (1) =

S0 b (k)T (%(T—t-‘ré)—l). By settingr =t + At — §/At — § we obtain

qg—1

Unld] = t’"”Z% / AT (204 1)d0 = 3 G (k) . (3.13)

For a fixed step siz&\t we can precompute

1
By = Ate‘"2”25/ e TAIT (L9294 1), n=1,.,p k=1,.,q (3.14)
0
This precomputation is done in an opting(pq) time using the recurrence (3.10) with=
2r2 At and the scaling parametexs= —2,7 = 1.
b) Local part. The local part approximation of the double layer potensaiven by

2
xr — bk (1' by 2
_ LU e 3.15
Let
Dy, [¢] = (~1)F / P LTINS e P (3.16)
Fo 191 15 Am(t — NP2 ke '
Then,
dbl1 6] = Dy, [6] + Du,, [4] (3.17)
Settingd = 1=~ and substituting: = <=2 we get
O _«a
DLbk [(b] = m‘/o \/?6 9¢(bk,t—69) do. (318)

Similarly to the far part case, we compute the ChebysheViicasftS of ¢ (b, 1) for 7 €
(t — 6,t). Then we use the recurrence relations (3.7) together wi) {8 compute (3.18).

4. The overall algorithm for a stationary boundary. So far we have presented 1) an
integral equation formulation for (1.1); 2) a near-far deqmsition in time of the volume
and layer potentials; and 3) quadratures for convolutidrfsinctions (defined in terms of
Chebyshev polynomials) for singular or nearly singulanieds, and in particular heat kernels.
Next we describe how we can combine these techniques teestigsolve (1.1) on stationary
boundaries. In a nutshell, we compute the volume potentidls ¢) andus(z,t) using the
formulas (1.5), solve the integral equation (1.7) for thelule-layer density(v, ¢), and use
(1.6) to computeu(z, t).

"Here we assumé = [At. We have the Chebyshev coeﬁicients&x(r) at each time interval\¢ (see Section
4). If 6 < At, we use the recurrence (3.10) with modified scaling fadtars)) instead of computing the Chebyshev
coefficients in the intervalt — §,¢ + At — §).

8If § = 1/At, we need to loop through thidime intervals, each of which has a Chebyshev polynomiakssm-
tation of p(by,, 7). On the other hand, i < At, we compute (3.18) from the polynomial representatiot @, 7)
in the interval(t — At, t).
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4.1. Evaluation of the volume potentials. We will need two additional algorithms.
Computing Fourier coefficients for the far partVe need a fast algorithm for computing
the sine transform&, andf(7) used inVy r[w] andVg[f]:

Wy = / w(y) sin(nmry) dy;  ful / fly,7)sin(nmy)dy, n=1,...,p. (4.1)
Q

We assume that botfiandw are given in regular grid points in space time.flandw are
periodic then (4.1) can be computed using FFTs. Otherwiseuse the high-order hybrid
Gauss trapezoidal rules developed in [1]. The advantagsinfuhose rules is that, except
for a few Gaussian nodes, all the other quadrature nodesnaregalar grid. Then if, is
the number of Gaussian nodes ahdis the number of trapezoidal nodes, the compIeX|ty
of computing the discretization of (4.1) can be reduced @M + ngy)p) to O((M
p)log M + png) using FFT.

Fast Gauss TransformWe need an accurate and fast evaluation of the Gauss tremsfor
defined by,

_(z—y)” y)2

Go[p)(2) 1(y) dy. (4.2)

~ VAo /Q
Using quadrature rules to discretize (4.2) and applying@aaiss transform [7] on the result-
ing discrete sum, the complexity of computi6g at M points in space using/ quadrature
points is reduced fror®(M?) to O(M). But through this approach, uniform high-order con-
vergence would not be possible for smaller values,afince the Gaussian becomes sharply
peaked. So, to get the expected convergence with optimablexity, we proceed as follows:
e We divide( into M /g uniform cells, each of sizk:; ¢, is defined below.
e In each cell we use a fixed number of quadrature ngde®ne way to chose; is
to ensure that a Gaussian of support equal to the size ofarlbe resolved using
s points.
e An approximate support of a Gaussian is given2wy/o, wherer is such that
e~ < e ande is desired accuracy. tr/c > Ic, we use FGT to computé',
at theM target points. Since there aké sources the complexity (9(M).
e If 2r\/0 < I we compute?,, directly: we truncate the domain of integration from
Q2 to the supportx — r/o, z + /o) and usey; quadrature points to discretize the
integral. The forcing term at these points is computed uaim@ppropriate high-
order interpolation. The complexity 8(M ).

4.1.1. Initial condition volumepotential. The kernelz(z, y, t) is approximated by the
truncated Fourier series expansion it §, and the Kelvin expansion otherwise. Hence,

| B GQt[w](I), |f t S 5,
ui(z,t) = { P (2e """ tp,) sin(nmx), otherwise. *3)

n=1
The transformGy,[w] is evaluated using the aforementioned strategy with a Giad rule
of orderq. The inverse NUFFT is used to compute the discrete sum inf@dr.3 > 6.

4.1.2. Distributed forcing volume potential. The evaluation of (1.5), is split into a far
part(0,¢ — ¢) and a local parft — 4§, t). At time interval(t, t + At) the evaluation of the far
partVg[f] involves the following steps:

 Computation of the Chebyshev coefficients for eac ff(7)}”_, by evaluating
(4.1) (using quadrature rules in space) at the Chebysheesnbelonging tq¢ —
5, t + At —9).
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e Forn =1,...,p, computation of the updaté, [f] as defined in (3.12) using Cheby-
shev recurrences developed in section (3).
e Update of{C,,}”_, usingC,, (t + At,8) = Cy(t,8) + 2U,[f].
e Evaluation of the discrete suby[f](z,t + At) = > P _| Cn(t + At,8) sin(nmz)
at the target points using the inverse NUFFT.
The local part ofu s (z, t) denoted by, [f], is given by

(@—y)?

Neo=[ [ jﬁ y.7)dy d. (4.4)

Settinge? = t — 7 and noting that outside the intervat — 2ro, z + 2r0), the Gaussian
decays exponentially fast to zero, we obtain

\/S r4+2ro (5—y)2

Vilflw )~ [ go)do, whereg(o) = = [ e Syt - 0%y, (45)
0 ﬁ x—2ro

By substitutingy = =+ 2£0, we getg(o f f(x+2€0,t—o?)dE; the integrand

is smooth and henceg{(c) is a smooth funct|on i Then we use a high-order quadrature
rule of orderq to integratey(o) i.e., Vi[f|(x,t)] = Y 3_, wrg(ox), wherewy, oy, are the
quadrature weights and nodes respectively. Noticegfat) = 20, G20, [f](t — o) at each
ok. Hence, the optimal strategy for computing the Gauss toamséliscussed previously can
be used for the accurate computatiory0fy).

4.2. Computation and Evaluation of the boundary double layer potential. To eval-
uateu,(x,t), we first need to compute the densityy, ¢) by solving (1.7). At each time
step, we incrementally solve (1.7) for the Chebyshev caefits of(b1,t) andg(bo, t). Let
o(b1,n), d(ba, n) denote the correspondimgh-order Chebyshev coefficients. Then, for any
T € [t,t + At], we have:

q—1
G(be,7) = > _ ¢, )T, (é(T —t) - 1) , k=12

n=0

Since we requirg Chebyshev coefficients at each point on the boundary, we toesalve
(1.7) atq collocation nodeq¢ + ¢;}7_,. The natural choice of the collocation nodes are
the zeros ofjth-order Chebyshev polynomial defined in the interfvat + At]. Then the
transformation between physical and spectral space caerbmmed using FFT. In addition,
interpolation at the Chebyshev nodes gives rise to a stalplaimation of the interpolated
function.

The Chebyshev nodes are given by

tl-—g(l—i—cosﬂ-(l_l)), 1=1,...,q (4.6)
q

2

Integral equation (1.7) can be rewritten as

t+t;
Bl t + ;) / /6G z t+t“y’ )¢(y,7)d8(y)d7 =

0G(x,t tl,,
p(z,t+t;) // (=, + 4 )(b(y,T)ds(y)dT, Vo € .

(4.7)
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The resulting finite-dimensional linear equatioriig);, = r, where

¢h = [¢(b17 0)7 ey ¢(b17 q— 1)7 ¢(b25 0)7 ceey ¢(b25 q— 1)]T . (48)
. . . A B
Assumingd > At, the entries of{” are given byK = [ B A ] ,
1 2 .
where Aij = —iijl Etl -1, 1,] = 1,...,q, (49)

t+t; b2 _ bl (bg—b1)2 2
B, — 2T e T (= (r—t)—1) dr. (4.10
J /t 4[7T(t—7’)]3/26 j—1 (At(T ) ) T ( )

The entries ofB can be computed using recurrencedpfw) = fol \/ge—%Tn(AH + n)d6.

The operatois is well-conditioned and can by “inverted” using a matriedtGMRES’ The
integration of the history part of double layer on the rigjlatad side of (4.7), denoted [y,
is splitinto (0, ¢+ t; — ) and(t + t; — ¢,t). The first interval integral is

t—o

p L, thti=s R
Z (e” THCL(t,0) + 2/ e LT g (7) dT) sin(nma). (4.11)

n=1

We use the local part expansion of the kernel for the secaedvial. The time integration in
both intervals is performed using the product integratides discussed in Section 3. Since,
the coefficients”,, are updated at each time-stegan be computed with constant work per
time-step. Them,,(z,t) can be evaluated at the targetspatial locations using the formula
(1.6) and the fast summation method for the double layerrie=stin Section 2.

4.3. Summary of the overall scheme for stationary boundaries. The overall algo-
rithm is summarized in Algorithm 1. The output of the algbnit is u(x,t) at the target
points. The input is

e parameters. A fixed time-stepAt, and an error tolerance
e boundary conditions: In each time intervalt, ¢ + At), the boundary data at the
collocation nodeg(by,t + t;),i =1, .., q.
e distributed force: The forcingf at points belonging to a regular grid of sixéx N
imposed o2 x [0, T7.
e initial condition: w at M regular points of2.
Since we use special quadrature points to compute the volutegrals (4.1),f andw are
evaluated using high-order interpolation schemes; fomgte, FFT combined with B-splines
can be used [27].

The overall complexity of the algorithm 8(M N log M). Below we discuss the differ-

ent sources for errors in the final solution.
e Truncating the series expansion for the Green’s functiothénear and far parts.
These have been shown to be exponentially convergent vateasing\/, N.
e The order of the Chebyshev polynomials used for approximgatie densityy in
each time interval.
e The quadrature rule used for the computing the spatial iate@4.1) and time inte-
gral (4.5).
By approximatingy with (¢ — 1)th-order Chebyshev polynomials and picking a quadrature
rule of orderq to perform the space and time integration for the volument@tks, we get an
gth order method. In Section 6, we present results that v&lidiar scheme.

9Given a fixed time steg\¢, we can precompute the inver& ! once, and subsequently solve o by just
one matrix vector multiplication —!r. This is can be done efficiently only in 1D and for static bcanes.
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Algorithm 1 Overall algorithm for stationary boundaries
INITIALIZATION
Choose p and [ using (2.11)
Conpute E (3.14) using (3.10
Conput e w, and set C, = 2~ ’m (=1)Dty n=1...p O(M +p)log M)
Conput e ¢; using (4.6)
Conpute K~! O(q?)

TIME MARCHING
for j=1:N do
If j<i, I=j first [ time steps: &=jAt

SOLVE FOR THE BOUNDARY DENSITY
| oop over boundary nodes
for k=1:2 do
Loop over tine-collocation nodes
for i=1:q¢q do
te = (j — 1)At+ti

ri(1) = g(bi, te) — V[f](bk, te) — Volw](bi, tc) O(M), using FGT
7 (i) = 7 (i) — Dn[¢](bk; Le)
end for
end for
o = K=ty
EVALUATION AND UPDATE
Local part
u(zy, JO) = Vi [fl(zk, jOL), k=1...M O(M)
u(zy, jAL) = u(zk, jAL) + Drlo)(zk, jAL), E=1...M O(Mgq)
if j<I then
Initial Condition
u(zg, JAOL) = u(xg, jAL) + Giag[w](zg), k=1...M O(M)
el se
Far part

for n = 1:p do
Comput e U,l¢ + f]((j —1)At) using (3.12)
Cp = e W™ MO, +2U,[f + 4]

end for O(pg +p)

w(zy, jA)+ =" _ Cysin(nray), k=1...M O((M + p)log M)
end if
end for

5. Moving boundary. Now we will describe the methodology for solving (1.1) for
boundaries with a prescribed motion. By linearity, we depose the solution into three
parts: u = u; + uy + up. The three parts correspond to the solutions of an inite
problem (1.2), a inhomogeneous problem with homogeneowsdsary conditions (1.3), and
a homogeneous problem with inhomogeneous boundary congliflL.4). The motion of the
boundaryw(t) is assumed to be contained within the unit kxhence the solutions; («x, t)
anduys(x,t) are given by (1.5). At any point inside the domainv(t) we assume that
up(z,t) = D[P|(x,t). As G(x,t;y, ) satisfies the adjoint equation (2.1) and the potential
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uy, satisfies the heat equation, the initial conditigiiz, 0) = 0 is satisfied by construction.
To satisfy the prescribed boundary conditions@t), we need to compute the jumps in the
double layer as: — ~(t). The conditions have been derived before, for example, ZHe [
and [10]. We have included their derivation for completené§e first discuss the computa-
tion of double-layer potential at a point away from the baanydand then we give the jump
conditions.

To evaluate the double layer, we splititinto a local and a&at: D[¢] = Dy, [¢]|+Dr|].
We first discuss the local part computation. We rewrite toallpart aDy [¢] = Dy, [¢] +
Dr,, [¢], with each term being defined as in (3.16) but using the tiegeddent boundaries.
Let's look at computingDy,, [¢](z, t) defined by

x — ba(7) (z—by(r)?

Dp,,[¢] = /t_6 W‘J = p(ba(T), T)dT (5.1)

Settingr =t — 660, == %7) = 3(0), ande(bs,t — §0) = 1 (0) we get

L [1B0) sw
Dy, [¢] = m/o ﬁe ¥(0) df. (5.2)

Unlike the static boundary case, we cannot directly usegberrences (3.7, 3.8) to compute
(5.2) asi is not a constant. Instead, we rewrite (5.2) as

ﬁ2
1 [te ™ p*-53

Dr,, = SN \/— {B(0)Es(0)y(0)} df, whereEs(0) =e™ 7, (5.3)

andfg, = £(0). The kernel in this expression is similar to the static baries case (3.18).
Therefore, we first compute the Chebyshev coefficients ofuhetion 5Ez+ and then use
the recurrences (3.7, 3.8) with= 32 to compute (5.3).

Remark.Assuming3(0) is sufficiently smooth, it is easy to see tHas is also smooth:
by expanding3(¢) aboutd = 0 using Taylor’s series as(¢) = >_,-, 80", we can see that
Ej(0) is of the forme— X 7o x|

Similarly, the single layer potential is calculated by riing it as

0} 1, 5

1
) -5z [ 5

and using the recurrence (3.8). Now let us examine the limtha evaluation point ap-

proaches the boundary. As— by(t), the constant term in the Taylor’s expansionigb)
x— bg(t

SLb2 {E[ﬂﬁ( )} dav (54)

given byg, = oG approaches zero.
53
Proposition 5.1: We define the single layer potentialasf](5y) = fol 6:/57 f(0)do

£
and the double layer potential &y [f](6o) = [, 50%f(9) df. Then,S.[f] is continu-
ous asfy — 0, whereasD[f] sustains a jump equal tf(0).

. . _ [
Jim_sulr) = Jim sulr)= [ L2, (5.5)
Jlim DL[f] =~ f(0), lm Dulf] = 57(0) 56)
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We give a proof of this proposition in appendix B. In the caéetatic boundaries, using

this proposition, we arrived at the Volterra system (1.®r foving boundaries, clearly the
proposition cannot be applied directly, singas not constant. Here, we write the double
layer potential defined in (5.2) as follows,

82 82
1 [le @ [(BO) - ﬁo) } 1 /1 Boe” @
Dr,. = Egy(0) p df + ——= Egy(0)} db.
Let us definefz(0) = w . Using Taylor’s series (and assuming sufficient smooth-

ness), we havéz () = > .-, me’f—}. Therefore Fj3(6) is smooth, independent ¢f and

limg_o F3(0) = (1, wherep;, = —%. We denote the first integral in (5.7) bi/Lbl; it
is a single layer potential with constafi§ and hence it is continuous @& — 0. By the
proposition 5.1, the second integral approachéﬂg(o)w(o) as — 0~. We can show that

limg—o,, Es3(0) = 1. The Volterra system that we obtain for moving boundariegvien
by,

1 ¢ 0G(x,t;y, 1) _
_§¢(:c,t) +/0 /V(T) T(y)gb(y, 7)ds(y) dr = up(z,t), Vo € (7). (5.8)

In the case of static boundaries, the Volterra equatior) éit.the boundary poirit; at timet
can be written as

(=37+Pr, + Do) 6101,0) = (o, 1), 5.9

since the local part of the double layéry,, [¢](b1,t) — —3¢(by,t). The far part does not
contribute to the jump in the double layer. From (5.7), we slaow that the \olterra equation
in the case of moving boundaries(at (), ¢) is given by,

(_%I + DFbl + SLbl + Dbz) [(b](bl (t)’ t) = ub(bl (t)’ t)7 (510)

We can verify that as the boundary motion becomes negligi6/20) leads to (5.9)3(0) —
Bo andlimgg)_. 3, Sr,[#](b(t),t) = 0 as the functionF3(#) — 0 sinceB, — 0 for all
{8}t

We now summarize the changes in the algorithm describeddtidbe4, which are nec-
essary for moving boundary problems. At each time step, We$6.8) for the Chebyshev
coefficients ofp(b1 (), t) andg(ba(t), t) using GMRES. Assuming(b-, t) is given, our aim
is to solve the resulting algebraic system after discragithe operator equation (5.10) by col-
location at nodes;. Starting with an initial guesée,, (b1) ‘Z;t, we first computebg (b1, t;)
at the collocation nodes in timg by inverse FFT. Computing the left hand side of (5.10) in-
volves computing three operators(at, ¢;) : the far partDr, [¢], the local part of the single

layerSy, [¢] and the double layeD,, [¢].
e As with the static case, the far pds, [¢](b1,t) is computed by storing and updat-
ing {C,(t,9)}?_, and evaluating (2.9). The only difference is that the bouieda
are time dependent in the definitiongf (7).
e To computeSy, [¢](b1,t:), we need to evaluate the functidiy () E5(0)1(0) in
(5.7). Let

b1(t) — bi(T) _Gim—bi()?
— T

Os(t) = g 0 b)), (5.11)
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then
ti
Sp,, [9l(b1(t:), i), = S G (bi(ts), bi(ts);ts, ) O5(ts, 7)dr
ti—
_ / dslteT)
ti—s \/4m(t; — T) .

To compute the Chebyshev coefficiefits; (¢;, ) -1, we evaluate s(t;, 7) atthe
collocation nodes{tj}g:l (which also are the Chebyshev nodes). Note that when

T — t, we havelim, _; ¢5(t,7) = —bi(t). Then, we evaluat§y, [¢](b1(t:),t;)
using the recurrence (3.8) with appropriate scaling facamda = 0.
e To computeD,, [¢], we split it into a far and a local part. The local part is congalt

by rewriting it as in (5.3) with3, = %jg“)
Once we solve for the Chebyshev coefficientspdb,t) and ¢(b2,t) the potentiaks, is
evaluated at all target locations using (1.6). The asynmgptoimplexity and accuracy of the

algorithm is the same with the stationary case.

6. Numerical results. Inthis section we illustrate the accuracy of the quadragaheme
described in Section 3 for different kernels. Then, we presemerical results for solving
the heat equation (1.1).

6.1. Quadratures. We compare the hybrid quadratures of Alpert [1] with the Gheb
shev spectral method. First we compute the following irdkegr

/1 cos(200z)s(x) + cos(200x + 0.5) dx (6.1)
0

for the functionss(z) = 0, s(z) = —=, s(x) = log x. The recurrence relations for computing

the momentd;, = fol s(x)Tx (22 — 1)dx are given in the Appendix. We report relative errors
for both Chebyshev method and for the quadrature methodg foif convergence orders 4,
8, and 16.

P 4 8 16 Chebyshey|
64 | 2.66e-01| 7.85e-02| 1.01e-03| 4.21e-03
96 | 5.83e-02| 2.03e-03| 3.04e-06| 6.39e-03
128 | 1.75e-02| 4.18e-05| 2.16e-08| 1.11e-09
160 | 6.72e-03| 7.87e-06| 1.48e-11| 5.66e-14
192 | 3.05e-03| 2.50e-06| 2.37e-11| 8.32e-14
224 | 1.56e-03| 6.50e-07| 3.28e-12| 2.33e-13
256 | 8.75e-04| 1.74e-07| 5.00e-13| 3.88e-14

288 | 5.25e-04| 4.95e-08| 6.00e-13| 2.04e-13
TABLE 6.1
In this table we report a numerical comparison between outhoe and the quadrature rules
proposed in [1] for convergence orders 4, 8, and 16. Relativers in computing the integral (6.1) for
the cases(x) = 0, p indicates the number of Chebyshev coefficients or the tataber of points used
in the quadrature rule.

We now present numerical results for evaluating the follmpintegral for two different
functionsf (z),

1 _
J(a) = /0 ¢ (@) do. 6.2)
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P 4 8 16 Chebyshey|
64 | 6.42e-02| 1.98e-03| 7.17e-06| 3.87e-04
96 | 5.53e-03| 2.19e-05| 2.14e-09| 5.73e-04
128 | 4.74e-04| 1.02e-06| 2.06e-12| 1.00e-10
160 | 5.27e-05| 1.92e-09| 1.18e-13| 2.50e-14
192 | 8.35e-05| 1.40e-08| 2.44e-15| 2.0le-14
224 | 6.09e-05| 4.78e-09| 2.57e-14| 2.53e-14
256 | 4.04e-05| 1.50e-09| 1.74e-15| 6.99e-15
288 | 2.66e-05| 4.94e-10| 2.62e-14| 2.88e-14

TABLE 6.2
Relative errors in computing the integral (6.1) for the case) = %
P 4 8 16 Chebyshey|

64 | 4.46e-02| 2.52e-02| 4.96e-05| 4.31e-03
96 | 7.84e-03| 8.83e-04| 2.03e-07| 8.07e-03
128 | 3.97e-03| 1.09e-05| 9.53e-10| 1.53e-09
160 | 1.79e-03| 4.25e-06| 6.93e-12| 5.88e-14
192 | 8.76e-04| 1.20e-06| 4.04e-13| 3.16e-14
224 | 4.66e-04| 2.99e-07| 1.01le-14| 8.93e-14
256 | 2.67e-04| 7.82e-08| 6.79e-16| 1.76e-14

288 | 1.62e-04| 2.16e-08| 3.65e-14| 3.68e-14
TABLE 6.3
Relative errors in computing the integral (6.1) withz) = log .

The relative errors in computing (6.2) using two differergthods are presented in tables
(6.4) and (6.5). One is to use thiystdm’s methodvith the quadrature nodes and weights of
the singular kernet—'/2 and the other is to approximate the functiff) using Chebyshev
polynomials and then using the recurrence relations (38)table (6.4), we can see that
the relative error is high in the case Nisttom’s methodeven if we take as many as 512
points. This can be expected as the behavior of the heatlkésndgifferent fromz—1/2. So
we need to develop separate quadrature rules. Developahgciadratures for each value
a is not practical. Instead, we can compiifg («)}” _, for eacha in O(p) work using the
recurrence relations (3.8). For the same functifiig) and f>(x), we evaluate the integrals

N 4 8 12 16 20 512

gqg=4 1.87e-01| 1.09e-02| 8.31e-03| 6.36e-03| 4.78e-03| 3.64e-04

Chebyshev| 1.38e-03| 8.59e-06| 2.17e-16| 2.17e-16| 2.17e-16| 2.17e-16
TABLE 6.4

Relative errors in computing the double-layer heat potgniiith densityf; (z) = 1 + z'° and
a = 2x107*. HereN indicates the number of quadrature nodes or the order of @siedv polynomials
used to approximate the functigifx); ¢ denotes the order of singular quadrature rule used. Observe
that the error in the case of quadrature doesn’t reduc&dsvV —¢) whereas in the second case the error
reaches machine precision fof > 10. Recall that the smaller the the more difficult the computation
of the heat kernel becomes.

b Jae %
I(a):/O \/_\/F f(z)de. (6.3)
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Fic. 6.1. Plot of the relative errors given in Tables 6.1, 6.2 and 6.B8tw, the number of the
Chebyshev modes used. As the number of quadrature pointseased, we observe that the quadrature
error gets reduced by a constant multiple, whereas in the cd<Chebyshev approximation, the error
decays exponentially.

N 16 20 24 28 32 36
g=16 2.94e-01| 7.75e-02| 7.64e-02| 7.53e-02| 7.46e-02| 7.39e-02

Chebyshev| 3.34e-04| 2.16e-06| 5.75e-09| 7.51e-12| 4.00e-15| 1.20e-15
TABLE 6.5

Relative errors in computing (6.2) with the functign(z) = cos(20z) anda = 2 x 10™%. The

16th-order singular quadrature rule from [1] is used.

6.2. The heat equation: stationary boundaries. In this section we report results for
the diffusion problems in domains with static boundari@sall the examples, the domain
is taken to bg0.4,0.6], § = 1073, and the total timg’ = 0.1; N indicates the number of
time steps ang the number of Chebyshev polynomials used to approximatiutiaions in
the boundary integrals at each time step. We report.therror evaluated at/ spatial points
andN time levels in Tables (6.7) and (6.8) for two different anilgolutions.

6.3. The heat equation on domains with moving boundaries. Here, we present nu-
merical results for the solution of the heat equation on domwith prescribed boundary
motion. The boundary position, as a function of time, is giby b, (¢) = 0.4 4+ s1(¢) and
ba(t) = 0.6 + s2(t). We present results for three different motions of the baumpdor
which the functions; (¢) ands»(t) are defined in Table 6.10. The motion of the boundary is
depicted in Figure 6.3.
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N 4 8 16 32 64
fi(z) | 7.38e-02| 3.61e-04| 3.75e-16| 1.25e-16| 1.25e-16

fa(z) | 2.62e-01| 5.32e-01| 2.61e-03| 6.84e-14| 2.50e-16
TABLE 6.6
Relative errors in computing(«) defined by (6.3) using recurrences for the functigngr) =

1+ 2" and f2 () = cos(20z), fora = 2 x 1075,

Relative Error

I
60 80 100 120 140 160 180 200 220 240
N

Fic. 6.2.Relative error plot (logarithmic scale) versus the numbe€bebyshev mode¥ used for
approximating the functiorf(z) = cos(200x) in computing the integral (a) = fol K(a,z)f(z)dz

for the kernels1, z~ /2 log z and for the heat kernel%e*%, % witha = 2 x 107%. The

integration errors follow the approximation error of therfction f(x). We can observe that ongéx)
is resolved, the integration is accurate to machine precistindependently of the kernel in which we
used in the integration.

Example 1: Prescribed Neumann conditioWde solve the homogeneous heat equation
with Neumann boundary conditions given %(bk,t) = 2e * cos(2by(t)), and an ini-
tial condition given byu(x,0) = sin(2x). For this problem the exact solution is given by
u(x,t) = e~ * sin(2z). We report,,.-norm errors of our numerical approximation scheme
in Tables 6.11, 6.13, and 6.14. We have used a direct forinol#hat results in a well-
conditioned integral equation. We solve this problem ferttiree cases of boundary motion.
At each time step, we sample the numerical and exact solatiaruniformly spaced spatial
grid. We report the maximum of the absolute error values @¥etime steps and spatial
points. We observe optimal convergence rates for all thasex

Example 2: Prescribed Dirichlet datdn this second example we solve a heat equation
problem with distributed forces and prescribed Dirichletibdary conditions:

ou

i A+ 4 cos(2x) cos(100t) — 100 cos(2x) sin(100¢) in w(t), (6.4)

and u(x,0) = cos(2z), u(bk(t),t) = cos(2by(t)) cos(100¢). (6.5)
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2 4 8 16 32 64
4.62e-02| 1.01e-03| 5.34e-05| 3.03e-06| 2.66e-07| 2.11e-08
1.72e-03| 7.09e-05| 4.15e-06| 1.62e-07| 1.39e-09| 4.94e-11

4.36e-04| 7.86e-06| 3.33e-07| 1.05e-08| 1.71e-11| 5.36e-13
TABLE 6.7
We reportl..—norm errors for the solution of the heat equation with anatsolution given by
u(z,t) = e ' sin(10x). In this example we solve a problem with Neumann boundargitions and
zero distributed forces. We compute the numerical solutfing a direct integral equation formulation
that results in a well-conditioned Volterra equation.

olalal|Z
1
oo hZ

N 2 4 8 16 32 64
=4 | 7.16e-01| 1.28e-04| 3.54e-05| 2.41e-06| 1.51e-07| 1.17e-08
6 | 8.27e-01| 8.10e-06| 7.80e-07| 6.72e-08| 1.08e-09| 2.92e-11
g=8| 7.75e-01| 3.74e-07| 8.38e-08| 3.40e-09| 2.46e-11| 3.34e-13
TABLE 6.8

In this table we report.-norm errors for the heat equation (1.1) problem with an atialsolution
given byu(x,t) = cos(100x) cos(200¢) and a corresponding non-zero distributed force. We comside
Dirichlet boundary conditions and an indirect double-lajermulation. We use eight quadrature points
in computing the volume integrals in (4.1).

N 2 4 8 16 | 32 64
=4108|13|26|53]| 103|211
6(10|1.7|33|6.0]129] 26.3
g=81]13]|23|40|80]| 16.0| 32.6
TABLE 6.9
Representative running times for the example in Table 6a&icBlthat only the relative increase
is important here, as the code is implemente®TLAB and has not been optimized. The following

observations can be made: first, the computation time grovesitly with N; second, for a fixed N, the
computation time increases by a constant factor as the aydgincreased.

case s1(t) s2(t)
i 0.01 sin(1007t) 0.01 sin(1007t)
ii 0.005 sin(1507t) 0.02sin(1507t)
i | 0.02sin[107 sin(27t)] | 0.02sin[107 cos(27t)]
TABLE 6.10

Test cases for the boundary motion.

oss| /\/@\/W oss| /, b,(1) 065 /, b, (1)

b,(0)

b, (1)
MS[\M MW&W/« B /
(a) case (i) (b) case (i) (c) case (iii)

Fic. 6.3.Plot of test cases for the boundary motion.
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2 4 8 16 32 64
1.85e-01| 1.00e-01| 8.59e-03| 3.28e-04| 1.72e-05| 9.42e-07
1.37e-01| 9.85e-03| 2.08e-04| 4.90e-06| 3.80e-08| 1.47e-09

6.36e-02| 6.13e-04| 9.96e-06| 3.39e-08| 2.62e-10| 9.01e-13
TABLE 6.11
lss—norm errors for the solution of example 1 with thé&) varying in time as given in case (i).

olalalZ
nwin|uln

oo hZ

2 4 8 16 32 64
0.80| 1.27| 2.60| 4.94 | 10.34| 21.47
1.19| 232 | 449| 8.83 | 17.84| 36.86

192| 3.58| 7.14| 13.71| 27.81| 56.25
TABLE 6.12
CPU times for the example in (6.11)

olalalZ
I
oo hZ

The exact solution for this problem is given byz, t) = cos(2x) cos(100¢). We report
errors, computed as in the case of the other examples, ie§éhl5, 6.16, and 6.17. Again,
we observe optimal convergence rates.

7. Conclusions. We have presented an extension of the Greengard & Straimitalgo
[6] for the fast solution of the heat equation with moving hdaries. Our main contribution is
the introduction of the product integration quadrature arstheme for moving boundaries.
Our approach results in a high-order scheme in both spacéirard We presented results
for the Neumann and Dirichlet problems with distributedcs. In all cases the accuracy
and efficiency of the proposed scheme is verified— even in #se of highly oscillatory
boundary motions. Optimal complexity has been achievedsiyguthe fast Gauss transform
and nonuniform FFT. Also, our method can be extended to Marieoefficient and nonlinear
problems by introducing a volume density for which we havedive.

A shortcoming of our method is that it has a complex impleraton. A second, more
important drawback is that high-order accuracy can be getiéor sufficiently smooth data
only (forces, boundary conditions, and boundary motiony.dertain applications, in partic-
ular industrial ones, this can be a quite restrictive assiompFor general non-smooth data
the high-order properties of our scheme will be lost.

We are currently working on extending this work to higher éitsions. As we mentioned
in the introduction, all algorithmic choices extend to leglimensions: the product quadra-
ture rules, the Chebyshev approximation (using adapgwnsdr products), the kernel splitting
for the local and far part, and the approximations in the cdgeescribed boundaries. The
most significant complication is the fact that the bounddrthe target domain becomes an
infinite dimensional manifold. Boundary convolution wittetheat kernel requires additional
algorithmic machinery. Although one can outline the eximms of the method in higher
dimensions, such a task is difficult when one wants to presecwk optimality and high
accuracy. Finally, the assumption thfandw are defined everywhere is restrictive; in most
practical applications the data will be only defined on a faggrid, or at random points.
Smooth extensions and design of special quadrature rulssiéh data is not trivial. We are
currently working on addressing some of these issues andiliveport our work in a future
paper.

8. Appendix A. Here, we give recurrence relations to compljte= fol o(0)Tk(20 —
1)de for the singular kernels; (6) = 6~ for any~y € (—o0, 1) andos(0) = log(#). These
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2

4

8

16

32

64

1.31e+00

1.00e+00

9.83e-02

4.81e-03

2.50e-04

1.35e-05

3.00e+00

1.42e-01

7.39e-03

2.13e-04

2.37e-06

9.67e-08

oo

olalal|lZ

6.23e-01

3.11e-02

7.22e-04

7.20e-06

7.37e-08

2.06e-10

TABLE 6.13
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l-s—norm errors for the solution of example 1 with thé) varying in time as given in case (ii).

N=M 16 32 64 128 256 512

g=4 | 1.49e+000| 4.09e-02| 7.65e-03| 2.44e-04| 1.42e-05| 5.98e-07

g=6 6.93e-02 | 3.71e-03| 2.02e-04| 2.21e-06| 1.64e-08| 6.48e-10

g=8 8.73e-03 | 8.07e-04| 2.70e-06| 5.76e-08| 2.79e-10| 5.51e-13
TABLE 6.14

lss—norm errors for the solution of example 1 with thét) varying in time as given in case (iii),

withT = 1.

recurrences are unconditionally stable.

n 2 3+
I, =— oy + 2Ty 2, foro(6). (8.1
n+1_7<n(n_2)+ 1+ — ) n> o1(0). (8.1)
I " (¢, -2r n=3; > 2, for o(6) (8.2)
n — n n - n— n ) a .
TL+1 1 ) 2 2
where C,, = { 0 6 ntﬁ Od(.j’
T nA—Indfniien ONEIWISE.

9. Appendix B. Proof of the direct formulation:The Leibniz rule for differentiating
the volume integral, also called the Reynold’s transparbthm states that for any function
q(z,t) defined inQ(t),

dt

qd) =

Q(t)

%4 dQ+/ q(v.n)dr,
) Ot ~(t)

wherev is the velocity of the boundary. Substituting= Gu, we get

i GudQ:/ 8G +G—+/ Gu(v-n)
dt Jaw Q(t)
:/ %u—i—G(Au—i—b) Gu(v-n)
o) Ot ¥(t)
:/ (%+AG)u+Gb+/ (G%— %)JrGU(U n).
a@) \ Ot 7(?) on o

Integrating both sides froiato ¢ and using=(zx, y, t, t) = 0 for anyt, we get,

- Gw—// 0(z,t)u + Gb] + // <G——u8—G)—|—Gu(v~n),
Qo Q(r on
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2 4 8 16 32 64
4| 2.19e-02| 5.24e-03| 2.20e-03| 5.55e-05| 4.54e-06| 4.15e-07
6 | 2.29e-03| 1.54e-03| 1.05e-04| 2.50e-06| 5.39e-08| 4.33e-10
8

3.27e-03| 5.04e-04| 8.82e-06| 9.07e-08| 1.28e-10| 7.83e-13
TABLE 6.15
lss—norm errors for the solution of example 2 with thé&) varying in time as given in case (i).

ninjn|Z

fel o) Ne]

4 8 16 32 64 128

4 | 2.04e-02| 1.58e-02| 4.94e-04| 3.47e-05| 2.71e-06| 8.48e-08
6 | 1.29e-02| 3.36e-03| 2.56e-05| 8.92e-07| 1.00e-08| 1.64e-10
8 | 2.30e-03| 4.54e-04| 2.49e-06| 6.40e-09| 3.85e-11| 2.54e-13

njiujfnf2Z

fello)Ne]

TABLE 6.16
lss—norm errors for the solution of example 2 with thé) varying in time as given in case (ii).

(e, t) = /QOGw+// Gb+//7)( u _ ai)—i—Gu(v n). (9.1)

a3
Jump conditions:a) DefiningI (3;) = fol %f(@) df, we have to prove:

1
1
lim 1 = lim 71 = de. 9.2
sl (Bo) R (Bo) . Vo f(0) (9.2)
2

Proof: Consider the sequence of functiogs defined asy,, = e~ with the sequence
B3, chosen such thdim,, ... 8, = 0. Clearly|g,| < 1 andg, — 1 pointwise almost
everywhere. The result follows by Lebesgue’s dominatede@ence theorenn) Assuming
that () is uniformly continuous it € (0,1), we need to prove:

2

Jlim 1(30) = 570 lim_ 1(5) =5 (0) wherel(5) = 5 f K I 0)ab
(9.3)

Proof: We split the integral into two partd:(5y) = 11 (6o) + I2(080). The integrald; andl
are defined as follows.

ﬂof -7
Jim 1) = ~3£(0) and lim I(5) = 37(0). (9.5)

b=y [ 1%@(9)#(0)) = ;  (1(Z)-s0). ©o

by the change of variables = 6—% Now breaking the interval of integration into two parts
(Bo,v/Bo) and (v/By, ), we see that as, — 0 the integral of the first interval vanishes.
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N 32 64 128 256 512 1024
g=4| 2.54e-01| 4.85e-03| 5.52e-04| 6.69e-05| 6.41e-06| 4.21e-07
g=6| 1.01le-01| 7.57e-04| 3.54e-05| 7.14e-07| 1.23e-08| 2.10e-10
g=8| 2.07e-02| 3.67e-05| 1.85e-06| 2.09e-09| 1.24e-11| 4.28e-14

TABLE 6.17

lss—norm errors for the solution of example 2 with thét) varying in time as given in case (iii),

the total time here i§" = 1.

The integral of the second intervat, > /3,

continuous, we can choosesuch that‘f(f—‘z) — f(0)

(1]
(2]
(31
(4
(5]
(6]
(7]
(8]
El
[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]

[18]
[19]

[20]

[21]
[22]

0
o2

< |Bol|. Sincef(6#) is uniformly

< e whenevel | < §. Thus,

o0

hm [I2(5o)| < hm 2\/_ e do = 0. 9.7)
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