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Abstract— Server replication and multicasting are well-
established techniques for increasing capacity of a net-
worked serviceand impr oving client performance. In this
paper, weconsiderthe combination of thesetwo techniques.
Specifically, we investigatethe problem of selectingamongst
rate-adaptivemulticast servers, which adjust their sending
rate based on network conditions and/or feedback from
clients. Effective server rate adaptation can lead to efficient
utilization of network resourcesand performance impr ove-
ment perceivedby clients. In this initial study of adaptive
multicast serverselection,we explore somefundamental is-
suesand study the implications of different selectionstrate-
gieson the performanceperceivedby clients.

We first define the Static Multicast Selection Problem,
in which there are static sets of clients and servers, and
one needsto establisha set of multicast tr eeswith one tree
for eachserver. We explore several optimization problems
basedondifferent performancemeasures.Weprovethat the
general problem is NP-hard and then presenttwo interest-
ing specialcaseswith an optimal polynomial-ti me solution
in eachcase.We designa heuristic for the generalcaseand
showthat it can impr ovethe performanceover somesimple
strategies.WealsoconsidertheDynamicMulticast Selection
Problem, in which clients may join and leavemulticast trees
alreadyestablished.We designa heuristic for this dynamic
caseby which clientscanselecta treeto join. We investigate
the performanceof the heuristic through simulation.

I . INTRODUCTION

With the explosive growth of the Internet,networked
servicesmustpotentiallyhandlea largenumberof clients.
An increasein service demandoften leads to system
performanceimplications: degradedperformanceasper-
ceivedby theclient,possiblerejectionof therequestdueto
server overload,andpoorperformanceobservedby other
networkconnectionsdueto hot spots.

To help maintainperformanceunderhigher demands,
therehave beenseveralproposalsfor multicastservicein
which a server deliversinformationto multiple clientssi-
multaneously(e.g., [4], [5], [9]). Throughthe aggrega-
tion of requestprocessingat the server and the aggrega-
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tion of bandwidthrequirementsin the network,a multi-
castservicecanreducetheloadontheserver andnetwork
and,therefore,improve theperformanceperceivedby the
clients.

In a multicastservice,oneof thekey issuesis how fast
a server shouldtransmit1. Thereareseveralpossibleways
thata server ratecanbedetermined.A simpleandoften-
usedmethodis thatthesendingrateis pre-determined.The
problemwith this methodis obvious. If therateis settoo
low, eitherthe quality of streamssentout is poor (in the
caseof a videomulticastservice),or it takesa long time
to completea task(in the caseof bulk datatransfer). If
therateis toohigh,otherproblemscanoccur. In a hetero-
geneousenvironment,the bandwidthof somelinks from
the server to clientsmay be smallerthan the server rate.
Packetscanbelostdueto theratemismatch,andlinks can
becongested.Thereceptioncapacitiesof clientscanalso
bevery differentfrom oneanother. Somefastclientsmay
be capableof processingthe packets,while otherslower
clientscannot.

An alternative to pre-determinedratesis that theserver
rateis adjustedbasedon feedbackfrom clients. Effective
rate adaptationof multicastservers can lead to efficient
utilizationof networkresourcesandperformanceimprove-
mentperceivedby clients.More importantly, it canavoid
congestinglow capacitylinks in the network. A simple
policy is to set the server rate to the minimum shareof
bandwidthon all links in themulticasttree. In this paper,
weonly considerthissimpleadjustmentscheme.

Theproblemwith anadaptivemulticastserverusingthe
simpleadjustmentschemeis that the server rate will be
very low if thereis evenasinglelow bandwidthlink in the
multicasttree. For example,asshown in Figure1, clients���

to
���

connectto the networkwith differentcapacity
accesslinks, rangingfrom 28.8Kbps to 3 Mbps. If there
is onlyonemulticastserver(e.g.,� � ), theserverwill adapt
to sendingat the rateof the slowestlink, i.e., 28.8Kbps.
This jeopardizestheperformanceof thoseclientsthatcan
potentiallyreceive at a higherrate.Multicastserver repli-
cationcanbeintroducedto dealwith this problem. If we�

We assumea server operatesat a singlerate,ratherthanmultiple
rates(e.g.,usinglayering).
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Fig. 1. An example

havemultipleservers(e.g.,� ��� ��� ),wecanallocateclients
with differentcapacitiesto differentservers,andthey can
receiveatahigherrate.For example,if weallocateclients���

and
� � to server � � andclients

���
and

���
to server��� , then the rate of

���
and

���
canbe increasedto 1.5

Mbps.
Multicastserver replication,however, needsto becou-

pledwith anappropriateserver selectionmechanism,that
will ensure,for example,that

���
and

� � choose� � , while���
and

���
choose� � . Without effective server selection,

the benefitsof replicationwill be lost. This leadsto the
problemof selectingamongstadaptivemulticastservers.

Serverselectionhasbeenextensively studiedin theuni-
castenvironment[1], [11], [12], [3], [15]. In [6], we un-
dertakewhatwebelieveis thefirst studydealingwith mul-
ticastserver selectionissues.Themainfocusin thatwork
washow to minimize the cost for establishingmulticast
trees,assumingconstantperformanceregardlessof thetree
configurations.

In this paper, we investigatethe selectionproblemfor
adaptive multicastservers. Somefundamentalissuesin-
clude:1) finding appropriateperformancemeasuresin the
adaptive multicast server selectionenvironment, and 2)
studyingthe implicationsof differentselectionstrategies
on theseperformancemeasures.We first definetheStatic
MulticastSelectionProblem,in which therearestaticsets
of clientsandservers,andoneneedsto establisha setof
multicasttreeswith onetreefor eachserver. We explore
several optimizationproblemsbasedon differentperfor-
mancemeasures,with thegoalto maximizesomefunction
of client ratesandminimizethebandwidthusedby multi-
casttrees.We prove that thegeneralproblemis NP-hard
by transformingthe3-SAT problemto it andthenpresent
two interestingspecialcaseswith anoptimalpolynomial-
time solutionin eachcase.We designa heuristicfor the
generalcaseandshow thatit canimprovetheperformance
over somesimplestrategies.

We also consider the Dynamic Multicast Selection
Problem,in which clients may join and leave multicast
treesalreadyestablished,andoneneedsheuristicsto graft
andprunethe multicasttrees. We designa heuristicfor

this dynamiccaseanddemonstrateby simulationsthat it
canoutperformcommonlyusedShortestor Widestheuris-
tics.

Therestof thepaperis structuredasfollows. Section2
definestheStaticMulticastServer SelectionProblemand
analyzesthecomplexity of theproblem.Two specialcases
arepresentedin Section3 andSection4. Solutionsto the
generalstaticproblemaregiven in Section5. We define
theDynamicSelectionProblemandgiveasolutionin Sec-
tion 6. Section7 concludesthepaper.

I I . STATIC MULTICAST SERVER SELECTION PROBLEM

A. ProblemDescription

We usea conventionalmodelwherea networkis repre-
sentedby a graph !#"%$'& �)(�* , where & denotesthe set
of nodes(representinghostsandrouters)and

(
denotes

thesetof edges(representinglogical connectivity). Edge+�, ( is of theform $.-0/ � -21 * , where -3/ � -21 , & .
We considera single servicedeliveredby a set of 4

servers �5" 687:9 �0;3;0;<� 72=?> to a static set of @ clients� "A68B 9 �0;3;0;<� BDCE> . An allocationof clientsto serversis a
function FHG �JI � . Wedenotethesetof clientsallocated
to server 7K/ as LM/�"N6:BO1PG�FQ$.BO1 * "N7K/R> . We aim at es-
tablishing 4 multicasttreesST/�"U$.&V/ �)( / *K� $.&V/�WJ& �D( /�W(X�3��Y[ZEY 4 * , suchthat 72/ , &V/ and \]BO1 , � $.FQ$.BO1 * "7K/�^ BO1 , &V/ * . Note that any node(including a client)
may exist in multiple trees. However, for each B 1 , there
existsa unique72/ suchthat FQ$.BO1 * "_72/ .

Let `ba denotethesetof positiverealnumbers.Assume
a bandwidthfunction cdG (%I ` a definedon

(
withc�$ + / * "feD/ . Thebandwidthfunctioncanbeconsideredas

the residualbandwidthcurrentlyavailableon the link for
theservicedeliveredby thesetof replicatedservers � . For
adaptive multicastservers,thesendingrateis determined
by theminimumshareof bandwidthonall links. Because
a link canexist in multiple trees,a server's shareof band-
width and,therefore,its ratedependson how we allocate
thebandwidthof sharedlinks.

Assumetherateof server 72/ is gK/ . Therateof all clients
selectingthisserverwill be gK/ . Sotheperformanceof these
clientscanbeexpressedas hQ$.gK/ � LM/ * , whereLi/ is thesetof
clientsselecting72/ and h is somefunctionof this setandg / . The averageperformanceof all the clientscanbeex-
pressedas jf" 9Clk =/nm 9 hQ$.g2/ � Li/ * , where@ is thenumber
of clients.

We focus on two particular functions hQ$po * . IfhQ$.gK/ � LM/ * "_gK/pqrLM/<q , thenj is theaveragerateof theclients.
Ourotherspecificinterestmeasuresfairnessacrossclients.
Specifically, We usetheconceptof the inter-receiver fair-
nessdefinedin [10]. Wedefinetheisolatedrateof aclient
to be the maximal rate that a client can receive if there
areno otherclients. If the isolatedrateof client BO1 is g8s1 ,
a simplifiedversionof inter-receiverfairness(or fairness
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for short)is definedas 9C k C1tm 9]u 1wvxg8s1 , where u 1 is theac-
tual rateclient BO1 achieves. j is theinter-receiver fairness
if we definehQ$.g / � L / * " kzy|{)}:~�� g / v�g:s1 .

In a tree, each link carries the same bandwidth as
the server rate. So the total bandwidthusedby a tree
is the server rate multiplied by the numberof links in
the tree. For tree ST/l" $'&�/ �)( / * , the bandwidthused
is gK/�q ( /�q . The averagebandwidthusedby one client is� " 9Clk =/nm 9 g2/tq ( /�q .

We want to maximizesomefunctionof j and
�

, rep-
resentinga tradeoff betweenperformanceandcost. One
interestingfunction is ��j���� � , where � and � convert
performanceandbandwidthmeasuresinto commonben-
efit andcostunits. Anotherpossibility is to maximize � � ,
theperformanceperunit bandwidth.Any optimizationis
subjectto the constraintthat the total bandwidthusedat
eachlink doesnotexceedthelink capacity. Thatis, for all
links + 1 : �

� {K}:�]� g /
Y e 1 (1)

In someapplications,it is alsopossibleto imposesome
constraintson the minimal acceptablerateof clientsand
servers.For example,we mayrequirethat gK/Q��� in some
cases.

Otherdefinitionsof hQ$po * arepossibleandthey mayre-
sult in someotherinterestingperformancemeasuresfor j .
In thispaper, wewill focuson thetwo measuresdescribed
above, the averagerate of clients and the inter-receiver
fairnessof clients. Beforewe go to the detailsfor solv-
ing theproblem,wefirst takea look at its complexity.

B. Complexity of theProblem

We areinterestedin knowing whetherthereis an effi-
cientsolutionto optimizeafunctionof j and

�
. Theprob-

lem of optimizing ��j��z� � is NP-hardby the following
argument.Considera graphin which thebandwidthof all
theedgesin thegraphis 1.0andassumethereis only one
server. Thenthevalueof ��j is somefixedvaluebecause
the rateof theserver is 1.0 andsoarethe ratesof all the
clients. With a given �[��� , the goal is reducedto min-
imizing

�
. This is a Steinertreeproblemwith all edges

of length1.0, which is NP-hard[8]. Sincea specialcase
of thegeneralproblemis NP-hard,theoriginalproblemis
alsoNP-hard.

Even if we do not considerthe goal of minimizing the
bandwidthused,i.e.,let �H"�� , theproblemof maximizingj is still NP-hardwhen j is the averagerateof clients.
The3-SAT problem[8] canbetransformedto thisproblem
in adirectedgraph.

Theorem. Given a network !�" $.& �D(�* , a bandwidth
function c definedon

(
, 4 multicastservers 7:9 �0;3;3;O� 7K= ,& , @ clients B 9 �0;3;3;p� BDC , & , the following problemis

NP-hard: Is therean allocationof clientsto serverswith

server 7K/ operatingat rate gK/ suchthat the total rateof all
theclientsis greateror equalto ` , subjectto the link ca-
pacityconstraintin equation(1)?
Proof. SeeAppendixA.

C. Approachesto SolvingtheStaticProblem

Sincethegeneralstaticmulticastserver selectionprob-
lem is NP-hard,we areunlikely to beableto find aneffi-
cientalgorithmthatgivesanoptimalsolution. Beforewe
exploreheuristicsolutionsto thegeneralproblem,we are
interestedin finding somesimplifiedversionsof theprob-
lemthatmayarisein practicalsituationsandcanbesolved
efficiently.

We mentionedthat the problemconsistsof two parts.
One is selection, which choosesa server (and path) for
eachclient. Anotheris the rate allocation for servers. If
two or moremulticasttreessharea link, the rateof each
server is determinedby how we split thebandwidthof the
sharedlink.

Basedon theaboveobservations,wecanformulatetwo
simplifiedversionsof theproblem.In thefirst specialcase,
weconsiderasituationwherethebottleneckfor eachclient
is the unsharedaccesslink directly connectedto it. The
rateof this link canbeassumedto bethemaximalpossible
ratefor eachclient.Weassumethattheothernetworklinks
have enoughbandwidthto supportanarbitraryallocation,
therefore,we do not needto considerthe rateallocation.
After eachclient choosesa server, theserver rateis setto
be the lowestrateof all the clientsselectingit. We give
an optimal solution to this selectionproblemin the next
section.

In theotherspecialcase,we assumethatall theclients
have selecteda server and a path to the server. We are
interestedin the problemof bandwidthallocationon the
sharedlinks so asto maximizeeither the averagerateof
all the clientsor the inter-receiver fairness.We will give
anoptimalalgorithmin SectionIV.

I I I . SPECIAL CASE I : SELECTION ONLY

In this specialcasewe assumethateachclient'saccess
link presentsthe bandwidthbottleneck. Other network
links have abundantbandwidth.For example,in Figure2,
client

���
hasa bottleneckat accesslink � � with 1 Kbps

andclient
���

hasa bottleneckat accesslink � � with 100
Kbps. Theserver selectionproblemreducesto determin-
ing a groupingof clientsandan allocationof a server to
eachgroup.

Assumeclient BO1H$ �HY���Y @ * canreceive at rate g s1 ,
which is the isolatedrate of client

�
, as definedin Sec-

tion II. The rate of eachserver is the minimum rate of
all the clientsselectingtheserver. If we orderthe clients
suchthat g:s1 Y g8s1 a 9 $

��Y[��Y @�� �0*
, we canformu-

late the problemas follows: Given @ clients with rates
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Fig. 2. An examplefor theselectiononly problem

g:s1 $ �®Yf��Y @ * in increasingorder, select 4 ratesfrom
themasserver rates. Assumethat the 4 indicesmarking
the selectedratesare ¯x/°$ ��Y�Z®Y 4 * . We let ¯ 9 " �
becauseweassumethateachservermustadaptto thelow-
estrateof clientsselectingit andevery client mustselect
oneof the servers. In otherwords,we have a constraint
( gK/b�±g s9 ) on the minimum rateof clientsandservers. If
we definē�= a 9i"_@[² �

, wecanlet client ¯ / Y��X³ ¯ / a 9
selectserver

Z
andits effective rateis g s´ � . This completely

determinesthefunction F . Thustheselectionproblemre-
ducesto picking the 4 server rates(indices)amongstthe@ client rates.

Wehave identifiedtwo goals:
1) Maximizetheaveragerateof clients: 9C k C1tm 9 g0µ:¶ y|{�· .

For a given @ , this problem reducesto maximizing
k =/nm 9 g s´ � $.¯x/ a 9 ��¯x/ * .

2) Maximizethe fairness: 9C k C1tm 9 g3µ¸¶ 1 · v�g s1 , wherethe
fairnessis definedas the averageof the actualrate over
the isolatedrate. For a given @ , this problemreducesto
maximizing k =/¹m 9 k 1<m ´ �»º �D¼ 91<m ´ � g:s1 v�g:s´ � .
A. OptimalAllocationAlgorithms

Thebruteforcesolutionto theprobleminvolvestrying
everypossiblewayto select4�� � server ratesfrom @[� �
clientrates.When 4 ³b³ @ , thecomplexity is exponential½ $'@ = * .

We developanalgorithmwith complexity
½ $.4T@®¾ * , by

first transformingtoashortestpathproblemandthenusing
Dijkstra's algorithmto solve it. First we presentanalgo-
rithm for solving the maximalrateproblem,andthenwe
show how to modify it for themaximalfairnessproblem.

The ideais to representeachpossiblechoiceof server
ratesfrom amongstclientratesusingagraph,with thever-
ticesarrangedin rows andcolumnsasfollows. Thereis
onecolumnof verticesfor eachserver; thereis onerow of
verticesfor eachclient. Vertex -21p¿ / in row

�
andcolumnZ

representsthe potentialfor server
Z

to selectthe rateof
client

�
. Figure3 illustratesthe graphfor the examplein

Figure2.
The edgesin the graphare usedto representthe per-

formanceassociatedwith thechoiceof particularratesfor
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Fig. 3. An examplesolution

two adjacentservers. That is, anedgefrom -21�¿ / to - ´ ¿ / a 9
representsthat server

Z
selectsthe rate of client

�
while

server
Z ² �

selectstherateof client ¯ . Theweighton this
edgeis the“deviation” from ideal for clients

�Ê�3;0;3;<� ¯�� �
that resultsfrom this choice. Theseclientswill all beas-
signedtoserver

Z
with rate g s1 ; all exceptclient

�
will there-

fore receiveata ratelowerthantheir isolatedrate.

A solutionis representedby a paththroughthis graph
that includesone vertex per column, thus selectingone
client rateper server. With the edgesandweightsasde-
scribed,ashortestpathcorrespondsto anoptimalsolution.

Formally, wedefinethedeficitfrom
Z
to
�

(
ZQYË�

) asthe
differencebetweentheisolatedratesof clients

Z
and

�
, i.e.,Ì $ Z<�R�Í* "Îg s1 ��g s/ . If client

�
selectsa server sendingat

rate g8s/ (note g:s/ Y g:s1 ), thewastedcapacityby
�

is
Ì $ ZO�Ï�?* .

The cumulativedeficit from
Z

to
�

(denotedas
ÌÑÐ $ Z<�R�Í* )

is the sumof thedeficitsfrom
Z

to all ¯�$ ZbY ¯ Y��Í*
, orÌ Ð $ Z<�R�?* " k 1 ´ mV/ Ì $ Z<�R�?* . Define

Ì Ð $ Z<�R�Í* "_� if
Z � � .

We definea deficitdigraph!�ÒÓ"�$'&]Ò �)( Ò * , where&TÒÔ"68-21p¿ /Ï>�ÕÖ68-:× � - � >_$ � " ���3;0;3;p� @ �DZ " ���0;3;3;p� 4 * and
( Ò

is given as follows. Connect-:× to - 9 ¿ 9 with an edgeof
length0. For

�®Y_�zY ¯ Y @ �3�®YØZbY 4Ù� � , connect- 1�¿ / to - ´ ¿ / a 9 with an edgeof length
Ì Ð $ �Ê� ¯®� �3*

. For��YÎ�fY @ , connect-21p¿ = to - � with an edgeof lengthÌÑÐ $ �Ê� @ * . For the ratesof clients in Figure 2, we can
generatea graphin Figure3 (not all edgesareshown in
thefigure).

Using Dijkstra's algorithm, we can computea short-
est path from -:× to - � . The path must be in the form$.-:× � - 9 ¿ 9 � - ´pÚ ¿ ¾ �3;0;3;<� - ´ { ¿ 1 �0;3;0;�� - ´<Û ¿ = � - � * . Thesēx/ 's ( � YZdY 4 ) are clients we want to partition the client
set. The shortestpath in the problem in Figure 3 is$.-:× � - 9 ¿ 9 � -0ÜK¿ ¾ � -:ÝD¿ Ü � - � * (shown as bold lines) and the op-
timal solutionto theproblemis to setservers 7 9 � 7 ¾ � 7KÜ at
ratesg s 9 � g sÜ � g sÝ , or 1, 22,64andallocateclients B 9 � B ¾ to 7 9 ,
clients BDÜ � BDÞ to 7 ¾ andclients BKÝ � BDß to 7KÜ .

For themaximumfairnessallocationalgorithm,weonly
needto modify thedeficit from

Z
to
�

to be
Ì $ Z<�R�?* " � �g s/ vxg s1 .
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B. PerformanceResults

To illustrate the useof the algorithmdescribedabove,
considera systemwith 400receivers. Their isolatedrates
are randomly set between0.1 to 0.9. The numberof
serversvariesfrom 1 to 15. We comparefive algorithms:

1. MaximizeAverageRate,asdescribedabove.
2. MaximizeFairness,asdescribedabove.
3. Random.Eachclient randomlyselectsa server, and

the rate of server is set to the lowestof the ratesof the
clientsselectingthisserver.

4. EquallySpacedServer Rates.Assumethattherange
of ratesis pre-determined.Eachserver is assigneda rate
evenly spacedfrom eachother. Eachclient selectsthe
fastestone from the setof servers that have a lower rate
thanthisclient.

5. MaximumGap.This is anapproximationto theopti-
mizationalgorithmabove. It operatesasfollows. Assume
client ratesare in ascendingorder. Calculatethe differ-
encebetweentheratesof two clientsin adjacentpositions
in that order. Divide the clients into groupsat the place
wherethe differenceis biggest. If thereareseveral loca-
tions with the samebiggestdistance,divide arbitrarily if
thereareno consecutive pairsthathave the samebiggest
distance.If thereareconsecutivepairswith thebiggestdis-
tance,they constitutea chain.Wecandivideat themiddle
of longestchain. For the problemin Figure2, theMaxi-
mumGapsolutionis to setservers 7 9 � 7 ¾ � 7KÜ at rates1, 64,
100, respectively, andallocateclients B 9 � B ¾ � BDÜ � BDÞ to 7 9 ,
client BKÝ to 7 ¾ andclient BDß to 7KÜ .

In Figure4, we comparetheaveragerateof eachalgo-
rithm. We usetheaverageof isolatedratesof all clientsas
acomparisonbaseline.Therateshown in theplot is thera-
tio of theaverageof actualratesof clientsovertheaverage
of isolatedrates.As thenumberof serversincreasesfrom
1 to 15,theaverageratein all casesincreases.Therandom
selectionalgorithmdoesnot increasemuchwhile all other
algorithmsdemonstratea sharpincreasewhenthenumber
of serversincreasesfrom 1 to 6. Themaximumratealgo-
rithm hasthehighestaveragerate,andthemaximumfair-
nessalgorithmis verycloseto it. They bothperformbetter
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Fig. 5. Theinter-receiver fairness

thanequallyspacedrateandmaximumgapalgorithms.
Figure5 shows the fairnessof eachalgorithm. As ex-

pected,the maximumfairnessalgorithm hasthe largest
fairnessvalue,and the fairnessof the maximumrate al-
gorithm is very closeto it. They both have a larger fair-
nessvaluethanmaximumgapandequallyspacedrateal-
gorithms. The randomselectionhasa very low fairness
value.This is becauseit leadsto serversoperatingat rates
of somelow-endclients,andall the clientsarereceiving
at a very low rate. Therefore,both the averagerate and
fairnessarevery low whenusingrandomselection.

Theseresultsdemonstratethat increasedsophistication
in theselectionalgorithmhasa considerableperformance
payoff. Thepresenceof rate-adaptive serversrequiresco-
ordinationacrossclientsto avoid the“lowestcommonde-
nominatoreffect” illustratedby the randomresult. The
equallyspacedrateimprovesupontherandomresult,how-
ever, thethreemostsophisticatedschemesoffer additional
improvementvaryingfrom 30%to 50%.

IV. SPECIAL CASE I I : SERVER RATE ALLOCATION

In this section,we assumethateachclient hasselected
a server accordingto somestrategy, andthepathfrom the
server to eachclient is alsodetermined.This prior allo-
cationof clientsto serverscouldbebasedon closenessto
server criteria or perhapssomepolicy or pricing consid-
erations.The problemis how to allocatethe rateof each
server to maximizetheaveragerateor the fairnessindex,
subjectto the feasibility constraints. One obvious solu-
tion is multicastmax-minallocationunderthe definition
of TzengandSiu [13]. However, asshallbedemonstrated
shortly, this doesnot necessarilygeneratethebestalloca-
tion accordingto ourmeasures.

In this section,we formulatethe optimizationproblem
asa LinearProgramming(LP) problemandgive analgo-
rithm basedon the Simplex method[14], exploiting spe-
cial propertiesof the problem. We usethe maximalrate
asanexamplein theproblemformulationandthendiscuss
how to modify it to solveotheroptimizationproblems.

Assumethat the rate of server 72/ is g2/ . For the case
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wherewedesireto maximizetheaveragerate,theproblem
canbeformulated

â
as:Maximize ã�"_¯ 9 g 9 ²�¯ ¾ g ¾ ² ;0;3; ²¯x=ägK= , subjectto�

� {D}8�T� g /
Y e 1 � for all edges+ 1 and g / �å�����

where ¯x/ is the numberof clientsselectingserver 7K/ and� is someminimum raterequirement.Note that because
we aregiven routing andclient allocationto servers, the
problemmay have no feasiblesolutionif too many trees
sharea singlelink, unless� is 0. This linearprogramming
problemcan be solved by the Simplex method. We are
interestedin finding a simplealgorithmicsolutionbased
on thespecialpropertiesof theLP problem.

First we transformthe formulationslightly. Let æ?/�"g / �ç� . Theoriginalproblemis transformedinto anew LP
problem. Maximize ãU"�¯ 9 æ 9 ²_¯ ¾ æ ¾ ² ;3;0; ²f¯ = æ = ²$.¯ 9 ²�¯ ¾ ² ;0;3; ²�¯ = * � , subjectto�

� {K}8�T� æ?/
Y eO1Ô�éèD1w� and æ?/Q�å�

whereè)1 is thenumberof serverswhosetreesincludethe
edge+ 1 . Obviously, if any of e 1 �éè 1 � is lessthan0, then
theLP problemhasnosolutionandtheoriginalallocation
problemwill have nosolution.

Following the Simplex method,we get the following
greedyalgorithm. At eachstep,this algorithmassignsa
rateto theserverwith thelargestnumberof clientsthathas
notyethadits rateassigned.Thechosenrateis aslargeas
possible,subjectto the link constraints.That server and
clientsarethen“removed” from theproblem,andthelink
ratesareadjustedaccordingly.

Step1. For eachlink + 1 , let eDê1 "ëe 1 ��è 1 � , where è 1
is the numberof serverscurrentlyusingthis link. If anye ê1 is lessthan0, thenthereis no solutionto the original
problemandexit; otherwise,

Step2. Selecta server 7 / from � with the largest ¯ /
(numberof clients).For all thelinks + 1 that 7K/ uses,select
thesmalleste ê1 . Set æ?/ to thisvalue.

Step3. For all thelinks + 1 that 7 / uses,let eDê1 "�eDê1 �éæ / .
Remove 7K/ from � . If � is not empty, go to Step2.

Step4. For server
Z
, setits rateto be æ?/?²�� .

Basedon theabove process,we cangetanoptimalso-
lution to the original problemwith a guaranteedminimal
rate � for eachserver. This is optimalbecauseeachstepis
a directmappingfrom theSimplex method.

This methodcan be usedas long as the goal func-
tion can be formulated as a linear combinationof g2/ .
For example,we canmaximizethe fairnessandthe goal
function can be definedas ã�" $ k µ:¶ y|{t· mT× � � v�g:s1 * g 9 ²$ k µ:¶ y|{t· mT× Ú � v�g s1 * g ¾ ² ;3;3; ²�$ k µ¸¶ y|{)· mT× Û � v�g s1 * g2= . Theonly
modificationto the above algorithmis to substituteevery¯x/ with k µ:¶ y|{t· mT× � � v�g s1 .
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Fig. 6. ExperimentalSettingsfor RateAllocationProblem

0

2

4

6

8

10

12

14

5 10 15 20 25 30

A
ve

ra
ge

 r
at

e




The bandwidth y

The average rate in the first example

Maximal Rate
Maximal Fairness
Max-min Fairness

Fig. 7. Theaverageratein thefirst example

A. PerformanceResults

We show differentrateallocationalgorithmsby two ex-
amplesas illustratedin Figure 6. We have two servers� � and ��� . Thereare10 clients (

���
to
��� � ) selecting

server � � and5 clients(
Ì �

to
Ì��

) selecting� � . Thereis
a sharedlink with bandwidthu . We changethevalueof u
to seetheeffectsof differentalgorithms.In thefirst exam-
ple, theisolatedrateof

� � to
��� � is 500,andtheisolated

rateof
���

canbeup to 10. Theisolatedrateof
Ì � to

Ì��
is 25, andthe isolatedrateof

Ì �
canbeup to 20. In the

secondexample,wechangetheisolatedrateof
� � to

��� �
to 100andtheisolatedrateof

���
canbeup to 40.

We comparethreebandwidthallocationalgorithms.In
additionto maximalrateallocationandmaximalfairness
allocationalgorithms,we usea multicastmax-minallo-
cationto determinethe ratesof servers. We measurethe
averagerateof receiversandtheinter-receiver fairness.

In Figure 7 we show the averagerate in the first ex-
ample. As the bandwidth u increasesfrom 1 to 30, the
averagerateof all threealgorithmsincreases.The max-
imal fairnessalgorithmfavors clientswith a smalleriso-
latedrate;theaveragerateit canachieveis smallestamong
threealgorithms.Themax-minallocationfalls in themid-
dle and converges to the maximal rate allocationwhen
the bandwidth u is more than 20. In Figure8 we show
the inter-receiver fairnessfor the threealgorithms. The
maximalratealgorithmis worst with regard to the inter-
receiver fairnessmeasure.Correspondingto averagerate

6



0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

5 10 15 20 25 30

F
ai

rn
es

sá

The bandwidth y

The inter-receiver fairness in the first example

Maximal Rate
Maximal Fairness
Max-min Fairness

Fig. 8. Thefairnessin thefirst example

0

5

10

15

20

25

30

35

10 20 30 40 50 60

A
ve

ra
ge

 r
at

e




The bandwidth y

The average rate in the second example

Maximal Rate
Maximal Fairness
Max-min Fairness

Fig. 9. Theaverageratein thesecondexample

plot, the inter-receiver fairnessof the max-minalgorithm
is the sameas that of maximal rate algorithm when the
bandwidthu is greaterthan20.

Theresultsof allocationin thesecondexamplearegiven
in Figures9 and 10. The generalbehavior is similar to
the first example. In this case,we canseethat max-min
allocationconvergesto maximal fairnessallocationafter
thebandwidthu is greaterthan40in boththeaveragerate
andtheinter-receiver fairnessplots.

In theseexamples,max-minallocationoffersacompro-
mise betweenmaximizing averagerate and maximizing
fairness.However, otherresultswe obtainedindicatethat
thisconclusioncannotbeextendedto generalcases.
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V. HEURISTICS FOR SOLVING THE GENERAL STATIC

PROBLEM

The generalstaticproblemis NP-hard,andthereis no
efficient optimal solution as in the two previous special
cases.We studyheuristicsolutionsto theproblemin this
section.Two obviousheuristicsare:

1. Shortest.Eachclient selectsa nearestserver based
on the hopcount. To avoid the situationthata nodemay
bein multiple trees,theclientsjoin sequentially. Specifi-
cally, connecta client to a multicasttreeby startingfrom
theclientandfollowingashortestpathtowardsthenearest
server until a nodealreadyin a multicasttree is met. If
no suchnodeexists, the entirepath from server to client
will beaddedto thetree.Otherwise,a partialpathwill be
added.Thereareno sharedlinks betweendifferentmul-
ticasttreesestablishedthis way. We settheserver rateto
betheminimumbandwidthof all thelinks in theserver's
tree.

2. Widest. First we let eachclient selecta server that
hasthe highestbandwidthfrom the server to the client.
Notethepathfrom theserver to theclient is not necessar-
ily the shortestpath. Thenwe setthe server ratesso that
they arefeasibleandmaximizethegoalfunctionusingthe
algorithmsdescribedin SectionIV.

We proposeanotherheuristiccalledOptimizedWidest.
Observe that with the Widestheuristic,a client selectsa
paththatisbestfor itself. However, thebandwidthof paths
connectingto the sameserver may vary a lot. When a
serverhasclientswith considerablediversityin pathband-
width, OptimizedWidest forcesthoseclients at the low
endof pathbandwidthto selecta differentserver. This al-
lows theparticularserver to operateat higherbandwidth,
oftenwith minimalpenaltyfor theclientsforcedtoanother
server.

Recallthattheserver setis ��"f687 9 �3;3;0;<� 7 = > andclient
set is

� " 68B09 �0;3;0;<� B C > . Let � denotethe maximum
bandwidthof any edgein

(
.

Step1. Add anextra node 7�� andconnect7�� with each7K/�$ Z " ���3;0;3;p� 4 * with anedgeof bandwidth� ² �
.

Step2. UseDijkstra'salgorithmto setup a treesothat7�� hasmaximumrate along this tree to any nodein the
graph.Thisconsistsof thefollowing steps.

2.1)Setselectedset �U"f687��:> and ��U"_&f��� .
2.2) Selectanedge + "N$.-0/ � -21 * suchthat -0/ , � and- 1 , �� andtheresidualbandwidthof + is thebiggest.Add

thisedgeto thetree.
2.3)Add - 1 to � andremove - 1 from �� .
2.4)Repeat2.2)and2.3)until �U"_&�ÕÙ687 � > .
Step3. From subtreesrootedat eachserver, pick one

with thelargestnumberof clientsin thesubtree.Optimize
this subtreeasdescribedin thefollowing steps.If thereis
only onesubtreeleft, skipoptimizationstep3.2.

3.1)Prunethosenon-clientleaves(recursively).
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3.2)Assumetheclientsselectingtheserverare
���3;0;3;<���

andtheisolatedrateof client
Z
is g s/ $ �bYåZ Y��E*

. Without
loss of generality, we assumeg:s/ Y g8s/ a 9 for

��Y ZéY
� � �

. We determinea ¯ suchthat the value $ � �å¯Ñ²�3* g:s´ is maximized.We let clients ¯ �3;0;3;<��� staywith this
server, which will operateat rate g s´ . Clients

���3;0;3;<� ¯�� �
areprunedfrom thesubtree.

3.3)Settherateof thisservertobethemaximalpossible
rate( g s´ ) subjectto the bandwidthconstraintsandreduce
the bandwidthof eachedgein the prunedsubtreeby the
server rate.Theseedgesgeta new residualbandwidth.

3.4) Remove clientsin thesubtree( ¯ �3;3;0;<��� ) from the
clientset

�
. Remove theserver from theserver set � .

Step4. If
� "�� , stop;elsegotostep2.

A. PerformanceResults

In additionto thethreeheuristics,Shortest,Widest,and
OptimizedWidest, we calculatean upperboundon the
ratesof clients. Eachclient canreceive at its isolatedrate
if thereareno otherclients. Usually, this ratecannotbe
achieved if we have multiple clientsin thesessionsimul-
taneously. This is a looseboundon whatwe canachieve
whenthe clientsarereceiving at the sametime. We will
comparethe averagerateof clientsby the heuristicswith
theaverageIsolatedRatemeasure.

Wegeneratetwo kindsof topologiesusingGT-ITM [2].
One is a randomgraph with 400 nodes. Another is a
transit-stubgraphwith 400nodes.Wehave1 to 32servers
randomlyplacedin the graph. We experimentwith two
kindsof clientdensities:either5%of thenodesareclients
or 25% of the nodesareclients,alsorandomlyplacedin
thenetwork.Weshow theresultsfor thetransit-stubgraph
with 5% of nodesbeingclients.Resultsin othercasesare
similarandcanbefoundin [7].

Figure11 shows the averagerateof all clients. As the
numberof serversincrease,theaveragerateincreasesin all
cases.TheWidestheuristichasa higheraverageratethan
the Shortestheuristic,and the OptimizedWidest further
improvestheWidestif thenumberof serversis morethan
1. Theaveragerateof theOptimizedWidestismuchcloser
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to IsolatedRatethanWidestandShortest.

Figure 12 shows the inter-receiver fairness. From the
definition in Section II-A, it is obvious that the inter-
receiver fairnessin IsolatedRatecaseis alwaysone. The
Widestheuristichasa higherinter-receiver fairnessvalue
thantheShortestheuristic,andtheOptimizedWidestim-
provesuponthiswhenthenumberof serversisgreaterthan
one. Note that the inter-receiver fairnessin the Shortest
and Widestcasesdecreaseswhen the numberof servers
increasesfrom one to two. This is becausethe isolated
rate increasesfasterthan the actualrate obtainedby the
heuristics,thus,theaverageof ratioof theactualrateover
the isolatedrate decreases.Similar phenomenonis also
observedin othercases.

Figure 13 shows the bandwidthused. As expected,
WidestusesmorebandwidththantheShortest,andtheOp-
timizedWidestusesmorebandwidththantheWidest.As
the numberof serversincreases,the bandwidthusedalso
increases.This is becausethe rateof serversandclients
can be higher when we have more servers. We notice
that whenthe numberof serversincreasesbeyond a cer-
tain point, the bandwidthusedwill decrease.This is be-
causein thesesituations,theaverageratecannotincrease
much,but the distancefrom a server to a client becomes
shorter. Therefore,thebandwidthuseddecreasesbecause
thenumberof hopsfrom a server to its clientsis smaller.
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VI. DYNAMIC PROBLEM

In many multicast applications,the set of receivers
changesdynamically. When a receiver joins or leaves
a multicast session,messagesare exchangedbetween
routersto establishor tear down the appropriatepaths.
For thedynamicserver selectionproblem,weassumethat
therearemultiple multicasttreesestablishedanda client
wants to join one of them. Once the client joins, the
server ratewill beadapted,if necessary, basedon thenew
path.Wecompareseveraljoiningheuristics.Whenaclient
leavesthemulticastsession,weuseasimpleheuristicthat
pruneslinks not sharedby otherclients.

The performancemeasuresfor the dynamiccasearea
bit differentfrom thestaticcase.We areinterestedin four
measures:theaveragereceiving ratesof clients,theinter-
receiver fairness,the bandwidthusedby multicasttrees,
andthe joining andleaving cost. Sincethe treeschange
over time,wemustincludetime in ourmeasures.Assume
thatwe areinterestedin the time interval S , in which the
systemgoesthrough � configurationsof multicasttrees,
with eachconfigurationlastingfor �Ï/�$ �®Y�Z�Y � * . As-
sumethenumberof clientsduringtime �R/ is 4V/ , theaverage
rateis �g / . We definetime-normalizedoverall averagerate

as k���! �#" � = ��$% �k ��! �&" � = � . Othermeasuresarecalculatedin a similar

way.

A. Heuristicsfor SolvingtheDynamicProblem

We have two simpleheuristicsthat a client canuseto
selectfrom asetof existing trees.

1. Shortest:Selectan in-treenodethat is closestto this
nodebasedonthehopcount.

2. Widest: Selectan in-treenodethat hasthe highest
bandwidthpathto thejoining node.

WealsoproposeanotherheuristiccalledGreedy.
First,observe thateachin-treenode - ´ maybein more

thanonemulticasttree. For eachtree
Z
, it hasanassoci-

atedrate g ´ ¿ / . Fromthenodewantingto join themulticast
session,we cangeta widestpathto eachin-treenode - ´ .
Assumingthebandwidthof thispathis e ´ , wecomparee ´
and g ´ ¿ / . If e ´ �±g ´ ¿ / , thenthe pathfrom node - ´ to the
joining nodeis not a bottleneckandtheratewill be g ´ ¿ / if
theclient joins this multicastgroup.If e ´ ³ g ´ ¿ / , thenthe
pathfrom node - ´ to thejoining nodeis a bottleneckand
the ratewill be e ´ if the client joins this multicastgroup.
We noticein thiscasethattherateof theserver is reduced
becauseof thisclient join.

Basedon the above observation, the Greedyheuristic
will let aclientjoin amulticastgroupwith thebiggestben-
efit value.Wedefinethebenefitvalueto be g ´ ¿ / if e ´ �åg ´ ¿ /
and e ´ ��4 / $.g ´ ¿ / ��e ´ * if e ´ ³ g ´ ¿ / , where 4 / is thenum-
ber of clientsalreadyin the multicastgroupfor this tree.
By doing this, we canmakethe largestincreasefrom the
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existing rate.

B. SimulationResults

For thedynamicproblem,wecomparetheperformance
of threeheuristics,Shortest,Widest, and Greedy. As a
comparisonbaseline,we calculatethe performancemea-
sureswith theOptimizedWidestheuristicdescribedin the
static case. It reallocatesclients to servers from scratch
whenever a client joins or leaves. This frequenttreere-
configurationhashigh overheadand potentially disturbs
existing clients,henceit is notparticularlypractical.

Two kinds of topologies,randomand transit-stub,are
generatedby usingGT-ITM. Thereare400nodesin each
graph,amongwhich1 to 32nodesareservers.Thetimeof
aclientin themulticastsessionis exponentiallydistributed
andsois thetimeoutside.By adjustingtheaveragetimein
andout of themulticastsessionof clients,we cancontrol
the averagenumberof clients in the multicastsessionto
beeither5%or 25%of nodesin thegraph.Againweonly
show theresultsfor the transit-stubgraphwith 5% nodes
beingclients.Interestedreaderscanfind similar resultsin
othercasesin [7].

Figure 14 shows the averagerate of clients. We find
that the Widesthasa higheraverageratethanthe Short-
estheuristicandour proposedGreedyheuristicimproves
over Widest. The Recalculatemethodcanadjustthe tree
structurewhenaclient joinsor leaves,soit cangetaneven
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higheraveragerate.
Theinter-receiverfairnessin Figure15hasthesamerel-

ative rankingasthe averagerate. The inter-receiver fair-
nessin theShortest,WidestandGreedyheuristiccasesde-
creaseswhenthenumberincreasesfrom oneto two. The
reasonis thattherategeneratedby theheuristicsdoesnot
increasesclient rateasfastasthetheisolatedrate.

Figure16 shows the bandwidthused.We find that the
Greedyheuristicmay usemore bandwidththan the Re-
calculatemethodwhen the numberof servers is greater
thaneight, thoughtheaveragerateof theGreedymethod
is smallerthanRecalculate.This is becausethepathfrom
theserverto theclientmaybeverylongin theGreedycase
afterseveraljoinsandleavesof clients.It doesnothappen
in theRecalculatecase.

Figure17 shows the the join/leave cost. We calculate
thehopcountof graftingandpruningtreesandgetanav-
eragevalueover timein eachcase.Weknow from theplot
thattheaveragecostby theShortestandWidestheuristics
decreaseswhenthe numberof servers increases.This is
becausethe numberof links to join or leave is decreased
when thereare more servers. The Greedyheuristichas
a higherjoin/leave costthanShortestandWidestbecause
it may choosea longerpath for a higherbandwidthlink
to oneof servers. Whenthe numberof serversincreases,
the join/leave costof Greedyincreases.This is because
with more servers, it hasa larger chanceof selectinga
server fartheraway for a wider path. An interestingre-

sult is in theRecalculatecase.Whenthenumberincreases
from oneto two, thento four, thejoin/leavecostincreases.
This is becausethe clientsmay be allocatedto a farther
away server. When the numberincreasesfrom four, the
join/leave costdecreasesbecauseit is possibleto allocate
clientsto a closerserver. Onepoint worth mentioningis
thatwhile the Recalculatemethodcanget a muchhigher
averagerateandinter-receiver fairness,it hasa very high
join/leavecost,comparedto otherheuristics.Soit maybe
infeasibleto usethe Recalculatemethodin the dynamic
case. Among the threeheuristics,our proposedGreedy
heuristichasmuch betterperformance,while the cost is
closeto others.

VII . CONCLUDING REMARKS

Multicastserverrateadaptationis anapproachto utilize
thenetworkresourcesefficientlyandimproveperformance
perceivedby clients.Weexploretechniquesof usingrepli-
cationto enhancethe capacityof rate-adaptive multicast
servers.Specificallywe studytheproblemof how to allo-
cateclientsto replicatedadaptivemulticastserversin order
to optimizetheperformanceof clients. We prove that the
generalselectionproblemis NP-hardby transformingthe
3-SAT problemto it. We thenpresenttwo interestingspe-
cial casesandgive anoptimalsolutionin eachcase.The
OptimizedWidest is proposedto solve the generalstatic
selectionproblemandits performanceis demonstratedto
be betterthanothersimple heuristics(e.g.,Shortestand
Widest).Wealsostudythedynamicselectionproblemfor
adaptivemulticastserversandproposea Greedyheuristic,
which is shown to beableto improve over otherdynamic
selectionheuristicsby simulations.In futurework we are
interestedin developingpracticalprotocolsto implement
selectionheuristics.
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APPENDIX

I . NP-HARDNESS PROOF OF THE ALLOCATION

PROBLEM

Theorem. Given a network !�" $.& �D(�* , a bandwidth
function c definedon

(
, 4 multicastservers 7 9 �0;3;3;O� 7 = ,& , @ clients B 9 �0;3;3;p� BDC , & , the following problemis

NP-hard: Is therean allocationof clientsto serverswith
server 7K/ operatingat rate gK/ suchthat the total rateof all
theclientsis greateror equalto ` , subjectto the link ca-
pacityconstraintin equation(1)?
Proof. The3-SAT problemisawell-knownNP-hardprob-
lem. Weshow thatthe3-SAT problemcanbetransformed
to theallocationproblem.

Here is the 3-SAT problem: We are given a set of
Booleanvariables,' 9 �3;0;3;<� ' = . A literal is a variable 'Ñ/
or its complement �'Ñ/ . Also given is a setof clauses

� 1 ,
whereeachclausecontainsthreeliterals from threedis-
tinct variables.The problemis: Caneachvariablebeset
to Trueor Falsesothatall clausesaretrue?

Thetransformationis asfollows. Givenany instanceof
3-SAT problem,with 4 variables,and @ clauses,construct
a graph !Î"�$.& �D(�* asshown in Figure18. Set � to be
somebig number(like + C a = ). Thenodeset & contains' /
and �' / (

Z " ���3;0;3;p� 4 ),
� 1 (

� " �x�3;3;0;p� @ ) andauxiliary
nodes(V/ ��) / ��* / (

Z " ���0;3;0;<� 4 ) and + 1 (
� " �x�3;3;0;<� @ ).

For eachvariable'Ñ/ , we have anedgefrom 'Ñ/ to (V/ and
anedgefrom �'Ñ/ to (V/ . Eachhasbandwidth � . Add an
edgefrom (V/ to

) / with bandwidth
�

andan edgefrom
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Fig. 18. NP-hardproofof multicastserver selectionproblem

(�/ to
* / with bandwidth� . For eachclause

� 1 , addan
edgefrom + 1 to

� 1 with bandwidth � . If
� 1 contains

literal � (some' / or �' / ), thenaddanedgefrom � to + 1 .
In thefigure,we show a clause

� ¾ contains �' 9 , 'ÑÜ , �'ÑÞ .
Theserversare 'Ñ/ and �'Ñ/ . Theclientsare

) / , * / and
� 1 .

Theproblemis to decidewhetherwecanfind anallocation
with total rate $.4X²å@ * �d² 4 . It is clearthat thetime to
computethetransformationis polynomial.

Assumewe canfind anallocationwith total rate $.4�²@ * �ë²ç4 . Becauseof constraintsby thebandwidthof the
edgecomingto them,themaximalpossiblerateof

) / is 1,
themaximalpossiblerateof

* / and
� 1 is � . To achieve

the total maximal rateof $'4H²_@ * � ²_4 , they mustall
operateat themaximalrate.For any

Z
,
) / and

* / canonly
receive from servers 'Ñ/ and �'Ñ/ , so either 'Ñ/ or �'Ñ/ must
haverate � andanotherhaverate1. Thefactthateach

� 1
musthave rate � impliesthatat leastoneof literal in

� 1
musthaverate � .

If 'Ñ/ hasrate � and �'Ñ/ hasrate1, we let 'Ñ/ beTrue.
If ' / hasrate1 and �' / hasrate � , we let ' / be False.
Therefore,all literalsoperatingat rate � areTrue. Since
eachclausecontainsat leastone literal with rate � , so
everyclausemustbeTrue.

Conversely, weassumethatwecansetvariablesto True
or False,so that all the clausesareTrue. Let

) / selecta
server (from 'Ñ/ and �'Ñ/ ) that is Falseand

* / selectthe
otheronethatis True.For any clause

� 1 , oneof its literals
mustbeTruebecausetheclauseis True.Let the

� 1 selects
oneof its literal that is True. By verifying againstcondi-
tion (1), wecanseefollowing rateallocationis feasible.If
'Ñ/ is True,wesettherateof ' / to be � andtherateof �'Ñ/
to 1. If 'Ñ/ is False,wesettherateof 'Ñ/ to 1 andtherateof
�'Ñ/ to � . So

) / hasrate1,
* / hasrate � and

� 1 hasrate
� . Sothetotal rateis 4b²,�f4b²��f@Î"�$.4b²�@ * �#²�4 .
Thiscompletestheproof.
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