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Abstract

We study an online assignment problem, motivated by Adwords Allocation, in which queries are to be
assigned to bidders with budget constraints. We analyze the performance of the Greedy algorithm (which
assigns each query to the highest bidder) in a randomized input model with queries arriving in a random
permutation. Our main result is a tight analysis of Greedy in this model showing that it has a competitive
ratio of 1 — 1/e for maximizing the value of the assignment. We also consider the more standard i.i.d. model
of input, and show that our analysis holds there as well. This is to be contrasted with the worst case analysis
of [MSVV05] which shows that Greedy has a ratio of 1/2, and that the optimal algorithm presented there
has a ratio of 1 — 1/e. The analysis of Greedy is important in the Adwords setting because it is the natural
allocation algorithm for an auction-style process.

From a theoretical perspective, our result simplifies and generalizes the classic algorithm of Karp, Vazirani
and Vazirani for online bipartite matching. Our results include a new proof to show that the Ranking algorithm
of [KVV90] has a ratio of 1 — 1/e in the worst case. It has been recently discovered [KV07] (independent of
our results) that one of the crucial lemmas in [KVV90], related to a certain reduction, is incorrect. Our proof
is direct, in that it does not go via such a reduction, which also enables us to generalize the analysis to our
online assignment problem.

1 Introduction

In this paper we study an online assignment problem in which there is a random stream of items (or queries)
arriving online, and each item, as it arrives, has to be allocated to one of several bins (or bidders). Each bin has
a different value for the item, and also has a capacity (or budget). The goal is to maximize the total value of the
allocation.

The motivation for this problem is keyword based ad auctions. In such an auction, advertisers report to the
search engine their bids for different keywords (how much they are willing to pay for each click on their ad if it is
placed next to the search results for that keyword). Besides submitting bids for different keywords, an advertiser
also reports a global daily budget, over all keywords. When a user submits a query (consisting of keywords), she
is returned, next to the search results, a small list of advertisements relevant to the keywords. The search engine’s
job is to decide which ads to return with each query in the query sequence.

The Adwords auctions, being crucial for the multi-billion dollar markets they support, call for theoretical
investigation and there are several different issues that have been studied (e.g., the study of game theoretic
aspects of single query auctions [AGMO06, EOS07, Var06] and optimizations from advertisers’ perspective
[RW06, FMPS07]). Arguably, one major issue is that of designing allocation algorithms to maximize revenue
(see [MSVVO05, LPSV07]). An allocation algorithm has to determine for each query, as it arrives, which bidders
win the query, i.e., whose ads should be displayed. A natural algorithm for such an auction style process is Greedy
: Select the highest bidders for each query. It can be shown that the Greedy algorithm has a competitive ratio of
1/2 in the standard online worst-case competitive analysis model. In [MSVVO05] a deterministic algorithm with
a competitive ratio of 1 — 1/e ~ 0.63 was presented, which was proved to be optimal, even over randomized
algorithms!.
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n search auctions, winners are usually charged the next highest bid. Furthermore, each bid can be normalized by quality factors.



In spite of the elegance and optimal competitive ratio of this algorithm, there remains some dissatisfaction
with the use of worst case analysis in that we are unlikely to see a worst-case sequence of queries as input. In
this paper we make a more distributional assumption about the query sequence: the queries arrive in a random
permutation, i.e. the set of queries is still arbitrary, but the order of queries is random. This leads us to formulate
the following combinatorial problem (we assume, for simplicity, that there is exactly one ad returned per query):

There are m bidders. Bidder i has a budget of B;. There is a (unknown) set @ of n queries. For
q € Q, and i € [m], bid;, is the bid of bidder i for query g. The queries arrive online one at a time,
in a random permutation of (). The algorithm has to allocate each query, as it arrives, to a bidder.
Let ); be the set of queries allocated to bidder i at the end of the input sequence. The revenue of
the algorithm is defined as >/, min{B;, ZQEQ«L bid;q}. The goal of the algorithm is to maximize its
revenue.

We also study this assignment problem in the more standard i.i.d. input model, in which there is an unknown
distribution on queries, and the next query in the sequence is picked independently from this distribution.

Understanding the Adwords allocation problem in distributional models is important, and was an open
question in [MSVV05] and in [LPSVO07] (see also a different approach in [MNS07]). The random permutations
model has been studied, e.g., in the classic secretary problems [Dyn63], recent work in auctions [BIK07] and in
data streams [GMO06] with the motivation that an adversary may have control over the set of inputs, but not have
control over the order of the input, which may follow some random process.

In the problem above, we will assume that for each bidder i € m: maxyeq bid;q is very small compared to B;.
This is a reasonable assumption for the Adwords motivation, also made in [MSVV05]. But in fact, our algorithm
and analysis work for a larger class, encompassing this assumption. We define this class formally in Section 3,
but mention here that this class also contains the problems of bipartite matching (all bids 0 or 1, all budgets 1)
and b-matching, for any positive integer b (all bids 0 or 1, all budgets b). The offline version of this problem
is NP-hard, with the best known algorithm [AMO04] (see also [FGMSO06]) giving a factor of 1 — 1/e, even if the
bids are not restricted to be small compared to budgets (when the bids are very small compared to budgets then
LP rounding gives a factor very close to 1). Finally, we note that independent of the Adwords motivation, the
problem defined above is a general combinatorial allocation problem, closely related to classic matching problems,
and with possible applications beyond the current motivation.

1.1 Main Results Our main result is an analysis to show that Greedy has competitive ratio 1 — 1/e in the
random permutation input model, as well as in the i.i.d. model. This is to be compared with the ratios in the
worst case input model: 1/2 for Greedy and the optimal 1 — 1/e for the algorithm in [MSVVO05]. We also show
that our analysis is tight by providing examples in the two models for which Greedy has ratio exactly 1 — 1/e.
We also show a lower bound that no deterministic algorithm can have a ratio better than 3/4 and no randomized
algorithm can have a ratio better than 5/6 for the case of bipartite matching in the random permutation model.

Along the way, we provide a direct proof for the RANKING algorithm of [KVV90] for the online bipartite
matching problem (see below for details).

1.2 Techniques From a technical perspective our work can be seen as simplifying and generalizing the classic
work of Karp, Vazirani and Vazirani on online bipartite matching (matching boys to girls) in the worst case
input model [KVV90]. Their RANKING algorithm fixes beforehand a random permutation of the boys, and
matches each arriving girl to the highest available neighbor in the permutation. They show a duality result
that the performance of RANKING in the worst case is the same as the performance of Greedy in the random
permutations model (boys arrive in a random permutation). They show that this competitive ratio is 1 — 1/e,
by analyzing a “virtual algorithm” called EARLY, which works identical to RANKING, but additionally, refuses
to match a boy if the “correct” girl has already been matched off. They show that RANKING is strictly better
than EARLY, and that EARLY has a competitive ratio of 1 —1/e.

For simplicity of presentation, we assume in our analysis that the bids are already normalized if necessary, and that we display only
one ad per query and hence need to determine a single winner per query. We do not consider the issue of second price in our setting,
and assume that a winning bidder pays his own bid. We also make a natural modeling assumption (also made in [MSVVO05]) that all
the bids of a bidder are very small compared to his budget.



On the way to proving our main result on the general Adwords problem, we provide a different proof for
bipartite matching. This proof has the advantage that it is simpler and direct, in that we do not consider any
“Refusal” algorithm (like EARLY) at all, but prove the factor of Greedy via direct arguments. This simpler
analysis enables us to extend the scope of the algorithm and the analysis to our general assignment problem in
the randomized input model. In fact, independent of our result, it has been discovered [KV07] that the proof
in [KVV90] has a hole, in particular that one of the lemmas (Lemma 6) related to the EARLY algorithm is
incorrect. Thus, while RANKING indeed has a ratio of 1 — 1/e (by our proof), the ratio of EARLY is unknown
at this point.

Our direct proof for the case of matching follows the main ideas from [KVV90], but also introduces some
new ideas. To provide a direct proof for Greedy we use a different classification of permutations: For each boy
p, we classify the set of all permutations into those in which p remains unmatched and those in which p gets
matched. We further classify the latter class into two subclasses — good and bad — depending on the structure of
the match. We then bound the number of unmatched boys by showing that for every unmatched boy there is a
certain fraction of bad matches, and for every bad match there is a certain fraction of good matches. This gives
us the factor of Greedy.

The Tagging Procedure: In going from the case of matching to the more general case of Adwords, we need
to develop some new techniques to take care of the complexity introduced in having different bids for the same
query. The main reason is that in matching, since all the bids are 0 or 1 (with a budget of 1), any match is as
good as another, while this is not the case with different bids. This creates several different (but related) issues:
In matching, if a boy gets matched to a wrong girl then it can affect at most one other boy, in the sense that at
most one other boy might not get matched. In the general problem, if a query goes to a wrong bidder then it can
affect several other queries in many different ways. To capture this interaction we introduce a ‘tagging procedure’
which finds an appropriate map from a query to other queries. This is required in order to define notions of
good and bad events. Another difference from matching is that a query may be tagged simultaneously by any
number of good and bad tags, while in matching the mapping is always either good or bad, from exactly one boy
to another.

On Monotonicity: One important property that we need in our analysis is that of monotonicity of the
allocation algorithm: If you move a query to the front of the permutation, then each bidder spends at least as
much money now as before (see Lemmas 2.5 and 3.1 for details). This property seems very useful to get a handle
on the analysis: Our proof in the matching case exploits the fact that Greedy is monotonic, while the proof
in [KVV90] has a hole precisely because their EARLY algorithm is not monotonic. However, upon moving to
the general Adwords problem, it turns out that Greedy is not monotonic as such. This creates an obstacle in
the proof. We get around it by analyzing a variant of Greedy: In the case that a bidder has not yet exhausted
his budget, but his bid for a query is larger than his remaining budget, we do not truncate his bid, but instead
over-spend his budget. Each bidder will overspend at most once, and we will not count the overspending as part
of the revenue. This variant of Greedy can be shown to be monotonic, and therefore easier to analyze. We then
show that the revenue of Greedy is almost the same as that of the variant, thus proving a bound for Greedy.

Regarding our random permutation model of input, we note that it is not new, used most notably in the
classic secretary-style problems [Dyn63] (see also [BIK07]), in which a random permutation of a set of numbers
arrives online and we have to pick the largest number when it arrives. Our problem is conceptually different,
since it involves partitioning the entire random sequence into m parts to maximize the sum of the values of the
parts, rather than picking one element or structure in the sequence which is the largest. Likewise, the techniques
from secretary-style problems do not seem to apply here. The random permutations model has also been used
recently in the data-streams literature [GMO06].

We structure the rest of this paper as follows: We first study the simpler case of bipartite matching in
Section 2, before analyzing the general problem in Section 3 (the proof in the case of matching is simpler and
helps understand the general case). We analyze the i.i.d. model in Section 4.2, and provide the lower bounds
in the permutation model in Section 4.3. We conclude with a general discussion of this and related problems in
Section 5.



2 The Case of Online Bipartite Matching

In this section we consider the special case of bipartite matching (bids all 0 or 1, budgets all 1). In this problem,
there is a bipartite graph (boys and girls). In the random permutations model, only the girls are known to
the algorithm in advance, while the boys arrive in a random permutation. As a boy arrives, his incident edges
are revealed, and he can be matched off to some girl. The Greedy algorithm matches each arriving boy to the
first neighboring girl who is still available (first in some pre-determined arbitrary order). We proceed to analyze
the performance of Greedy in this model. By a duality principle shown in [KVV90], this also gives a proof for
RANKING in the online worst case model.

We label the boys and girls with numbers from 1 to n. We will use p, ¢ € [n] to denote boys and girls, and
use s,t € [n] to denote the positions in the permutation. We also use the notion of time: time ¢ will denote the
event when Greedy tries to allocate the boy at position t. We assume that there is an optimal matching of size
n, and that V p € [n] it matches boy p with the girl p (this assumption is for simplicity of presentation, and can
be removed later). Let  be the set of all permutations of [n]. For a permutation o € Q, o(s) will represent the
boy at position s, and 0~1(p), the position of boy p.

2.1 Intuition: Whether a boy p gets matched or not clearly depends on his position in the random permutation.
If he is high enough in the permutation, then he will get matched, but if he comes in low in the permutation,
then by the time he arrives, his desirable girls may all have been matched off to other boys.

Let us say that boy p remained unmatched in a particular permutation . Note that this could only have
happened if girl p was already matched (say, to boy p’) when boy p arrived. So we can associate the miss of boy
p to the match of boy p’. Likewise, we can associate every miss to a unique match. But notice that all these
matches that we considered are of special kind: girl p got matched to boy p’ and boy p arrived after boy p’. We
will later define these kind matches to be bad matches. Now let us consider the second kind of match: i.e. girl p
got matched to boy p’ and boy p arrived before boy p’. We shall later define such a match of boy p’ to be a good
match. Note that in a good match we are guaranteed that both boy p and girl p got matched (as well as boy
p’). Our goal is to prove that, on the average over all permutations, there are many matches, in particular, many
good matches. Clearly, every miss for boy p is caused by a bad match for some other boy ¢ (who stole his girl
p). This immediately shows a factor of 1/2 for Greedy (in fact for every permutation). We will show something
stronger: On average over all permutations, the misses result in an even larger fraction of bad and good matches.

2.2 Proof Outline: For each o € Q, p € [n] and s € [n], define:

1 if o(s) = p and boy p remains
missy(s,p) = unmatched at the end of Greedy.
0  otherwise.

1 if girl ¢ is matched to boy o(s),
good, (s, q) = and o~ (boy q) < s.

0 otherwise.

1 if girl ¢ is matched to boy o(s),
bad,(s,q) = and o~ !(boy q) > s,
0  otherwise.

Define also the following partitions for every boy p. Partition the set ) into groups of permutations s.t. in
each group the relative order of all but boy p is fixed. Let €2, be one such group. Let o, € €2, be the permutation
in which boy p occurs at position k.

We will prove three main relationships between aggregates of these variables. The first inequality follows
immediately from the definitions (either the boy in position ¢ remains unmatched, or some girl gets matched to
him). The other two require a detailed look at the relationship between different permutations, and their proofs



are provided immediately below in Section 2.3. Lemmas 2.2 and 2.3 hold for every p € [n] and every group €2,,.

LEMMA 2.1.
VoeQ, VYten]:
Z good,(t,p) + Z bads(t,p) + Z misse(t,p) = 1
p p P
LEMMA 2.2. bad
Vte[n]: missy, (t,p) < Z Z bad, (s, p)
aer s:s<t n—==;
LEMMA 2.3.
Vte[n—1]:
s
<
DD bade(s,p)———< > > goods(s,p)
o)y, s<t o€y, s:5<t+1

The three lemmas above constrain the variables miss, bad and good at the end of Greedy, for every input.
Note how Lemmas 2.2 and 2.3 show that if there are many misses then there are many bad matches and therefore
many good matches.

Also notice that the revenue of Greedy is given by:

S| B[S b (s, + B [ goods (5]

B [e4S] » [4S N
We minimize the revenue over the constrained region given by the inequalities to get the worst performance of
the algorithm (on a random permutation of the worst set (). This program turns out to be linear, and we can
solve the LP to show a factor of 1 — 1/e. This technique is known as a factor revealing LP and the details are

given in the Appendix A.

THEOREM 2.1. The competitive ratio of Greedy in the random permutations input model (and hence of RANK-
ING in the online model) is 1 —1/e.

2.3 Some Basic Properties of Greedy and Proofs of the Inequalities: We start by describing three
basic properties (Lemmas 2.4, 2.5 and 2.6) of the Greedy algorithm and the variables defined above. These will
help up work towards our main lemmas (Lemmas 2.2 and 2.3). The first lemma follows easily from the definitions.

LEMMA 2.4. [Prefix Property] For any two permutations o1 and o2, and any t € [n], if we have V s <
t: o7 (s) =05 '(s), then the runs of Greedy on oy and oo are identical from time 1 to time t.

The second lemma describes a crucial monotonicity property of the Greedy algorithm. Informally, it says
that if you move a boy up front in the permutation, then the set of girls who used to be matched by time ¢ are
now all matched by time ¢ + 1. Formally, for s € [n], define G4(t) to be the set of the girls matched during the
time 1 to t by Greedy in the run on permutation oy.

LEMMA 2.5. [Monotonicity] V s,m € [n], s <m:

1) Vie[l,s—1: Gum(t)=Gs(t)
(2) Vtels—1,m—1]: Gu(t) CGs(t+1)

Proof. The first part follows directly from Lemma 2.4. We will use induction on ¢ to prove the second part. The
base case is when t = s — 1, and follows easily from the first part itself. Suppose the lemma holds for all ¢t < k,



where s — 1 < k < m — 1. We will show that the lemma holds for ¢t = k + 1. By hypothesis, G, (k) C G4(k + 1).
Notice that the boy at position k + 1 in o, is same as boy at position k£ + 2 in g5. Let us denote this boy by b.

If b is unmatched in the run of Greedy on o,,, then the induction step holds trivially. So, instead, assume
that b is matched to girl g in the run of Greedy on ¢,,. We shall show that g € G4(k + 2). Suppose not. This
means that girl g was available when Greedy was matching b in o, but the boy b got matched to some other girl
g9 ¢ Gs(k+1). By the induction hypothesis we have ¢’ ¢ G, (k). Therefore both g and ¢’ were available at time
k + 1 in the run on o,,, and Greedy should have preferred g’ over ¢ in that run as well, a contradiction. Hence
g € Gs(k + 2) and the lemma holds by induction.

From the definitions, we know that for any permutation o, at most one out of the 2n variables,
{good,(s,p), bada(s,p)}se[n] can be 1:

(2.1) Vo: Y (goods(t,p)+ bady(t,p)) <1

t

The third property tells us which variable is 1, for each permutation o, € Q,:

LEMMA 2.6. [Partition] Fiz p, and a partition Q,. Consider the run of Greedy on the permutation o,,. If girl
p gets matched to the boy at position t, for some t € [n], then:

(1) Vaellt: > goods, (s,p) =1
s:s<t+1
(2) Vazelt+ln]: bads, (t,p) =1

Proof. (2): By Lemma 2.4 (Prefix Property), we know that V = € [t + 1,n], in the run on o, girl p is matched to
the boy at position ¢, and therefore bad,, (t,p) = 1.

(1): By Lemma 2.5 (Monotonicity), we know that V x € [1,¢], in the run on o, girl p is matched to some boy
whose position lies in the range [z,t + 1], and therefore Zse[mﬂ] good, (s,p) = 1.

Now we are ready to prove the main inequalities (Lemmas 2.2 and 2.3):

Proof of Lemma 2.2 :  If miss,, (t,p) equals 0, then lemma holds trivially. So assume that miss,, (¢,p) = 1.
This means that in oy, boy p (who is in position ¢) remains unmatched. This is possible only if girl p is matched
to some boy whose position is some t* < t. Now by Lemma 2.6, V s € [t* 4+ 1,n], bad,_(t*,p) = 1. This gives the
following sequence:

(2.2) Z Z bad,(s,p)/(n —s)
o€, s:1s<t

> bad, (t*,p)/(n —t*) (t* <t)

> 3" bady, (t",p)/(n— ")

s=t*+1
=1 (Lemma 2.6)
= misse, (t,p)
O
Proof of Lemma 2.3 :  We consider two different cases: whether girl p get matched or remains unmatched in

the run on o,,.



Case 1: Girl p remains unmatched in o,. Take any permutation o, € Q,, € [n]. If girl p is matched in
0 then, by Lemma 2.4 (Prefix Property), it could only be to a boy in some position greater than or equal to .
Hence, V t: bad,, (t,p) = 0, and the lemma holds trivially.
Case 2: Girl p is matched in o,,. Suppose she is matched to the boy in position ¢*. There are two subcases:
Case 2.1: t < t*. Lemma 2.6 and Lemma 2.1 tell us which of the variables are 1. We see that for every
o € Q,, and every s < t*, bad,(s,p) = 0. Hence in this case, the left hand side is 0, and the lemma follows
trivially.
Case 2.2: t > t*. Again using Lemma 2.6 and Lemma 2.1 we get the following:

Z Zbadg(s,p)nis = Z bada(t*,p)nt_t*

o€, s<t o€y
— t*

Z Z good, (s, p)

o€y, s:5<t*+1

> > goods(s,p)

o€y, s:5<t+41

All the equalities follow from Lemma 2.6 and Equation (2.1). The first equality holds because V s # t*, V o €

Q,, bads(s,p) = 0. The second equality holds because bad,(t*,p) = 1 for precisely the last n — ¢t* of the o € Q,,.

Similarly, the last two equalities hold because ). ..., good,(s,p) = 1 for precisely the first ¢* of the o in €2,
and the rest of the variables are 0. This proves the lemma in this case as well.

O

3 The General Problem

In this section we study the general assignment problem as defined in Section 1. As mentioned there, our analysis
holds for a larger class of inputs which includes bipartite matching and the case of small bids. We describe this
class below:

For each bidder i, consider an allocation of some subset of the queries to bidder 4, say (q1, g2, ..., gx), which
straddles the budget in the following sense: Zf;ll bid;; < B; < Z?Zl bid;;. Tor every such allocation we are

guaranteed that the overspending is small compared to the budget, i.e., Z?Zl bid;; — B; < B;.

We will show that Greedy, which assigns every query that arrives to the highest bidder with a non zero
remaining budget, has a competitive ratio of (1 — 1/e) when the input arrives in a random permutation of the
(unknown) query set (the case of i.i.d. inputs is considered in Section 4.2). Note that OPT is an offline optimum
algorithm and will have same allocation for any such input permutation.

Our analysis of Greedy in the matching case involved a mapping between a boy p and the boy to whom
girl p got matched. In the more general case of Adwords allocation with different bids this kind of association
becomes non trivial. For every query p there is a corresponding bidder i, to whom OPT allocated query p. But
now Greedy could assign several queries with different bid values to this bidder and the mapping between query
p and these queries is not straightforward. Our tagging procedure takes care of this difficulty:

For a permutation o € €, o(s) will represent the query at position s, and o~*(p), the position of query p.

The Tagging Procedure: Fix an optimal allocation O PT and also fix, for each bidder, an arbitrary ordering
of the queries assigned to it in OPT. Now consider any query ¢ and the bidder ¢ to whom OPT assigned ¢. In
the fixed ordering, when OPT assigned ¢ to i, suppose that the money spent by i increased from x to y. Then
we will call [x,y];, the Opt-Interval of the query ¢: i.e., define Opt-Interval(q) = [z,y];. Greedy, run on some
permutation o, makes its own allocation, leading to a similar Alg-Interval,(q) for each query g.

For a query ¢, the money in Opt-Interval(q) is spent by Greedy on some other queries, say, e.g., g1, ¢2, ¢3.
We say that ¢1,q2 and g3 tag the Opt-Interval of q. We define tagset,(qi1,q) as the set Opt-Interval(q) N
Alg-Interval,(q1). The same set is also called goodset,(q1,q) or badset,(q1,q), depending on whether

oM q) <o qu) or a7 (q) > o qn).
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Figure 1: How bidder i’s money is spent in OPT and in the run of Greedy on the permutation (q1, g2, g4, gs,q3). The
dotted lines highlight goodsets(qs, q5) = tagsets(gs, qs)

Example: For illustration purposes, consider the following scenario. Focus on five special queries
q1, 92,43, 94, G5, and a bidder ¢ who has a budget of 10. Fix an OPT which assigns ¢4 and g5 to bidder i in that
order (see Fig 1). Consider a permutation ¢ in which the relative positions of these queries is (¢1, 2, 44, g5, g3), and
suppose that Greedy assigns g1, g2, g3 to bidder ¢ (in that order). The bids of the different queries are shown in the
figure. Then we have the following tagsets:  tagset,(q1,qs4) = [0, 2];, tagsets(q2,q4) = [2, 5];, tagsetys(q1,q5) = 0,
tagset,(q2,q5) = [5,6]:, tagsety (g3, qa) = 0, tagset,(gs, g5) = [6,8];. The first four are badsets and the last two are
goodsets (since g is after ¢4 and g5 in the permutation). Note also that the subinterval [8,10]; of Opt-Interval(gs)
is not tagged. This contributes towards the loss of Greedy, and we will define it later as a miss of gs.

Note how a query’s Opt-Interval can be tagged simultaneously by any number of other queries, and
simultaneously with good and bad tags (unlike in the case of matching, in which the tags were one-to-one).
Also, if a bidder spends more money in Greedy compared to in OPT then some part of Alg-Interval,(q) may
not even be used to tag any Opt-Interval. Define extra,(q) = Alg-Intervals(q) \ Up Opt-Interval(p).

Define |[z,yl;] = y — z. Also, for any query ¢, we define opt(q) = |Opt — Interval(q)| and alg,(q) =
|Alg — Interval,(q)|. By convention, |@| = 0.

3.1 The Main Properties of Greedy and the Analysis Recall from Section 2 that in the case of matching,
Greedy has three properties (namely Prefix, Monotonicity and Partition) which we exploited in proving the
relationships between the variables miss, bad and good. In the general case, as we saw above, Greedy behaves in a
much less controlled manner because of the different bids. However, we manage to prove that the corresponding
properties still hold, in spite of this different behavior?. This is sufficient to prove our main lemmas (Lemmas 3.4,
3.5 and 3.6), and prove a factor of 1 — 1/e. We prove the three properties in this Section, and defer the proof of
Lemmas 3.4, 3.5 and 3.6 to the appendix B.

Let us first explicitly spell out a very basic property of Greedy (which we took for granted in matching):

Consistent Tie-Breaking: Consider a query ¢, and any two permutations o, ¢’. Define highest,(q) as the
set of bidders who have the highest bid for ¢ among all bidders with non-zero remaining budget, when ¢ arrives
during the run on o. Define highest,(q) similarly. Suppose that highest, (q) C highest,(q), and suppose that
in the run on o, ¢ is allocated to bidder i* € highest,:(q). Then it has to be true that ¢ is allocated to i*, even
in the run on o’.

We now proceed to prove the monotonicity property.

Fix a query p € @. Partition the set of all permutations {2 into subsets such that for each subset, all the
permutations within the subset have the same order on all queries, except for query p. For any subset 2, of this
partition, let the permutations be called o1, .., 0y, according to the position of p.

Define alg,(i,t) to be the amount of money that bidder ¢ has spent in the run of Greedy on the permutation
o3 up to (just after) time t. We have the following version of the monotonicity lemma:

LEMMA 3.1. [Monotonicity] For every s,s’ € [1,n], s’ <'s, for every t < s —1, and for every bidder i € [1,n],
we have one of the two conditions:
Either:  algo_,(i,t+ 1) > algs, (i,t)

ZAs stated in the Introduction, Greedy as such is not monotonic, but we modify Greedy so that it does not truncate the bid by
the remaining budget. This variant is the one we analyze here, and is monotonic.

3Note that since the algorithm may overspend budgets, algs (i,t) could be greater than B; (however it is at most B; + €;).



Or: algs , (i,t +1) > B;

Proof. Fix s’ < s <mn and a bidder . We will prove the lemma by induction on ¢ going from 1 to s — 1. We are
comparing the run of ALG on oy and on og up to time ¢. Note, firstly, that the two permutations are identical
until position s’ —1, hence so are the two runs (by the Prefix Property). So, in fact, V¢ < s, algs_, (i,t) = algs, (i,1)
and so alg, , (i,t+1) > algs, (i,t). Hence we may assume that the base case of the induction is ¢ = s’ — 1. Suppose
the statement is true for some ¢t € [s’ — 1, s — 2]. We will show it is true for ¢ + 1 as well. This would prove the
lemma.

Let g be the query os(t + 1). Since t € [s' — 1, s — 2], we know that o4 (¢t + 2) = ¢ as well. Suppose that in
the run on o4, ALG allocates ¢ to bidder j. We ask: where does ALG allocate ¢ in the run on o7 Define, for
a permutation 7 and a time 7, avail,(7) as the set of bidders available with non-zero remaining budget in the
run of ALG on 7 at (just before) time 7. By the induction hypothesis, avail, , (t +2) C avail,, (t +1). Also, we
know that j € avail,, (t + 1) and that j is the highest bidder among bidders in avail,, (t + 1).

Now consider two cases: If j € avail, ,(t + 2) then, by the argument above, j is the highest bidder in
availy , (t +2) as well, and (by the Consistent Tie-breaking Property), ALG will allocate ¢ to j in oy. In the
second case, when j & avail, , (t 4 2), then alg,_, (j,t + 1) > B; anyway. Hence, both actions keep the induction
statement true for ¢ 4 1.

The prefix property holds as before, by the definition of Greedy:

LEMMA 3.2. [Prefix Property] For any two permutations o1 and o2, and any t € [n], if we have
Vs<t: o;(s)=05"(s), then the runs of Greedy on oy and oo are identical from time 1 to time t.

For any position s, we will use tagset,(s,p) to mean tagset,(o(s),p). Similarly we define goodset, (s, p) and
badset,(s,p). Also define extra,(s) = extra,(o(s)). We get the following version of the partition lemma:

LEMMA 3.3. [Partition] Fiz p, and a partition Q.
(1) Yze[l,i:
Usiz<s<t+1 goodset, (s,p) D tagsets, (t,p)
(2) Vxe[t+1,n]: badset,, (t,p)=tagsety, (t,p)

Proof. (2): Follows directly from Lemma 3.2.

(1): Suppose i* be the bidder to which OPT allocated query p. By the Prefix Property, alg,, (i*,k — 1) =
alg,, (i*,k—1) , and by the monotonicity lemma either alg,, (i*,s+1) > By« or algy, (i*,s+1) > algo, (i*, s). So
either algy, (i*,s + 1) — algy, (3%, k — 1) > alg,, (i*, ) — alge, (*, k — 1), or alge, (i*,s+ 1) > By~. In either case,
tagsets, (5,p) C Up<y<op1 tagsets, (s, p). But recall that tagsety, (s', p) contributes towards goodset,, (s', p) for
all s’ s.t. s’ > k. This proves the lemma.

Define good, (s, p) = |goodset,(s,p)| and bad, (s, p) = |badset,(s,p)|. Also define:

misso(s,p) = 4 900 ptP) — algo(p)) i o(s) =p
o 0 otherwise.

These three basic properties shown above (Lemmas 3.1, 3.2 and 3.3) suffice to prove the required relationships
between good, bad and miss, and to prove the main theorem. We state these inequalities below (Lemmas 3.5
and 3.6 hold for every p € Q and every group (2,). Their proofs are more involved than the corresponding proofs
in the case of matching, and are provided in the Appendix B.

LEMMA 3.4.

Vsenl, VoeQ: Y bads(s,p)+ > goods(s,p)
p p

+ |extray(s)| +Zmissg(s,p) > opt(o(s))



LEMMA 3.5.
bad
Vienl: misse(t,p) < E E %

oeQ, s<t
LEMMA 3.6.
Vten—1]:
S
%;p gbad(&p)m < %;p Sg;rlgood(s,p)

THEOREM 3.1. The factor of Greedy in the random-permutation input model is at least (1 —1/e).

Sketch of Proof: Lemmas 3.4, 3.5 and 3.6, provide inequalities bounding the variables miss, bad, good and
extra. We use the same idea of factor revealing LP (as we used in Section 2) by maximizing the loss of revenue over
these inequalities. It turns out that after some rearrangement, we get the same LP (but with our new variables).
The details of this proof are provided in Appendix C.

Recall, however, that we had modified Greedy to allow overspending of budgets. We can show (e.g.,
by induction) that the revenue of this variant of Greedy is almost the same as that of the pure Greedy,
which truncates the bids by the remaining budget, when the bids are small (each bidder’s spending may be dif-
ferent by at most ne, where epsilon is the largest bid). Thus we have proved the factor for both versions of Greedy.

4 Additional Results

4.1 Tightness of the analysis We prove that our analysis is tight, by giving an example in which Greedy
does no better that 1 — 1/e (details are given in Appendix D):

THEOREM 4.1. The factor of Greedy in the random-permutation input model is no more than (1 —1/e).

4.2 The i.i.d. randomized input model In this model there is a fixed (but unknown) distribution on @,
and the next query in the sequence is picked independently from this distribution. A simple reduction to our
random permutation setting shows that:

THEOREM 4.2. The factor of Greedy in the independent distribution input model is at least (1 —1/e). Also, there
is an example distribution over which Greedy does no better than 1 — 1/e.

Proof. (Sketch) In this model we have a sample space consisting of the different query sequences obtained by
drawing n times from the given distribution. We have to compare the expected performance of Greedy with
the expected performance of OPT over this sample space?. Divide the sample space into classes s.t. the set of
queries is the same for every sequence in a class. Clearly, each class consists of all the permutations of some set,
and furthermore, the probability of occurrence of each sequence in a class is the same. Suppose Q' is one such
class. Then, by Theorem 3.1 we get that E[GREEDY|Q'] > (1 —1/e)E[OPT|Q]. Taking expectation over
the different classes, we get the first part of the theorem. For the second part, a tight example is provided in
Appendix D.1.

4.3 Lower Bound The proof of the following theorem uses a uniform distribution on a set of simple 3 x 3 size
bipartite matching examples, and can be found in Appendix E.

THEOREM 4.3. No deterministic algorithm can have a competitive ratio better than 3/4, and no randomized
algorithm can have a competitive ratio better than 5/6, for the case of bipartite matching in the random
permutations model.

TThe result also holds for the average of the ratios of Greedy and OPT, and not only for the ratio of their averages.



5 Further Discussion

Our motivation for studying Greedy was that it is a natural algorithm in an auction style process. However, the
question naturally arises: Is Greedy optimal in our distributional model? If we make the assumption that there
are n types of keywords, and many queries of each type, and that we know the length of the query sequence,
then there is an allocation algorithm with a ratio very close to 1: Sample the sequence for an e fraction of its
length and learn the distribution of queries. Now solve and round a revenue maximization Linear Program to get
1 — € ratio allocation. However, this sampling method will not work if all the queries are distinct, and of course,
this method could be arbitrarily bad in the worst case. We do not know of any algorithm provably better than
Greedy in the random permutation model, but we believe that the algorithm from [MSVVO05] performs strictly
better. Currently we can show that it cannot do better than a factor a ~ 0.81.

Recall that in the case of matching, it was proved in [KVV90] that RANKING in the worst case and Greedy
in the random permutations case are duals of each other. The question naturally arises for the general assignment
problem: What is the dual algorithm to Greedy? It turns out that no such duality result seems to hold in the
general case. Furthermore any such dual would have the bidders arriving in online, and hence would not apply
to online assignment.

Finally, it is important to investigate the extent to which the RANKING algorithm of [KVV90] and its ideas
can be generalized, maybe even to offline algorithms. Our problem can be considered to be a special case of the
problem of combinatorial auctions with submodular utility bidders. In this setting an important problem is to
find offline algorithms using only value queries [LLNO1]. There exist algorithms with factor 1 —1/e [DS06, Fei06]
(and even slightly better [FV06]) but using the stronger demand queries, and there is a gap between the factor
and the hardness in the value query model. Can the ideas in our algorithm help close this gap? Even the case of
Adwords with large bids is open (recall that the best known offline algorithms gives factor 1 — 1/e [AMO04]). The
same question can be asked for the 0-1-XOS utility model (also known as the MCG problem [CK04]). We believe
that our techniques may be useful for some of these problems.
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A Aggregating the inequalities: A Factor Revealing LP

Now we will aggregate the constraints in Lemma 2.2 and 2.3 over all the permutations and girls. For that, we
need to first define the following;:

miss( missy (s
UEQ Z p
bad(s bad, (s
UEQ Z p
ood(s ood, (s
o) = 5 o 55

By summing the constraints in Lemma 2.2 over all permutations classes €2, and all p, we get

Yo misso(t,p) <Y DY bads(s,p)/(n —s)

p o€ p o) sis<t
Changing the order of summation and dividing by ||, we get,

COROLLARY A.l.
vt : miss(t) < Z bad(s)/(n — s)

s:8<t
Similarly we can get,
COROLLARY A.2.
Vit : > badl(s)
s<t o s:s<t+1
Proof of Theorem 2.1 : From Lemma 2.1 and Corollaries A.1 and A.2 we have:

Min: > [bad(t) + good(t)]

t

st Vi<mn: Z good(s Zbad > 0
s<t+1 s<t
Vt<n: good(t)+ bad(t) + %_(i) > 1
s<t
good(t), bad(t), miss(t) > 0

(1.3)

Now change variables as follows: m; = good(t) + bad(t), v¢ = bad(t)/(n —t)

Min: Z m
t



s.t.: Z ms—nzvs > 0

s<t+1 s<t
mi+ Yy ve > 1

s<t
mg,vp > 0

It can be shown that dropping the term m;; from the first set of equations does not affect the LP solution by
much. A proof of a similar statement is in KVV, and so are the calculations. We provide an LP based calculation
here, for completeness. We get the following primal-dual pair:

Min: th Max: Zat
t t

s.t.: s.t.:
st—nZUSZO Zas—nZﬁeSO
s<t s<t s>t s>t
mt+21}521 Oét‘f’ZﬁsSl
s<t s>t
me, vy > 0 a, 3 >0

Both LPs have the property that if we set all inequalities tight, we get a feasible solution. This means that
these solutions are optimal.

me = appi1—¢ = (1= 1/n)"" oy = B = %(1 —1/n)""!

The optimal objective function sums up to n(1 — 1/e) proving the theorem?®.

B Proofs of the Main Lemmas from Section 3

Proof of Lemma 3.4 :  For every o, and every s € [1,n],
> [bady(s,p) + goods(s,p)] = > _ |tagset,(o(s),p)|
P P
(2.4) = algy(o(s)) — |extray(s)]

The first equality is because of the fact that p is either above or below s in . The second equality follows from
the definition of extra,(s). Now, by definition, miss,(s,p) is possibly non-zero only for p = o(s), in which case
it is equal to max{0, opt(p) — alg,(p)}. Hence,

Z missy(s,p) = max{0, opt(c(s)) — alg.(o(s))}
From (2.4), we get that

Zmissa(s,p) = max {O, opt(a(s)) — Z bad,(s,p) — Zgoodg(s,p) - |extrag(s)|}

p

thus proving the lemma. O

Proof of Lemma 3.5 :  Define the quantity = := >
In fact, we shall show the following inequality:

s<¢ bads, (s, p). By the definition of bad,,, (s,p), v < opt(p).

5We assumed that the optimal matching is perfect, i.e. OPT = n. The case of OPT < n can be taken care of with minor changes

in the proof.



25) misse, (t,p) < = = Z Z%—(S;’p)

o€, s<t
We prove Equation (2.5) in a sequence of two claims:

CLAIM 1. misse,(t,p) < x
Proof: Let i}, be the bidder to whom OPT allocated the query p. We show the following subclaim:

Subclaim: Consider the run on the permutation o;. At time ¢ (when ALG considers assigning query p),
the remaining budget of i} is at least opt(p) —x > 0.

Proof: First note that, by the Prefix Property, ) _, bads,(s,p) = >, , bad,,(s,p) =: x. Since in oy,
Vs < t, bads,(s,p) = |tagsets,(0¢(s),p)|, therefore ) _, |[tagset,, (o¢(s),p)| = x. But this means that at least
opt(p) — x length of Opt-Interval(p) is untagged after time ¢ — 1 in the run on oy. Of course, this means that at
least opt(p) — x amount of budget of iy, is still unspent at this time. This proves the subclaim.

If © < opt(p), then using the fact that the algorithm is greedy (and that we do not truncate the bids of bidders

by their remaining non-zero budgets), we see that alg(p) > opt(p). If x = opt(p), then alg(p) > opt(p)—x, trivially.
This proves the claim.

n—s

bade(s,p) _
CLAIM 2. 37 cq Dt~ s = @

bado(s.p)
o€, n—s

Proof: Fix an s < t, and consider the value of > . Note that, by the definition of bad, (s, p) and by

the Prefix Property:
bad,, (s,p) for k € [s +1,n]

bads, (s, p) =
ada (5,) {0 for k € [1, ]

> oeq, bado(s,p) bad, (s,
Hence ==—4———— = bad,,, (s,p). Hence, 3°,cq >, %:p) =Y,y bads, (s,p) = .

This concludes the proof of Equation (2.5), and hence of the lemma.
O

Proof of Lemma 3.6 :  To do a tight counting for the proof of the lemma, we need to define a notion of weighted
set. Given a universe U of elements, a weighted set S,, has weight on all its elements. In particular, an unweighted
set S can be viewed as a weighted set with weight one on elements which are present in the set, and zero otherwise.
We shall also define two new operations * and & on these weighted sets. Given a weighted set S, and a number
x, we define new weighted set S’ = S*x to mean that weightg: (e) = weightg(e) *x, Ve € U. Also given weighted
sets S1 and Sy, we define S = 5] @ Sy to mean that weights (e) = weights, (e) + weights,(e). S1 C, Sz means
that weights, () < weights,(e), Ve € U. Define the measure of weighted set S, u(S) = [, weights(u)du. For the
rest of the proof, the term set will mean a weighted set. We will consider sets on the universe Opt — Interval(p),
which, recall, is a interval of size opt(p), corresponding to a query p.

Fix an s < t. Consider a subset Q, s.t. badset,, (s,p) # . By the Prefix Property, badset,,(s,p) =
badset,, (s,p), ¥V i € [s+ 1,n]. By Partition lemma, Lemma 3.3, we see that for every k < s, VI € [s + 1,n]:
badsety,(s,p) C Uz,Jr1kqoodset[,,c (s, p), where the union is a disjoint union.

Since the union is disjoint, this is the same as

s+1
Vke[l,s], Vie[s+1,n]: badsety,(s,p) Cuw @ goodsety, (s',p)

s'=k
By averaging, we see that:

s  s+1

1 - 1
Vs: @ badsety,(s,p) Cuw B @ @ goodsety, (s',p)

n-—s
l=s+1 k=1 s'=k




or,
s  s+1

Vs: @ badset,, (s, p Cw @ @ goodsety, (s',p)

l=s+1 k=1 s'=

But since badset,, (s,p) = ¢, Vi€ [l,s] and V s’ < k: goodset,, (s',p) = ¢, we get:

n s s+1
s
@ badset,, (s,p)n — Cw @ @ goodset,, (s',p)
1=1 k=1s'=1
And again, since V k > 5,8’ < s: goodset,,(s',p) = ¢, we get :
n s+1
@ badset, (s, p @ @ goodsety, (s',p)
=1 k=1s'=1
or,
s s+1
. /
Vs: @ badsetg(s,p)—n — Cuw @ @ goodset (s, p)
oy, o€, s'=1

Also, by definition, V u # s, u, s < t: badset,. (s,p) Nbadset,, (u,p) = 0. Hence:

@ — Cuw @ @ goodset;(s,p)

s<t 0€Qy €N, s<t+1
Therefore,
@ < u @ @ goodset (s, p)
s<t c€Qy s<t+10€Q,
s
<
Z Z (badset,( ))n_ S = Z Z (goodset (s, p))
s<t o€y, s<t+10€Q,
< > ) goods(s,p)
s<t o€, s<t+1lo€Q,

C Proof of the Main Theorem - Theorem 3.1

We shall use the same definition of miss(s), bad(s) and good(s) as defined in Appendix A. Let extra(s) =

E,cqlextray(s)|. Using the similar approach in Appendix A, we will get the following three corollaries from
Lemmas 3.4, 3.5 and 3.6.

COROLLARY C.1.
Vit : bad(t) + good(t) + extra(t) + miss(t) > OPT/n

COROLLARY C.2.
Vit : miss(t) < Z bad(s)/(n — s)

s:5<t

COROLLARY C.3.

Vit : Z bad(s)

s<t o s:s<t+1




Using the above corollaries, we get the following LP:

Min: Z [bad(t) + good(t) + extra(t)]

t

s.t.: Vi<n: Z good(s) — Z bad(s)—== >0
s<t+1 s<t
Vt<n: good(t)+ bad(t) + extra(t) + Z %}:) > OPT/n
s<t

good(t), bad(t), extra(t) >0

First inequality can in fact be relaxed to Vt <n: >  _, . (good(s) + extra(s)) — ngt bad(s) == > 0.

Now substituting m; for good(t) + bad(t) + extra(t), v; for bad(t)/n — t, and solving it similar to Appendix
A, we get that the value of objective function is at least OPT'(1 —1/e).

D A Tight Example - Proof of Theorem 4.1

In this section we provide an example to show that the Greedy algorithm can do no better than 1 — 1/e in the
random-permutation input model, and thus exhibit that our analysis is tight. The example is similar to the one
used in [MSVVO05] to show a lower-bound on randomized algorithms in the online worst-case model.

In this instance, there are N bidders, each with a budget of L (a large integer). The queries are grouped into
N groups, Q1,Q2, ..., Qn. Each group has L identical queries. Each query in @Q; gets the following bids: Bidders
1 through i — 1 bid 0; bidders 7 through N bid 1. Clearly, OPT = LN, by allocating, for all 4, all the queries in
Q; to bidder 1.

We will assume that Greedy breaks ties in the following way: when an query q arrives, it will be allocated to
the highest numbered bidder who bids 1 and has available budget. The assumption about bad tie-breaking can
be removed by a simple perturbation of the bids: for example, for all i, replace all the 1-bids of bidder ¢ by 1+ ¢;,
where 0 < €] < €3 < --- < exy < 1. The budgets can be adjusted accordingly.

Now consider the performance of Greedy on the sequence of these queries arriving in a random permutation
o. Clearly, the first L queries in o will all be allocated to bidder N (who bids for all queries). Among the next
L queries in o, all will be allocated to bidder IV — 1, except for any queries from )y, which are left unallocated.
Now among the third L queries in o, some are allocated to N — 1, most to N — 2 and some are lost. Let us instead
count in a different manner: It is clear that bidder IV, by symmetry, is allocated at most L/N queries from @,
in expectation, V j. Similarly, bidder N — 1, by symmetry, is allocated at most L/(N — 1) queries from @Q;, in
expectation, V j < N — 1. In this manner one can see that bidder 7 is allocated at most L/i queries from @), in
expectation, V j < 1.

Counting differently, for ¢ = 1,.., N, the number of queries in @); that get allocated is min{L, ng NL_J}
Summing this up, we can show that the expected amount of money spent by Greedy is LN(1 — 1/e) =
(1-1/e)OPT.

We note that this analysis is very similar to that in [MSVVO05] for the lower bound in the worst case online
setting, the two being a form of duals of each other. The difference is that the role of bidders and query groups is
reversed — here it is the last N(1 — 1/e) bidders who finish most of their budgets, while in [MSVVO05] it was the
first N(1 — 1/e) query groups that get almost completely allocated.

D.1 Tight example in the i.i.d. model Recall that in the i.i.d. model we have an unknown distribution
over keywords, and the next query in the sequence is picked independently from this distribution. In our example
there are N bidders. Consider a uniform distribution over N keywords, where the i** keyword gets the following
bids: Bidders 1 through ¢ — 1 bid 0; bidders 7 through N bid 1. We will use the tie breaking rules as discussed in
Appendix D. We will sample LN queries from the above distribution. Now by the Chernoff bound, we can show
that, for all 0, there is a large enough L so that w.h.p. each keyword is sampled at most L 4+ §/N times. Now
take the sample space in which each keyword occurs at least L — §/N times, and divide it into families s.t. in
each family, every sequence has a fixed set of queries. Using arguments similar to the ones in Appendix D, we can
show that expected performance of greedy, conditional over any such family, is at most LN(1 — 1/e) + 0. Now
taking expectation over all such families we get that expected performance of greedy is at most LN (1 —1/e) + 6.



E The Lower Bound - Proof of Theorem 4.3

(Sketch of Proof) For the bound on deterministic algorithms, consider a very simple 2 boy, 2 girl setting, where
boy 1 could be matched to both the girls, but boy 2 can only be matched to one of the two girls. By looking at
the “code” of the deterministic algorithm, we can decide which girl boy 2 can be matched to, so that in one of
the two random permutations of the boys, only one pair can be matched. This shows a factor of 3/4.

For the lower bound on randomized algorithms, we will use Yao’s Lemma [Yao77] to prove this statement.
We start with a distribution on inputs of the following form: Take an n x n complete upper triangular matrix with
0,1 entries. This is the incident matrix of the bipartite graph, with the rows being the girls and columns being
boys. We use the uniform distribution over different inputs corresponding to all permutations of the row names.
As according to the model, each input has the columns arrive in a random permutation. Thus the distribution is
essentially uniform distribution on both row and column permutations of the complete upper triangular matrix.

As opposed to the proof in [KVV90] for the worst case input model, it turns out to be difficult to characterize
the performance of any deterministic algorithm on this input distribution. This is because a deterministic
algorithm can (in this model) be smart and use a lot of information from the past (as a very simple example, if
it sees a column with n — 1 1’s and then a column with n 1’s then it knows that the extra row is the row with n
1’s). We have not been able to come up with a general analysis for n, but we can do a brute force analysis for
n = 3, in which we can take care of how any deterministic algorithm may use all such information from the past.
The brute force analysis shows that the performance of any deterministic algorithm over this input distribution
is no more than 5/6, thus proving a lower bound of 5/6 for randomized algorithms in the random permutations
model.



