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Abstract

W e consider the follo wing allo cation problem arising in the setting of com binatorial

auctions: a set of go o ds is to b e allo cated to a set of pla y ers so as to maximize the sum

of the utilities of the pla y ers (i.e., the so cial w elfare). In the case when the utilit y of

eac h pla y er is a monotone submo dular function, w e pro v e that there is no p olynomial

time appro ximation algorithm whic h appro ximates the maxim um so cial w elfare b y a factor

b etter than 1 � 1 =e ' 0 : 632, unless P = NP .

1 In tro duction

Auctions are b ecoming a v ery p opular metho d of transaction, from auction services on the

in ternet (e.g. eBa y), to large scale transactions (e.g. the F CC auctions of sp ectrum licences).

Recen tly , there has b een a lot of in terest in auctions with complex bidding and allo cation

p ossibilities that can capture v arious dep endencies b et w een a large n um b er of items b eing

sold. A v ery general mo del whic h can express suc h complex scenarios is that of com binatorial

auctions.

In a com binatorial auction, a set of go o ds is to b e sold to a set of pla y ers. A utilit y function

is asso ciated with eac h pla y er sp ecifying the happiness of the pla y er for eac h subset of the

go o ds. One natural ob jectiv e for the auctioneer is to maximize the economic e�ciency of the

auction, whic h is the sum of the utilities of all the pla y ers. F ormally , w e ha v e a set M of m

indivisible go o ds and n pla y ers. Pla y er i has a monotone utilit y function v

i

: 2

M

! R. The

al lo c ation pr oblem is to �nd a partition ( S

1

; : : : ; S

n

) of the set of go o ds among the n pla y ers

that maximizes the total utilit y or so cial welfar e ,

P

i

v

i

( S

i

). Suc h an allo cation is called an

optimal allo cation.

W e are in terested in the computational complexit y of the allo cation problem. W e w ould lik e

an algorithm whic h runs in time p olynomial in n and m . Ho w ev er, one can see that the

input represen tation is itself exp onen tial in m for general utilit y functions. Ev en if the utilit y

functions ha v e a succinct represen tation (p olynomial in n and m ), the allo cation problem

ma y b e NP -hard [10 , 1]. In the absence of a succinct represen tation, it is t ypically assumed

that the auctioneer has oracle access to the pla y ers' utilities and that he can ask queries to

the pla y ers. There are 2 t yp es of queries that ha v e b een considered. In a value query the

�
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auctioneer sp eci�es a subset S � M and asks pla y er i for the v alue v

i

( S ). In a demand query ,

the auctioneer presen ts a set of prices for the go o ds and asks a pla y er for the set S of go o ds

that maximizes his pro�t (whic h is his utilit y for S min us the sum of the prices of the go o ds in

S ). Note that if w e ha v e a succinct represen tation of the utilit y functions then w e can alw a ys

sim ulate v alue queries. Ev en with queries the problem remains hard. Hence w e are in terested

in appro ximation algorithms and inappro ximabilit y results.

A natural class of utilit y functions that has b een studied extensiv ely in the literature is the

class of submo dular functions. A function v is submo dular if for an y 2 sets of go o ds S � T ,

the marginal con tribution of a go o d x 62 T , is bigger when added to S than when added to T ,

i.e., v ( S [ x ) � v ( S ) � v ( T [ x ) � v ( T ). Submo dularit y can b e seen as the discrete analog of

conca vit y and arises naturally in economic settings since it captures the prop ert y that marginal

utilities are decreasing as w e allo cate more go o ds to a pla y er. It is kno wn that the class of

submo dular utilit y functions con tains the functions with the Gross Substitutes prop ert y [9 ],

and also that submo dular functions are complemen t-free.

Previous W ork

F or general utilit y functions, the allo cation problem is NP -hard. Appro ximation algorithms

ha v e b een obtained that ac hiev e factors of O (

1

p

m

) ([11 , 5], using demand queries) and O (

p

log m

m

)

([5 ], using v alue queries). It has also b een sho wn that w e cannot ha v e p olynomial time algo-

rithms with a factor b etter than O (

log m

m

) ([5 ], using v alue queries) or b etter than O (

1

m

1 = 2 � �

)

([11 , 16 ], ev en for single minded bidders). Ev en if w e allo w demand queries, exp onen tial com-

m unication is required to ac hiev e an y appro ximation guaran tee b etter than O (

1

m

1 = 2 � �

) [13 ].

F or single-minded bidders, as w ell as for other classes of utilit y functions, appro ximation al-

gorithms ha v e b een obtained, among others, in [2 , 4, 11 ]. F or more results on the allo cation

problem see [6 ].

F or the class of submo dular utilit y functions, the allo cation problem is still NP -hard. The

follo wing p ositiv e results are kno wn: In [10 ] it w as sho wn that a simple greedy algorithm using

v alue queries ac hiev es an appro ximation ratio of 1 = 2. An impro v ed ratio of 1 � 1 =e w as ob-

tained in [1] for a natural sp ecial case of submo dular functions, the class of additiv e v aluations

with budget constrain ts. V ery recen tly , an appro ximation algorithm with ratio 1 � 1 =e w as

obtained in [7 ] using demand queries in the case when all pla y ers ha v e the same submo dular

utilit y function. As for negativ e results, it w as sho wn in [13 ] that an exp onen tial amoun t of

comm unication is needed to ac hiev e an appro ximation ratio b etter than 1 � O (

1

m

). In [7 ] it

w as sho wn that there cannot b e an y p olynomial time algorithm in the succinct represen tation

or the v alue query mo del with a ratio b etter than 50 = 51, unless P = NP . In [7 ] a hardness

result of 1 � 1 =e is pro v ed for the class of X OS utilities. This class strictly con tains the class

of submo dular utilities (for a de�nition of the class X OS see [10 ]).

Our Result

W e sho w that there is no p olynomial time appro ximation algorithm for the allo cation problem

with monotone submo dular utilit y functions ac hieving a ratio b etter than 1 � 1 =e , unless P =

NP . Our result is true in the succinct represen tation mo del, and hence also in the v alue query

mo del. The result do es not hold if the algorithm is allo w ed to use demand queries.



A hardness result of 1 � 1 =e for the larger class X OS is obtained in [7] b y a gadget reduc-

tion from the maxim um k -co v erage problem. Similar reductions do not seem to w ork for

submo dular functions. Instead w e pro vide a reduction from m ulti-pro v er pro of systems for

MAX-3-COLORING. Our result is based on the reduction of F eige [8 ] for the hardness of

set-co v er and maxim um k -co v erage. The results of [8] use a reduction from a m ulti-pro v er

pro of system for MAX-3-SA T. This is not su�cien t to giv e a hardness result for the allo cation

problem, as explained in Section 3. Instead, w e use a pro of system for MAX-3-COLORING.

W e then de�ne an instance of the allo cation problem and sho w that the new pro of system

enables all pla y ers to ac hiev e maxim um p ossible utilit y in the y es case, and ensure that in the

no case, pla y ers ac hiev e only (1 � 1 =e ) of the maxim um utilit y on the a v erage. The crucial

prop ert y of the new pro of system is that when a graph is 3-colorable, there are in fact man y

di�eren t pro ofs (i.e. colorings) that mak e the v eri�er accept. By in tro ducing a corresp ondence

b et w een colorings and pla y ers of the allo cation instance, w e obtain the desired result.

W e note that w e do not address the question of obtaining truthful mec hanisms for the al-

lo cation problem. F or some classes of functions, incen tiv e compatible mec hanisms ha v e b een

obtained that also ac hiev e reasonable appro ximations to the allo cation problem (e.g. [11 , 2 , 4]).

F or submo dular utilities, the only truthful mec hanism kno wn is obtained in [7 ]. This ac hiev es

an O (

1

p

m

)-appro ximation. Obtaining a truthful mec hanism with a b etter appro ximation guar-

an tee seems to b e a c hallenging op en problem.

The rest of the pap er is organized as follo ws: In the next section w e de�ne the mo del formally

and in tro duce some notation. In Section 3 w e �rst presen t a w eak er hardness result of 3 = 4

using a 2-pro v er pro of system to illustrate the ideas in our pro of. In Section 4 w e presen t the

hardness of 1 � 1 =e based on the k -pro v er pro of system of [8].

2 Mo del, De�nitions and Notation

W e assume w e ha v e a set of pla y ers N = f 1 ; :::; n g and a set of go o ds M = f 1 ; :::; m g to b e

allo cated to the pla y ers. Eac h pla y er has a utilit y function v

i

, where for a set S � M , v

i

( S )

is the utilit y that pla y er i deriv es if he obtains the set S . W e mak e the standard assumptions

that v

i

is monotone and that v

i

( ; ) = 0.

De�nition 1 A function v : 2

M

! R is submo dular if for any sets S � T and any x 2 M n T :

v ( S [ f x g ) � v ( S ) � v ( T [ f x g ) � v ( T )

An equiv alen t de�nition of submo dular functions is that for an y sets S; T : v ( S [ T ) + v ( S \ T ) �

v ( S ) + v ( T ).

An allo cation of M is a partition of the go o ds ( S

1

; :::; S

n

) suc h that

S

i

S

i

= M and S

i

\ S

j

= ; .

The allo cation problem w e will consider is: Giv en a monotone, submo dular utilit y function v

i

for ev ery pla y er i , �nd an allo cation of the go o ds ( S

1

; :::; S

n

) that maximizes

P

i

v

i

( S

i

). T o

clarify ho w the input is accessed, w e assume that either the utilit y functions ha v e a succinct

represen tation

1

, or that the auctioneer can ask v alue queries to the pla y ers. In a v alue query ,

1

By this w e mean a represen tation of size p olynomial in n and m , suc h that giv en S and i , the auctioneer

can compute v

i

( S ) in time p olynomial in the size of the represen tation. F or example, additiv e v aluations with

budget limits [10 ] ha v e a succinct represen tation.



the auctioneer sp eci�es a subset S to a pla y er i and the pla y er resp onds with v

i

( S ). In this

case the auctioneer is allo w ed to ask at most a p olynomial n um b er of v alue queries.

Since the allo cation problem is NP -hard, w e are in terested in p olynomial time appro ximation

algorithms: an algorithm ac hiev es an appro ximation ratio of � � 1 if for ev ery instance of the

problem, the algorithm returns an allo cation with so cial w elfare at least � times the optimal

so cial w elfare.

3 A Hardness of 3/4

W e �rst presen t a hardness result of 3 = 4. The reduction of this section is based on a 2-pro v er

pro of system for MAX-3-COLORING, whic h is analogous to the pro of system of [12 ] for MAX-

3-SA T. W e remark that this pro of is pro vided here only to illustrate the main ideas of our result

and to giv e some in tuition. In the next Section w e will see that b y mo ving to a k -pro v er pro of

system w e can obtain hardness of 1 � 1 =e .

In the MAX-3-COLORING problem, w e are giv en a graph G and w e are ask ed to color the

v ertices of G with 3 di�eren t colors so as to maximize the n um b er of prop erly colored edges,

where an edge is prop erly colored if its v ertices receiv e di�eren t colors. Giv en a graph G , let

O P T ( G ) denote the maxim um fraction of edges that can b e prop erly colored b y an y 3-coloring

of the v ertices. W e will start with a gap v ersion of MAX-3-COLORING: Giv en a constan t c ,

w e denote b y GAP-MAX-3-COLORING(c) the promise problem in whic h the y es instances

are the graphs with O P T ( G ) = 1 and the no instances are graphs with O P T ( G ) � c . By the

PCP theorem [3], and b y [14 ], w e kno w:

Prop osition 1 Ther e is a c onstant c < 1 such that GAP-MAX-3-COLORING(c) is NP -har d,

i.e., it is NP -har d to distinguish whether

YES Case: O P T ( G ) = 1 , and

NO Case: O P T ( G ) � c .

Let G b e an instance of GAP-MAX-3-COLORING(c). The �rst step in our pro of is a reduction

to the Lab el Co v er problem. A lab el co v er instance L consists of a graph G

0

, a set of lab els

� and a binary relation �

e

� � � � for ev ery edge e . The relation �

e

can b e seen as a

constrain t on the lab els of the v ertices of e . An assignmen t of one lab el to eac h v ertex is called

a lab eling . Giv en a lab eling, w e will sa y that the constrain t of an edge e = ( u; v ) is satis�ed if

( l ( u ) ; l ( v )) 2 �

e

, where l ( u ) ; l ( v ) are the lab els of u; v resp ectiv ely . The goal is to �nd a lab eling

of the v ertices that satis�es the maxim um fraction of edges of G

0

, denoted b y O P T ( L ).

The instance L pro duced from G is the follo wing: G

0

has one v ertex for ev ery edge ( u; v ) of G .

The v ertices ( u

1

; v

1

) and ( u

2

; v

2

) of G

0

are adjacen t if and only if the edges ( u

1

; v

1

) and ( u

2

; v

2

)

ha v e one common v ertex in G . Eac h v ertex ( u; v ) of G

0

has 6 lab els corresp onding to the 6

di�eren t prop er colorings of ( u; v ) using 3 colors. F or an edge b et w een ( u

1

; v

1

) and ( u

2

; v

2

) in

G

0

, the corresp onding constrain t is satis�ed if the lab els of ( u

1

; v

1

) and ( u

2

; v

2

) assign the same

color to their common v ertex. F rom Prop osition 1 it follo ws easily that:

Prop osition 2 It is NP -har d to distinguish b etwe en:

YES Case: O P T ( L ) = 1 , and

NO Case: O P T ( L ) � c

0

, for some c onstant c

0

< 1



W e will sa y that 2 lab elings L

1

; L

2

are disjoint if ev ery v ertex of G

0

receiv es a di�eren t lab el

in L

1

and L

2

. Note that in the YES case, there are in fact 6 disjoin t lab elings that satisfy all

the constrain ts.

The Lab el Co v er instance L is essen tially a description of a 2-pro v er 1-round pro of system for

MAX-3-COLORING with completeness parameter equal to 1 and soundness parameter equal

to c

0

(see [8, 12 ] for more on these pro of systems).

Giv en L , w e will no w de�ne a new lab el co v er instance L

0

, the hardness of whic h will imply

hardness of the allo cation problem. Going from instance L to L

0

is equiv alen t to applying the

parallel rep etition theorem of Raz [15 ] to the 2-pro v er pro of system for MAX-3-COLORING.

W e will denote b y H the graph in the new lab el co v er instance L

0

. A v ertex of H is no w

an ordered tuple of s v ertices of G

0

, i.e., it is an ordered tuple of s edges of G , where s is a

constan t to b e determined later . W e will refer to the v ertices of H as no des to distinguish

them from the v ertices of G . F or 2 no des of H , u = ( e

1

; :::; e

s

) and v = ( e

0

1

; :::; e

0

s

), there is

an edge b et w een u and v if and only if for ev ery i 2 [ s ], the edges e

i

and e

0

i

ha v e exactly one

common v ertex (where [ s ] = f 1 ; :::; s g ). W e will refer to these s common v ertices as the shar e d

v ertices of u and v . The set of lab els of a no de v = ( e

1

; :::; e

s

) is the set of 6

s

prop er colorings

of its edges (� = [6

s

]). The constrain ts can b e de�ned analogously to the constrain ts in L . In

particular, for an edge e = ( u; v ) of H , a lab eling satis�es the constrain t of edge e if the lab els

of u and v induce the same coloring of their shared v ertices.

By Prop osition 2 and Raz's parallel rep etition theorem [15 ], w e ha v e:

Prop osition 3 It is NP -har d to distinguish b etwe en:

YES Case: O P T ( L

0

) = 1 , and

NO Case: O P T ( L

0

) � 2

� 
 s

, for some c onstant 
 > 0 .

Remark 1 In fact, in the YES c ase, ther e ar e 6

s

disjoint lab elings that satisfy al l the c on-

str aints.

This prop ert y will b e used crucially in the remaining section. The kno wn reductions from

GAP-MAX-3-SA T to lab el co v er, implicit in [8 , 12 ], are not su�cien t to guaran tee that there

is more than one lab eling satisfying all the edges. This w as our motiv ation for using GAP-

MAX-3-COLORING instead.

The �nal step of the pro of is to de�ne an instance of the allo cation problem from L

0

. F or that

w e need the follo wing de�nition:

De�nition 2 A Partition System P ( U; r ; h; t ) c onsists of a universe U of r elements, and t

p airs of sets ( A

1

;

�

A

1

) ; ::: ( A

t

;

�

A

t

) , ( A

i

� U ) with the pr op erty that any c ol le ction of h

0

� h sets

without a c omplementary p air A

i

;

�

A

i

c overs at most (1 � 1 = 2

h

0

) r elements.

If U = f 0 ; 1 g

t

, w e can construct a partition system P ( U; r ; h; t ) with r = 2

h

and h = t . F or

i = 1 ; :::; t the pair ( A

i

;

�

A

i

) will b e the partition of U according to the v alue of eac h elemen t

in the i -th co ordinate. In this case the sets A

i

;

�

A

i

ha v e cardinalit y r = 2.

F or ev ery edge e in the lab el co v er instance L

0

, w e construct a partition system P

e

( U

e

; r ; h; t =

h = 3

s

) on a separate subuniv erse U

e

as describ ed ab o v e. Call the partitions ( A

e

1

;

�

A

e

1

) ; ::::; ( A

e

t

;

�

A

e

t

).



Recall that for ev ery edge e = ( u; v ), there are 3

s

di�eren t colorings of the s shared v ertices

of u and v . Assuming some arbitrary ordering of these colorings, w e will sa y that the pair

( A

e

i

;

�

A

e

i

) of P

e

corresp onds to the i th coloring of the shared v ertices.

W e de�ne a set system on the whole univ erse

S

U

e

. F or ev ery no de v and ev ery lab el i , w e ha v e

a set S

v ;i

. F or ev ery edge e inciden t on v , S

v ;i

con tains one set from ev ery partition system

P

e

, as follo ws. Consider an edge e = ( v ; w ). Then A

e

j

con tributes to all the sets S

v ;i

suc h that

lab el i in no de v induces the j th coloring of the shared v ertices b et w een v and w . Similarly

�

A

e

j

con tributes to all the S

w ;i

suc h that lab el i in no de w giv es the j th coloring to the shared

v ertices (the c hoice of assigning A

e

j

to the S

v ;i

's and

�

A

e

j

to the S

w ;i

's is made arbitrarily for

eac h edge ( v ; w )). Th us

S

v ;i

=

[

( v ;w ) 2 E

B

( v ;w )

j

where E is the set of edges of H , B

( v ;w )

j

is one of A

( v ;w )

j

or

�

A

j

( v ;w )

, and j is the coloring that

lab el i giv es to the shared v ertices of ( v ; w ).

W e are no w ready to de�ne our instance I of the allo cation problem. There are n = 6

s

pla y ers,

all ha ving the same utilit y function. The go o ds are the sets S

v ;i

for eac h no de v and lab el i . If

a pla y er is allo cated a collection of go o ds S

v

1

;i

1

:::S

v

l

;i

l

, then his utilit y is

j

l

[

j =1

S

v

j

;i

j

j

It is easy to v erify that this is a monotone and submo dular utilit y function. Let O P T ( I ) b e

the optimal solution to the instance I .

Lemma 4 If O P T ( L

0

) = 1 , then O P T ( I ) = nr j E j .

Pro of : F rom Remark 1, there are n = 6

s

disjoin t lab elings that satisfy all the constrain ts

of L

0

. Consider the i th suc h lab eling. This de�nes an allo cation to the i th pla y er as follo ws:

w e allo cate the go o ds S

v ;l ( v )

for eac h no de v , to pla y er i , where l ( v ) is the lab el of v in this i th

lab eling. Since the lab eling satis�es all the edges, the corresp onding sets S

v ;l ( v )

co v er all the

subuniv erses. T o see this, �x an edge e = ( v ; w ). The lab eling satis�es e , hence the lab els of

v and w induce the same coloring of the shared v ertices b et w een v and w , and therefore they

b oth corresp ond to the same partition of P

e

, sa y ( A

e

j

;

�

A

e

j

). Th us U

e

is co v ered b y the sets

S

v ;l ( v )

and S

w ;l ( w )

and the utilit y of pla y er i is r j E j . W e can �nd suc h an allo cation for ev ery

pla y er, since the lab elings are disjoin t. 2

F or the No case, consider the follo wing simple allo cation: eac h pla y er gets exactly one set from

ev ery no de. Hence eac h pla y er i de�nes a lab eling, whic h cannot satisfy more than 2

� 
 s

fraction

of the edges. F or the rest of the edges, the 2 sets of pla y er i come from di�eren t partitions

and hence can co v er at most 3 = 4 of the subuniv erse. This sho ws that the total utilit y of this

simple allo cation is at most 3 = 4 of that in the Y es case. In fact, w e will sho w that this is true

for an y allo cation.

Lemma 5 If O P T ( L

0

) � 2

� 
 s

, then O P T ( I ) � (3 = 4 + � ) nr j E j , for some smal l c onstant � > 0

that dep ends on s .



Pro of : Consider an allo cation of go o ds to the pla y ers. If pla y er i receiv es sets S

1

; :::; S

l

,

then his utilit y p

i

can b e decomp osed as p

i

=

P

e

p

i;e

, where

p

i;e

= j ( [

j

S

j

) \ U

e

j

Fix an edge ( u; v ). Let m

i

b e the n um b er of go o ds of the t yp e S

u;j

for some j . Let m

0

i

b e

the n um b er of go o ds of the t yp e S

v ;j

for some j , and let x

i

= m

i

+ m

0

i

. Let N b e the set of

pla y ers. F or the edge e = ( u; v ), let N

e

1

b e the set of pla y ers whose sets co v er the subuniv erse

U

e

and N

e

2

= N n N

e

1

. Let n

e

1

= j N

e

1

j and n

e

2

= j N

e

2

j . Note that for i 2 N

e

1

, the con tribution of

the x

i

sets to p

i;e

is r . F or i 2 N

e

2

, it follo ws that the con tribution of the x

i

sets to p

i;e

is at

most (1 �

1

2

x

i

) r b y the prop erties of the partition system of this edge

2

. Hence the total utilit y

deriv ed b y the pla y ers from the subuniv erse U

e

is

X

i

p

i;e

�

X

i 2 N

e

1

r +

X

i 2 N

e

2

(1 �

1

2

x

i

) r

In the YES case, the total utilit y deriv ed from the subuniv erse U

e

w as nr . Hence the loss in

the total utilit y deriv ed from U

e

is

�

e

� nr �

X

i 2 N

e

1

r �

X

i 2 N

e

2

(1 �

1

2

x

i

) r = r

X

i 2 N

e

2

1

2

x

i

By the con v exit y of the function 2

� x

, w e ha v e that

�

e

� r n

e

2

2

�

P

i 2 N

e

2

x

i

n

e

2

But note that

P

i 2 N

e

1

� 2 n

e

1

, since pla y ers in N

e

1

co v er U

e

and they need at least 2 sets to do

this. Therefore

P

i 2 N

e

2

x

i

� 2 n

e

2

and �

e

� r n

e

2

= 4. The total loss is

X

e

�

e

� r = 4

X

e

n

e

2

Hence it su�ces to pro v e

P

e

n

e

2

� (1 � � ) n j E j , or that

P

e

n

e

1

� �n j E j .

F or an edge ( u; v ), let N

e; � s

1

b e the set of pla y ers from N

e

1

who ha v e at most s go o ds of the

t yp e S

u;j

or S

v ;j

. Let N

e;>s

1

= N

e

1

n N

e; � s

1

.

X

e

n

e

1

=

X

e

j N

e;>s

1

j + j N

e; � s

1

j �

2 n j E j

s

+

X

e

j N

e; � s

1

j

where the inequalit y follo ws from the fact that for the edge e w e cannot ha v e more than 2 n=s

pla y ers receiving more than s go o ds from u and v .

Claim 6

P

e

j N

e; � s

1

j < � n j E j , wher e � � c

0

s 2

� 
 s

, for some c onstant c

0

.

2

T o use the prop ert y of P

e

, w e need to ensure that x

i

� 3

s

. Ho w ev er since i 2 N

e

2

, ev en if x

i

> 3

s

, the

distinct sets A

e

j

or

�

A

e

j

that he has receiv ed through his x

i

go o ds are all from di�eren t partitions of U

e

and hence

they can b e at most 3

s

.



Pro of : Supp ose that the sum is � n j E j for some � � 1. Then it can b e easily seen that for

at least � j E j = 2 edges, j N

e; � s

1

j � � n= 2. Call these edges go o d edges.

Pic k a pla y er i at random. F or ev ery no de, consider the set of go o ds assigned to pla y er i from

this no de, and pic k one at random. Assign the corresp onding lab el to this no de. If pla y er i

has not b een assigned an y go o d from some no de, then assign an arbitrary lab el to this no de.

This de�nes a lab eling. W e lo ok at the exp ected n um b er of satis�ed edges.

F or ev ery go o d edge e = ( u; v ), the probabilit y that e is satis�ed is at least � = 2 s

2

, since e has

at at least � n= 2 pla y ers that ha v e co v ered U

e

with at most s go o ds. Since there are at least

� j E j = 2 go o d edges, the exp ected n um b er of satis�ed edges is at least �

2

j E j = 4 s

2

. This means

that there exists a lab eling that satis�es at least �

2

j E j = 4 s

2

edges. But, since O P T ( L

0

) � 2

� 
 s

,

w e get � � c

0

s 2

� 
 s

, for some constan t c

0

. 2

W e �nally ha v e

X

e

n

e

1

�

2 n j E j

s

+ � n j E j � �n j E j

where � is some small constan t dep ending on s . Therefore the total loss is

X

e

�

e

�

1

4

(1 � � ) nr j E j

whic h implies that O P T ( I ) � (3 = 4 + � ) nr j E j . 2

Giv en an y � > 0, w e can c ho ose s large enough so that Lemma 5 holds. F rom Lemmas 4 and 5,

w e ha v e:

Theorem 7 F or any � > 0 , ther e is no p olynomial time (3 = 4 + � ) -appr oximation algorithm for

the al lo c ation pr oblem with monotone submo dular utilities, unless P = NP .

4 A Hardness of 1-1/e

In this section w e obtain a stronger result b y using a k -pro v er pro of system (i.e., a lab el co v er

problem on h yp ergraphs) for MAX-3-COLORING. The new pro of system is obtained in a

similar manner as the pro of system for MAX-3-SA T b y F eige [8].

Let G b e an instance of GAP-MAX-3-COLORING(c). F rom the graph G , w e will de�ne a new

lab el co v er instance. The lab el co v er instance is no w de�ned on a h yp ergraph H instead of a

graph. Let s and k b e constan ts to b e determined later. The h yp ergraph H consists of k la y ers

of v ertices, V

1

; :::; V

k

. T o ev ery la y er V

i

, w e asso ciate a binary string C

i

2 f 0 ; 1 g

s

of w eigh t

3

s= 2, with the prop ert y that the Hamming distance b et w een an y 2 strings is at least s= 3. One

can obtain suc h a collection of strings b y using the co dew ords of an appropriate binary co de

(see [8 ] for more details). Notice that eac h C

i

de�nes a partition of the indices f 1 ; :::; s g in to

2 sets A

i

; B

i

, eac h of cardinalit y s= 2, where an index l b elongs to A

i

(resp. B

i

) if the l -th bit

of C

i

is 1 (resp. 0).

W e will refer to the v ertices of H as no des. One di�erence from Section 3 is that no w a no de of

H will con tain b oth edges and v ertices of G . T o b e more sp eci�c, a no de v in V

i

is an ordered

3

The w eigh t of a binary string is the n um b er of 1's in it.



s -tuple v = ( v

1

; :::; v

s

), where for l 2 f 1 ; :::; s g , if l 2 A

i

, then v

l

is an edge of G , otherwise it

is a v ertex of G . Clearly there are at most n

O ( s )

no des in eac h la y er V

i

and since k and s are

constan ts, the size of H is p olynomial in the size of G .

A lab el of a no de v in V

i

will b e a prop er coloring of the s= 2 edges corresp onding to v and a

coloring of the s= 2 v ertices corresp onding to v . Hence there are 6

s= 2

3

s= 2

distinct lab els. F or

tec hnical reasons w e mak e 6

s= 2

copies of eac h lab el so that in total w e ha v e 6

s

lab els in ev ery

no de.

Edges of the h yp ergraph H ha v e cardinalit y k and con tain one no de from eac h la y er. F or ev ery

ordered tuple of s edges ( e

1

; :::; e

s

), of G and a c hoice of s v ertices ( u

1

; :::; u

s

), one from eac h

e

i

, w e will ha v e a h yp eredge ( v

1

; :::; v

k

) in H , with v

i

2 V

i

if and only if the no des v

1

; :::; v

k

satisfy the follo wing:

1. v

l

i

= e

l

if l 2 A

i

.

2. v

l

i

= u

l

if l 2 B

i

.

W e will call the v ertices u

1

; :::; u

s

the shar e d v ertices of the h yp eredge ( v

1

; :::; v

k

). Giv en a

lab eling to the no des of H , let ( l ( v

1

) ; :::; l ( v

k

)) b e the lab els of the h yp eredge e = ( v

1

; :::; v

k

).

W e will sa y that e is we akly satis�ed if there exists a pair of no des v

i

; v

j

that agree on the

coloring of the shared v ertices as induced b y their lab eling. W e will call the pair of lab els

( l ( v

i

) ; l ( v

j

)) a consisten t pair with resp ect to the h yp eredge e and the lab eling. W e will sa y

that a h yp eredge is str ongly satis�ed if for ev ery pair v

i

; v

j

, ( l ( v

i

) ; l ( v

j

)) is consisten t. This

completes the description of the lab el co v er instance L . Let O P T

w eak

( L ) (resp. O P T

str ong

( L ))

b e the maxim um fraction of h yp eredges that can b e w eakly (resp. strongly) satis�ed b y an y

lab eling. The follo wing lemma is essen tially Lemma 5 in [8 ].

Lemma 8 It is NP -har d to distinguish b etwe en:

YES Case: O P T

str ong

( L ) = 1

NO Case: O P T

w eak

( L ) � k

2

2

� 
 s

, for some c onstant 
 > 0 .

Remark 2 In the YES Case of L emma 8, ther e ar e 6

s

disjoint lab elings that str ongly satisfy

al l the hyp er e dges.

This follo ws from a similar argumen t as for Remark 1.

T o de�ne the instance of the allo cation problem, w e will �rst construct a set system as in

Section 3. F or this w e will need a more general notion of a partition system:

Lemma 9 ([8]) L et U = [ k ]

n

. We c an c onstruct a p artition system on U of the form P =

f ( A

1

1

; :::; A

1

k

) ; ( A

2

1

; :::; A

2

k

) ; :::; ( A

n

1

; :::; A

n

k

) g , with the pr op erties that

1. F or i = 1 ; :::; n , [ A

i

j

= U .

2. A ny c ol le ction of l � n sets, one fr om e ach p artition, c overs exactly (1 � (1 � 1 =k )

l

) j U j

elements.

F or ev ery h yp eredge e , w e will ha v e a separate subuniv erse U

e

. Let n = 6

s

b e the n um b er

of lab els of eac h no de. F or eac h h yp eredge e w e construct a partition system P

e

on the



subuniv erse U

e

as in Lemma 9. Let P

e

= f ( A

e

1 ; 1

; :::; A

e

1 ;k

) ; ( A

e

2 ; 1

; :::; A

e

2 ;k

) ; :::; ( A

e

n; 1

; :::; A

e

n;k

) g .

Notice that for a h yp eredge e = ( v

1

; :::; v

k

), w e can alw a ys �nd n disjoin t lab elings of the no des

v

1

; :::; v

k

that strongly satisfy the h yp eredge e . This follo ws from the fact that there are 6

s

prop er colorings of an s -tuple of edges of G and for eac h suc h coloring w e can pic k a lab el from

eac h no de v

i

that resp ects this coloring. Due to the m ultiple copies of eac h distinct lab el, w e in

fact ha v e more than n lab elings that strongly satisfy e . W e arbitrarily pic k n of these disjoin t

lab elings (note that an y other lab eling that strongly satis�es e is "isomorphic" to one of the n

lab elings pic k ed). Assuming some arbitrary ordering among the n lab elings, w e asso ciate the

j th partition of P

e

with the j th lab eling of e , for ev ery e . If ( l

j

1

; :::; l

j

k

) is the j th lab eling of e

and ( A

e

j; 1

; :::; A

e

j;k

) is the j th partition of P

e

w e will also sa y that the set A

e

j;i

corresp onds to

the lab el l

j

i

of v

i

.

W e can no w de�ne our set system. W e will ha v e one set S

v ;i

for ev ery no de v and lab el i .

Let v 2 V

l

for some l 2 [ k ]. F or an edge e that con tains no de v , supp ose lab el i is in the j th

lab eling of e . W e will then include the set A

e

j;l

from the j th partition in S

v ;i

. Hence S

v ;i

is the

follo wing union of sets:

S

v ;i

=

[

e : v � e

A

e

j

e

( i ) ;l

where j

e

( i ) is the lab eling of edge e that con tains i .

As in Section 3, the instance of the allo cation problem con tains n = 6

s

pla y ers with the same

submo dular utilit y function. The go o ds are the sets S

v ;i

and the utilit y of a pla y er for a

collection of sets is the cardinalit y of their union. Let I denote the instance of the allo cation

problem and let O P T ( I ) b e the optimal solution of I . Let r = j U

e

j and let E b e the set of the

h yp eredges of H .

Lemma 10 If O P T

str ong

( L ) = 1 , then O P T ( I ) = nr j E j .

Pro of : Since O P T

str ong

( L ) = 1, consider a lab eling that strongly satis�es all the h yp er-

edges. By the discussion ab o v e, w e can alw a ys pic k a lab eling suc h that when restricted to the

no des of an edge, it corresp onds to one of the n disjoin t lab elings of that edge. Let l ( v ) b e the

lab el of eac h no de. Pic k a pla y er and allo cate to him all the sets f S

v ;l ( v )

g . W e claim that the

sets co v er the subuniv erse U

e

for ev ery edge e and the utilit y of the pla y er is therefore r j E j . T o

see this, �x an edge e = ( v

1

; :::; v

k

). Since the lab eling strongly sati�es the edge, it corresp onds

to some partition of the partition system P

e

, sa y the j th partition. Hence for i = 1 ; :::; k ,

the set A

e

j;i

whic h corresp onds to lab el l ( v

i

) is con tained in S

v

i

;l ( v

i

)

. Th us the pla y er co v ers

the en tire subuniv erse U

e

with the sets S

v

i

;l ( v

i

)

. Since this is true for ev ery edge, his utilit y is

exactly r j E j . By Remark 2 w e can rep eat the ab o v e for all the 6

s

pla y ers.

2

Lemma 11 If O P T

w eak

( L ) � k

2

2

� 
 s

, then O P T ( I ) � (1 � 1 =e + � ) nr j E j , wher e � > 0 is

some smal l c onstant dep ending on s and k .

Pro of : Consider an allo cation of the go o ds to the pla y ers, i.e., an allo cation of the lab els of

eac h no de. W e decomp ose the utilit y p

i

of pla y er i as: p

i

=

P

p

i;e

, where p

i;e

is as in Section 3.



F or a no de v and a pla y er i , let m

v

i

b e the n um b er of sets of the t yp e S

v ;j

that pla y er i has

receiv ed. Fix an edge e = ( v

1

; :::; v

k

). Let x

e

i

=

P

k

l =1

m

v

l

i

. De�ne the set of pla y ers:

N

e

1

= f i : 9 v

j

; v

l

suc h that i has a pair of consisten t lab els for these 2 no des g

Let N

e

2

= N n N

e

1

, and let n

e

1

= j N

e

1

j ; n

e

2

= j N

e

2

j . T rivially , for i 2 N

e

1

, the con tribution of the

x

e

i

sets to p

i;e

is at most r . F or i 2 N

e

2

, the x

e

i

sets of the t yp e S

v

l

;j

do not con tain ev en one

pair of lab els whic h are consisten t for some pair of no des in e . F or eac h set S

v

l

;j

that pla y er

i has receiv ed, let A

e

t;l

b e the set from the partition system P

e

con tained in S

v

l

;j

. It follo ws

that the sets A

e

t;l

corresp onding to the lab els of pla y er i come from di�eren t partitions of U

e

.

Therefore, b y Lemma 9, w e get that the sets S

v

l

;j

co v er exactly 1 � (1 �

1

k

)

x

e

i

fraction of the

subuniv erse U

e

. Hence the total utilit y deriv ed b y the pla y ers from the subuniv erse U

e

is

X

i

p

i;e

�

X

i 2 N

e

1

r +

X

i 2 N

e

2

�

1 � (1 �

1

k

)

x

e

i

�

r

The loss in the total utilit y compared to the YES case is:

�

e

� nr �

X

i 2 N

e

1

r �

X

i 2 N

e

2

(1 � (1 �

1

k

)

x

e

i

) r = r

X

i 2 N

e

2

(1 �

1

k

)

x

e

i

By the con v exit y of the function (1 �

1

k

)

x

, w e ha v e that

�

e

� r n

e

2

(1 �

1

k

)

P

i 2 N

e

2

x

e

i

n

e

2

(1)

Let N

e; � k

2

1

b e the set of pla y ers from N

e

1

who ha v e at most k

2

go o ds of the t yp e S

v

l

;j

. Let

N

e;>k

2

1

= N

e

1

n N

e; � k

2

1

.

X

e

n

e

1

=

X

e

j N

e;>k

2

1

j + j N

e; � k

2

1

j �

k n j E j

k

2

+

X

e

j N

e; � k

2

1

j

where the inequalit y follo ws from the fact that for the edge e w e cannot ha v e more than n=k

pla y ers receiving more than k

2

go o ds from the no des v

1

; v

2

; :::; v

k

.

Claim 12

P

e

j N

e; � k

2

1

j < � n j E j , for � � ck

3

2

� 
 s

, for some c onstant c .

Pro of : The pro of is similar to that of Claim 6. If w e assume the con trary to the statemen t

then w e can �nd a lab eling whic h w eakly satis�es more than k

2

2

� 
 s

fraction of the edges, a

con tradiction. 2

Hence

P

e

n

e

1

�

n j E j

k

+ � n j E j , whic h implies

P

e

n

e

2

� (1 � � ) n j E j , for some small constan t � > 0.

In Section 3, this su�ced to obtain the hardness result of 3 = 4, b ecause

P

i 2 N

e

2

x

e

i

� 2 n

e

2

. Here

a similar argumen t w ould need that

P

i 2 N

e

2

x

e

i

� k n

e

2

, whic h ma y not b e true for ev ery edge

b ecause pla y ers in N

e

1

are only w eakly satisfying e . Ho w ev er, w e will see that for most edges,

P

i 2 N

e

2

x

e

i

is still small.



Since

P

e

n

e

1

� � n j E j , it follo ws that for at least a 1 �

p

� fraction of the edges, n

e

2

� (1 �

p

� ) n .

Call these edges go o d. F or eac h go o d edge e :

P

i 2 N

e

2

x

i

n

e

2

�

k r

(1 �

p

� ) n

� k (1 + �

0

)

for some small constan t �

0

> 0. F rom (1), w e get that for ev ery go o d edge the loss �

e

�

r n

e

2

(1 �

1

k

)

k (1+ �

0

)

� r n

e

2

(1 � �

00

)

1

e

, for some small constan t �

00

> 0. Summing the loss o v er all

the go o d edges, w e get that the total loss in utilit y is at least

r

X

e : e is go o d

(1 �

p

� ) n (1 � �

00

)

1

e

�

n

e

r j E j (1 �

p

� )

2

(1 � �

00

) �

1

e

nr j E j (1 � � )

where � > 0 is some small constan t. Hence the total utilit y is at most (1 �

1

e

+ � ) nr j E j 2

Giv en an y � > 0, w e can c ho ose large enough constan ts s; k so that Lemma 11 holds. Hence

w e get:

Theorem 13 F or any � > 0 , ther e is no p olynomial time (1 �

1

e

+ � ) -appr oximation algorithm

for the al lo c ation pr oblem with monotone submo dular utilities, unless P = NP .

5 Conclusion and Op en Problems

In this pap er, w e ha v e pro v ed a (1 � 1 =e ' 0 : 632)-hardness of appro ximation in the v alue query

mo del. Th us the kno wn results for the allo cation problem with submo dular utilities can b e

summarized as in T able 1.

T able 1: Appro ximabilit y results for submo dular utilities

Algorithms Hardness

V alue Queries 1 = 2 [10 ] 1 � 1 =e

Demand Queries 1 � 1 =e [7 ] 1 � O (1 =m ) [13 ]

There is a gap b et w een the upp er and lo w er b ounds in b oth the mo dels. It w ould b e in teresting

to narro w these gaps. It will also b e in teresting to obtain truthful mec hanisms with a go o d

appro ximation guaran tee for the allo cation problem.

Ac kno wledgemen ts

W e w ould lik e to thank Amin Sab eri and V ahab Mirrokni for useful discussions.

References

[1] N. Andelman and Y. Mansour. Auctions with budget constrain ts. In SW A T , 2004.



[2] A. Arc her, C. P apadimitriou, K. T alw ar, and E. T ardos. An appro ximate truthful mec h-

anism for com binatorial auctions with single parameter agen ts. In SOD A , pages 205{214,

2003.

[3] S. Arora, C. Lund, R. Mot w ani, M. Sudan, and M. Szegedy . Pro of v eri�cation and

hardness of appro ximation problems. In F OCS , pages 14{23, 1992.

[4] Y. Bartal, R. Gonen, and N. Nisan. Incen tiv e compatible m ulti unit com binatorial auc-

tions. In T ARK , pages 72{87, 2003.

[5] L. Blumrosen and N. Nisan. On the computational p o w er of ascending auctions.

Man uscript, 2004.

[6] P . Cram ton, Y. Shoham, and R. Stein b erg(editors). Combinatorial A uctions . MIT Press,

F orthcoming (2005).

[7] S. Dobzinski, N. Nisan, and M. Sc hapira. Appro ximation algorithms for

com binatorial auctions with complemen t-free bidders. Man uscript a v ailable at

h ttp://www.cs.h uji.ac.il/ noam/mkts.h tml, 2004.

[8] U. F eige. A threshold of lnn for appro ximating set co v er. Journal of the A CM , 45(4):634{

652, 1998.

[9] F. Gul and E. Stacc hetti. W alrasian equilibrium with gross substitutes. Journal of Ec o-

nomic The ory , 87:66{95, 2000.

[10] B. Lehmann, D. Lehmann, and N. Nisan. Com binatorial auctions with decreasing marginal

utilities. In A CM Confer enc e on Ele ctr onic Commer c e , 2001.

[11] D. Lehmann, L. O'Callaghan, and Y. Shoham. T ruth rev elation in appro ximately e�cien t

com binatorial auctions. In A CM Confer enc e on Ele ctr onic Commer c e , 1999.

[12] C. Lund and M. Y annak akis. On the hardness of appro ximating minimization problems.

Journal of the A CM , 41(5):960{981, 1994.

[13] N. Nisan and I. Segal. The comminication requiremen ts of e�cien t allo cations and sup-

p orting lindahl prices. T o app ear in Journal of Economic Theory , preliminary v ersion

a v ailable at h ttp://www.cs.h uji.ac.il/ noam/mkts.h tml, 2004.

[14] C. P apadimitriou and Y annak akis. Optimization, appro ximation and complexit y classes.

Journal of Computer and System Scienc es , 43:425{440, 1991.

[15] R. Raz. A parallel rep etition theorem. SIAM Journal of Computing , 27(3):763{803, 1998.

[16] T. Sandholm. An algorithm for optimal winner determination in com binatorial auctions.

In IJCAI , 1999.


