An alternateproof of Nash-Williams-titte Theorenmvia
Max-minSpanningrees

Abstract

In this paper, we give an alternate proof of the Nash-Williams-Tutte theorem [NW61,
Tut61] about packing spanningtrees. Our proof stemsfrom the recert work on maxmin
design problems [CMV06] and their close connectionto packing problems. Our proof
usesLP-relaxations of the (maxmin) spanningtree problem.

1 Intro duction

We are concernedwith two problems in this paper. The rst problem askswhat is the
maximum number of edge-disjoirt spanning trees of an undirected graph. More than forty
years badk, Nash-Williams and Tutte gave an exact answer to the question. The strength
of a graph is de ned as the minimum ratio of the number of cross-edge®f a partition to
the size of the partition minus 1, over all partitions of the vertex set. For more precise
de nitions, we refer the readerto Section?2

Theorem 1.1 [[NW61, Tut61 ]] The maximum numker of edge-disjoint spanning trees of
an undirected graph is the o or of the strength of the graph.

In this note, we give an alternate proof of Theorem 1.1. The secondproblem is the
maxmin spanningtree problem also called the designversionof the minimum spanningtree
problem. Given an unweighted graph, assignweights to its edgeswith a total weight at
most one unit sothat the weight of the minimum spanning tree is maximized. Note that
such a question of assigningweights can be asked for any optimization question. This class
of designproblemswas studied by [CMV06]. In that paper, the authors noted the relation
between design problems and fractional padking problems. They used this framework to
prove that the weight of the maxmin spanningtree is is exactly the reciprocal of the strength
of the graph. The proof involved investigating the LP formulations (primal and dual) of the
maxmin spanning tree problem. In this note, we show that the integral padking problem,
which turns out to be an integral solution to one of the LP's, is the o or of the strength.
We do so by shawing that the LP consideredin [CMVO06] has an integrality gap within
an additive factor 1. This is quite interesting, since normally LP's are proved to have a
multiplicativ e integrality gap rather than an additive one.

Our proof usesEdmond's theorem about pading arborescencesA proof of the Nash-
Williams-T utte theorem via Edmond's theorem is not new. Frank [Fra93] proved suc a
result and his techniquesare similar to that we useto prove the main lemma of this paper.



In our opinion, the cortribution of our paper is using the relation betweendesignand padc-
ing problems as noted by [CMV06] and using techniques of LP duality to obtain the result
of Nash-Williams and Tultte.

Organisation: Section 2 dealswith the de ntions and notations neededin the paper and
givesthe LP formulations for the maxmin spanningtree problem. It endswith a roadmap
of the whole proof. Section 3 describesthe main results in [CMV06]. Section 4 givesthe
proof of the main lemma of the paper.

2 Denitions, Notations and LP form ulations

Consider graph G(V; E) with jVj = n and jJEj = m. An undirected edgebetween vertices
u and v is denoted as uv or fuvg. A directed edgefrom u to v is denoted by (uv). The
weight of an edgeuv under weight function w is denoted by w (uv).

Denition 1 Let T be the set of smnning trees of G. The maximum numker of edge-
disjoint elementsof T is called the integral padking number of G. Its denotal as ki (G).

De nition 2 Given a partition P = (V1;Vz;  ;V;) of the verticesof G with r > 1, de ne
the strength of the partition, (P) as ’E(Pl)‘, wher E(P) is the set of edgeshaving its

r

endmints in dier ent V;'s. The strength of the graph, denotal by (G), is the minimum
strength over all partitions. Thus

(G) = mpin (P):

The theorem of Nash-Williams and Tutte states that b (G)c = ki (G). That is,
Kint (G) (G) < kit (G) + 1. We give an alternate proof of this statemert. Speci -
cally, Lemma 4.2, which is the main technical lemma, gives (G) < ki (G) + 1, which is
the harder part of the theorem.

De nition 3 Given a weight function w on the edgesof G, denote the minimum weight
spanning tree as M ST(w). (We abusenotation and use M ST(w) to imply both the tree
and its weight). A maxmin spanningtree is the minimum spanning tree under the weights
which maximizesM ST (w), subject to the condition that the total weightis at most 1. The
tree (and the weight) is denotal as MMSpTThus,
X
MMSpE maxfM ST (w) : w(e) 1g Q)
e2E

We end the sectionwith an LP formulation for maxmin spanning trees as described in
[CMVO06] and providing a roadmap of how the theorem is proven.

Edmonds[Edm67] gave the following LP formulation for minimum spanningtrees of an
undirected graph G: Bidirect ead edgeand denotethe set of directed edgesas E. Pick an
arbitrary vertex r of G asthe root. Call a subsetof verticesvalid if it doesnot contain the



root. Then Edmonds showed that

X

MST(w) = minf W(UV)X(u) St (2)
(uv)2E
X

Xwy) 1 forall valid S;
(uw)2 (9)

Xwy O 8(uv)2 Eg

where (S) := f(uv) 2 E :u 2 S;v 2 Sg is the set of edgesfrom a vertex in S to a vertex
not in S. Taking duals, we get the following

X
MST(w) = maxf ys s.t. 3)
X
ys w(uv) 8(uv)2 E
S:(uv)2 (S)

ys 0 8valid Sg

Thus from the de nition of maxmin spanningtreesin Equation 1 we get the following LP
formulation

X
MMSpT= maxf ys s.t. 4)
X
ys w(uv) O 8(uv)2E
Sﬁguv)Z (S)
w(uv) 1
uv2E

ys 0 8valid Sg
The stepsin the proof of the theorem is described in the Figure 1.

A feasible solution to the maximization program LP(4) of value % gives MMSpT
%. In fact, basedon a structural claim about maxmin spanning trees, [CMV06]
proved MMSp¥ ﬁ We talk about this in Section 3.

LP(5), which is described in Section 4, is the dual of LP(4). Reciprocation of LP(5)
givesus the maximization program LP(6). It follows from the point above that this is
also a formulation for the strength of the graph. A feasiblesolution of value ki, (G)
givesus (G) k. Indeed, aswe seein Section 4, this solution is an optimal integral
solution to LP(6).

A feasible solution to the minimization progam LP(7), which is the dual of LP(6),
of value strictly lessthan ki, (G) + 1 proves (G) < Kin (G) + 1 and this endsthe
proof of the Nash-Williams-Tutte theorem. This proof is the main technical part of
the paper and is carried out over a seriesof claimsin Section 4.
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Figure 1: Roadmap of the proof. LP 4 is de ned in this section. The other LP's are de ned
in Section4

3 Maxmin Spanning Tree vs Strength

As noted in Section 2, [CMV06] prove that MMSp¥F ﬁ In this section we give a brief
sketch of their proof.

The proof follows in two steps. A feasiblesolution to LP(4) of value ( glvesthe lower
bound on MMSp@s discussedn Section2. The solution is constructed asfollows. Let P be
the optimal partition which achieves (G). The feasible solution to LP(4) is obtained by
giving positive ys to the setscorresponding to P. Note that all but one of the setsin the

partition is valid. We give eath setys = JE(P)J and ead cross- edge/v(e) = JE(1P)j' its easy
to seethis is a feasiblesolution of value (G) Thus MMSpT (G)
As noted in Section 2, [CMVO06] proved MMSpT —X- using structural properties of

©)
maxmin spanningtrees. The following structural lemma was proved by [CMV06].

Lemma 3.1 (JCMVO06]) Call aweightfunction w optimal if the minimum spanning tree
with these weights equals the maxmin spanning tree weight, that is, MMSpE M ST(w ).
Then there is an optimal weight function w , which takes only one non-zem value. That
is, for each edgew (e) = 0 or w (e) = w, for someconstant w.

Note that, sincew maximizesthe weight of the minimum spanning tree, aII the zero
weight edgeswill form an induced subgraph of G. Sincetotal weight is 1, w = E(P)J where
P is the partition of vertices formed by the zero-weight edges.Also the minimum spanning
tree will usejPj 1 edgesof weight w implying MMSp¥ J‘Egp)lj &y Wherethe inequality
follows from the de nition of (G).



4 Integral Packing and the Proof of Nash-Williams-T utte
theorem

First let us describe the linear programsdiscussedn Figure 1 in Section2. Taking the dual
of LP(4) givesus

MMSpT= minf X s.t. (5)
t(uv) 1 8validS
(uv)2 (S)
t(uv) + t(vu) 8uv?2 E

twy O 8(uv) 2 Eg

Taking reciprocals, and rearranging we get

1
G)= ——_= axf k .t 6
©)= gvspr™ ™ x S (©6)
t(uv) k 8vald S
(uv)2 (S)

tv) L) 1 8uv2E
twy O 8(uv) 2 Eg

We now give a feasiblesolution to LP (6) of value kit (G). In fact, considerthe added
constraint t(,) 2 f0;1g in LP (6). Call the resulting integer program IP. Let k be the
optimum of this IP.

Lemma 4.1 The optimum solution to IP is exactly the number of spanning trees that can
be packal, that is, k = ki (G)

Pro of: Note that t(,,) 2 f0; 1g andthe constraint t(,,)+tyy) 1impliesthat the optimum
solution to IP is exactly an orientation of the edgesof G. To seek Kint (G), note that
orienting ead edgeof all the kit (G) spanningtreestowards the root givesusa valid solution
to LP(6). Thusk Kint (G). Also, if the optimum solution is k , then the rst constraint
implies that for ead valid set, there are k directed edgescoming out of it. By Edmond's
theorem about padking arborescence§Edm73], this would imply G has k edge-disjoin
spanningtrees. Thus k Kint (G). 2

To complete the proof of Nash-Williams-Tutte theorem, we shov (G) < k + 1. Todo
so, we take the dual of LP (6) to get

X
(G) = minf w(uv) s.t. (7)
uv2E
w(uv) ys 0 8(uv) 2 E
X S:(uv)2 (S)
ys 1
valid S

ys;w(uv) 0 8valid S;uv 2 Eg



Lemma 4.2 There exists a feasible solution to LP (7) of solution strictly lessthan k + 1.

We now construct a feasible dual of value strictly lessthan k + 1. To do so, we usethe
structural lemma 4.3. First, we set a few notations.

As noted above, any feasiblesolution to LP(6) with integrality constraints corresponds
to an orientation of edgesand vice-versa. Given an orientation O, de ne its value to be
the value of the corresponding feasiblesolution to LP(6). Call an orientation optimal if its
value is k . Given an orientation of value k , call a valid subset of verticesS V tight
(w.r.t the orientation) if j (S)j = k . Call a valid subsetalmosttight (w.r.t the orientation)
if j (S)j =k + 1. We now state the structural lemma.

Lemma 4.3 There exists an optimal orientation O, suchthat the vertexsetV r can be
partitioned into family of disjoint sets of the form T, [ T»[ fHg so that T, is nhon-empty
and each setin Ty is tight (w.r.t. O), eachsetin T, is almosttight, and H hasthe property
that all edgescoming out of it is to r.

We now uselLemma 4.3 to prove Lemma 4.2.

Pro of of Lemma 4.2 : Let jT1j = tq1;jTo) = to. We know that t; > 0 and thus
t:=t1+t,> 0. Letys = tl for all setsin Ty; To and zerofor all others. For ead edgewhich
is in the cut-set of the setsin Ty; T, let w(e) = %; let w(e) = 0 otherwise. Thus (fysg; w)
form a feasiblesolution to LP (7).

The value of this solution is % times the number of edgesin the cut-sets of setsin T,
and T,. Sincethere is an orientation of these edgeswhich makes setsin T tight and T,
almost tight, we seethe value of this solution is Kurk +Dt o 41 sincety; > 0. Hence

. t1+1to
Lemma 4.2 is proved. 2

Now we prove the structural lemma4.3.

Pro of of Lemma 4.3 : We rst sketch the proofidea. Givenany orientation O, we look
at the set of vertices V1 which are in sometight set. As we shall see(Claim 4.7), V1 can be
partitioned into a family F of disjoint tight sets. Of the remaining vertices, let V, be the
set of vertices which are in somealmost tight subsetof V nV;. Similarly asbefore,we show
that V, can be partitioned into a family G of disjoint almost tight sets. Call the residual
set at this point of time HC The orientation of Lemma 4.3 is the optimal orientation which
minimizes the sizeof Vi. T, is preciselythe family F, and sincethe orientation is optimal,
F is nonempty. Moreover, we shaov (Claim 4.9) that there exists no edgesfrom vertices
in HOto those in V1. There might be edgesfrom verticesin H%to V,. Let X be the set
of vertices which are reacable from HC Sinceead vertex of X which is in V, is in some
almost tight set of G, let H%denote the union of all the almost tight setswhich cortain
any vertex of X. Thus, Vo n H%can be partitioned into a family of disjoint almost tight
sets, and this family is a subsetof G. This will be our family T,. Note that T, could be
empty. Let H := HO[ H% We show (Claim 4.10) that all edgesfrom H are to the root.
This completesthe proof.

The next three claims are obsenations about directed graphs. We then de ne Vi;V,
formally and prove the partitioning property. We then prove the claims 4.9 and 4.10to
complete the proof.



Claim 4.4 SupmseP is adirected path from a vertex h to a vertexv. The only setswhose
cutsize changeson reversing every edge of P are those which contain either h or v but not
both. Moreover sets containing only h decreasein cut size, sets containing only v increase
in cut size.

Pro of: Say the path is h = vp;vy; ;Vk = V. Pick asetS. Supposeh;v2 Sorh;vzs.
Then the path P cuts S an even number of times: for ead erntry there must a exit, and
thus when the path is reversed,the cut sizedoesn't change. 2

Claim 4.5 Given asetS with j (S)j = k. Letv be a vertexin S with the property that all
proper subsetsS®( S containing v havethe property j (S%j > k, then every vertexin S is
reachablefrom v.

Pro of: Supposenot. Then the set of vertices reachable from v forms a strict subsetS° of
S. Moreover (S9 (S) sincethere is no edgefrom a vertex in S°to a vertex in S nS°
But j (S9j > j (S)j which givesus a cortradiction. 2

Claim 4.6 Let A and B be two subsetsof vertices of a digraph. If (A) = (A\ B), then
(AL B) (B).

Pro of: (A [ B) consistsof all edgesfrom verticesin A[ B to verticesin C = (A[ B)C.
Thus it consistsof edgesfrom B to C and edgesfrom A to C. Pick an edgein (A[ B)
which is not in (B). Thusit hasto be an edgefrom a vertex a2 A to c2 C. But since
(A)= (A\ B), a2 A\ B andthusthe edgeisin (B) aswell. 2

De nition 4 Let O be an orientation. A maximal family of tight setsF is de ned as a
collection of tight sets such that agy vertex not in any of the setsin F is contained in no
tight set. Let the verticesin V1 = ., F be called the tight vertices. No vertexin V nV;
is in any tight set.

Claim 4.7 The set of tight vertices V1 can be partitioned into disjoint tight sets

Pro of. Pick the maximal tight sets. Theseare disjoint sincethe union of two intersecting
tight setsis tight by submodularity of the cut function. 2

De nition 5 Given an orientation O and with tight vertices Vi, we de ne a maximal
familysof almost tight sets G consisiting of subsetsof V nV; which are almost tight. Let
Vo = 5,5 G be called the set of almost tight vertices. No vertexin V. nV;[ Vz isin a
almost tight set which is a subsetof V n V.

De nition 6 The setof verticesV V; Vs is called the set of residual vertices denotel
by H®

Claim 4.8 The set of almost tight vertices V, can be partitioned into disjoint almost tight
sets



Pro of: This proof is similar to that of claim 4.7. Pick the maximal almost tight setsin
V,. Theseare disjoint becauseif two almost tight setsintersect, union of the two sets by
submodularity is either tight or almost tight or their intersectionis tight. Sincethe rst and
third cannot happen by de nition of V,, their union would be almost tight corntradicting
maximality. 2

Now we are ready to complete the proof of Lemma 4.3. Pick the optimal orientation O
which minimizes the sizeof the tight vertices, that is, V1. F; G be the families as described
in the above claims. Sincethe orientation is an optimal orientation, the family F cannot
be empty.

Claim 4.9 There is no path from any vertexh 2 H to a vertexv 2 V;

Pro of. Supposethere is a path P from a vertex h to a vertex v. We considertwo cases.
Case 1: There is no almost tight set containing h.

Flip the path to get a new orientation O% We claim that this orientation would have
lesstight vertices. In fact we show that the vertex v will no longer be a tight vertex while
no new vertex becomedight. Supposesomenew vertex becomedight. Thusa setK which
is not a subsetof V; becomestight. This is only possibleif the set K was initially almost
tight, and its cut sizedecreaseddn ipping the path. From 4.4, we know that on reversing
a path the only setsthat decreaseheir cut-size are setswhich corntain h (and not v). Thus
K must contain h and henceby the premise of this case,cannot be tight. Henceno new
vertex becomestight. Moreover, v becomesuntight. This is becauseall sets containing v
and not h, in particular all tight setscortaining v, increasein cut size. Thus all tight sets
containing v becomealmost tight. Thus v movesout of V1 and we get a cortradiction to
the minimality of V;.

Case 2: There exists almost tight setscontaining h.

Pick K to be the smallest almost tight set cortaining h. From de nition 5, K must
intersect V1. Let u 2 V1 bein K. Moreover, sinceno subsetof K containing h is tight or
almost tight, from claim 4.5, we have u is reachable from h. Flip this path from h to u.
Once again, the only set that could becometight is an almost tight set containing h and
not u. Supposesuc a K © existed. Look at the intersection K \ K2 It cannot be tight
sinceit contains h. It cannot almost tight since otherwise we would have a smaller almost
tight set cortaining h. The union K [ K Ycannot be tight sinceeven this cortains h. One of
the three must happen by submodularity of the cut function. Thus no new vertex becomes
tight on ipping the path from h to u. u movesout of V; asin the previous case. 2

Let X bethe set of vertices, apart from the root, reachable from H® Note that HO X
by de nition. From Claim 4.9, we seethat X isdisjoint from V1. Also note that by de nition,
all edgescoming out of X are to the root. For e%(h vertexv2 X \ Vo, let G, 2 G bethe
almost tight set cortaining v. Dene H := X | vax\v, Ov. Let Tp i= GnfGyOvax\ v,-
Note that T, and H partition Vo[ HC The proof of Lemma 4.3 follows from the following
claim by noting T, = F and T, asde ned. 2

Claim 4.10 All the edgescoming out of H are to the root.

Pro of: We show that for all v2 X \ V,, all edgescoming out of G, [ X areto the root and
we will be done. To seethis, note that (G, \ X) (Gy). This is becauseany edgefrom

8



Gyv\ X must gointo X, by de nition of X. Thus, any edgein (G, \ X) goesout of G, as
well. SinceG, is almost tight, we getj (Gy\ X)j k+ 1. But G,\ X is disjoint with V1,
and thus this set cannot be tight, implying (Gy\ X) = k+ 1. Thus, (G,\ X) = (Gy)
rather than just being the subset. Now from Claim 4.6, we get (G, [ X) (X). Since
all edgescoming out of X are to the root, all edgesfrom G, [ X is alsoto the root. 2

Ac knowledgmen ts: We are greatly indebted to Prof. Robin Thomas for a detailed study
of a draft of the paper. We also adknowledge numerous discussionswith Nikhil Devanur
especially about the proof of Lemma 4.3
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