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Today
=

1. Unconstrained Optimization: General
2. Unconstrained Optimization: Sum-of-Squares
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fUnc:onstrained Optimization: -

General

Optimizing an objective function without constraints, for
general functions.



Optimization

fLearning or training the parameters of a model generally T
boils down to optimization. There is a general theory for this
which covers many of the cases we need in machine

learning.

The general form of optimization problem we’ll consider is:

Find r* = argmingcpo f(x) (1)
subject to ci(x) =0, i=1,.... M (2)
ci(x) >0, 1=M+1,...,N. (3)

Maximization and minimization are interchangeable by
negating f(z), so we’ll assume we’re always minimizing.

o -
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Unconstrained Optimization Cases

o o

o

Root-finding
Univariate functions

Multivariate smooth functions
s Second-derivative methods
s First-derivative methods
» Non-derivative methods

Multivariate non-smooth functions
Sums of squares
Latent-variable functions

=

-
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Smooth: Canonical Algorithm
-

Assume for now that f(z) is twice differentiable. Let x; be
the current estimate of +*. A descent method imposes the

descent condition, that on the k" iteration f(x;) < f(zp_1).
We'll use the shorthand f. = f(x).

=

All of the methods we’ll consider have this general form of
iteration:

Test for convergence. If the conditions are satisfied, stop and
return ;..

Compute a search direction. A vector p;.

Compute a step length. A scalar «;, such that
fop + agppr) < fog).

LUpdate the estimate of the minimum. Set rp, 1 = 1 + appk. J
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Smooth: Canonical Algorithm

L .

et’s denote the gradient as

of a_f)T ”

dr;  Oxp

o) = Vi) =

and the Hessian as

( 0°f _0°f
Ox? " Orizp
H(x)=vf(x)=] 1 |- (5)
_0°f o°f
drpri Oy

The Hessian matrix of f(x) can also be described as the
Jacobian matrix of g(z). Higher-order derivatives are rarely
Lneeded In standard optimization methods. J
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Smooth: Canonical Algorithm
-

To satisfy the descent condition, p;, and «; must have
certain properties. One way to ensure it is to require that p;
be a descent direction at z, i.e. a vector satisfying

=

9i pr < 0, (6)

roughly because by Taylor’'s Theorem,

f(zr +p) = fr + gip. (7)

The step length o, must have the property that

f(xg + orpr) < flx). (8)

o -
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Convergence Rate

=

fIt can be shown under some conditions that the canonical
algorithm converges, i.e. the sequence {z;} — z*, but the
efficiency of the method depends on the number of
iterations required.

The sequence {z;} Is said to converge with order » when r
IS the largest number such that

. %k
0 < lim 2k — 2"l 9)
k—oo ||z — x*||”

If r = 1, we say we have linear convergence. If r = 2, we
say we have quadratic convergence.

o -
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Convergence Rate

-

If the sequence {z;} has order of convergence r, the T
asymptotic error constant is the value ~ that satisfies

L *k
e
k—oo ||xp — x*||"

¥ = (10)

When r = 1, v must be stricly less than 1 in order for
convergence to occur. If v =0when r =1, we call it

superlinear convergence. A convergence rate greater than

1 implies superlinear convergence. Quadratic convergence

means, roughly, that eventually the number of correct digits
In x;, doubles at each step.

o -
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Smooth: Second-Derivative M ethods
- o

Suppose we have the second derivative of f. We can
approximate f using Taylor's Theorem by

1

flog+p) =~ fu+gip+ ipTHkp- (11)

The minimum of the right-hand side will be achieved if p;, Is
a minimum of the quadratic function

o(p) = gip+ =p' Hyp. (12)

o -
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Smooth: Second-Derivative M ethods

fIt can be shown that a stationary point, a point where the T
gradient is zero, of ¢(p) satisfies the linear system

Hppr = —9gk- (13)
A method choosing p;. this way Is called a Newton method.

Newton’s method converges quadratically to z* if zq IS
sufficiently close to z*, the Hessian matrix is positive
definite at «*, and the step lengths {«;} converge to 1.

o -
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Smooth: Second-Derivative M ethods

fA symmetric matrix A is positive definite if all its eigenvaluesT

are positive; then for any vector z, ! Az > 0, and all the
diagonal elements are positive. If all the eigenvalues are
non-negative we say it is positive semi-definite. If some are
positive and some negative we say it is indefinite.

If the Hessian is not positive definite, the quadratic model
may not have a minimum and the method will not converge.
In other words, this approximation is a poor one for f.

To deal with this, we can instead use a related matrix which
IS positive definite. Under certain conditions this will allow

the method to converge. We can obtain such a matrix from
factorizations such as the SVD and Cholesky factorization.

o -
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Smooth: First Derivative M ethods
-

What if we don’t have the ability to use second derivatives?

=

Consider the first-order approximation

flog +p)~ fu +gip. (14)

Given a step size, we’d like to choose p so that g,{p IS large
and negative, but somehow not consider large multiples of

the same direction. One way to to find min, ﬁﬁ, which for
the norm ||p|| = /p!p yields
Pk = —9k- (15)

Using this choice of direction yields the steepest-descent
method.
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Smooth: First Derivative M ethods
- o

Unfortunately steepest-descent has linear convergence,
and is slow in practice.

It turns out we can make a discrete Newton algorithm which
IS essentially equivalent, including quadratic local
convergence, by approximating the Hessian matrix by
finite-differences of the gradient.

A forward-difference approximation to the i** column of H;
IS given by the vector

g(zp + hei) — glar)
h

2 = (16)

where h is the finite-difference interval and the " unit
L/ector e; 1S the finite-difference vector. J
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Smooth: First Derivative M ethods

The matrix Z whose " column is z; will not be symmetric in
general, so to approximate the Hessian we use

H, = % (Z + ZT) . (17)

How to choose ~? It should go to zero as ||g|| goes to zero,
but not be so small as to cause numerical problems. It is its
own art. However, it is not critical for approximating the
Hessian.

o -
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Smooth: First Derivative M ethods

L .

Quasi-Newton methods represent another approach, where
the local curvature information provided by the Hessian
matrix is computed on the fly without explicitly forming the
Hessian matrix.

Let s, = x4 — xj, be the step taken from x;, and let
21 = gr+1 — gk denote the change in gradient. Expanding
the gradient function about x;,

g(xy + sg) = gr + Hpsp + . .. (18)

The curvature of f along s is given by s’ Hy.s, and can be
approximated using only first-order information:

L st Hysk ~ (9(vg + sk) — gr)” sk (19)J
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Smooth: First Derivative M ethods
B

fBased on this, we have the guasi-Newton condition for an

approximate Hessian H,,, which will start as the identity
matrix and keep getting updated as we get curvature
Information:

Hpy1s = 2k (20)

One derivation which enforces symmetry yields the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) update rule:

~ ~ 1 ~ ~ 1
Hyiy1 = Hp — = HkSkSZHk T+ —F zkzg (21)
5. Hy.s; 2L Sk

o -
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Smooth: First Derivative M ethods

What if we don’t even want to store a matrix like f]k at all?

The conjugate gradient method can achieve this, by only
using evaluations of the gradient vector.

It can also be viewed as a method for finding the solution of
a linear system, without explicitly computing the elements
of the matrix, only products of matrix and a vector.

Conjugate gradient is formally superlinear but behaves
linearly in practice.

o -
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Smooth: No-Derivative M ethods

-

Suppose f is a smooth function, but we don’t have the first
derivative, perhaps because the function value is the result
of a complex calculation, like a simulation.

=

We can replace the gradient by a finite-difference
approximation, whose j** component is defined by

Gi(ep) = flxp + he}JL') — f(wk) (22)

In this setting, choosing a good A is important. Fortunately,
good methods exist.

o -
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Non-Smooth: No-Derivative M ethods
o o

uppose f is not a smooth function, i.e. and this is why we
don’t have the first derivative.

We’ll make an algorithm which only uses evaluations f(x) of
the function, which we’ll call the polytope algorithm, more
often known as the “simplex method”.

At each iteration we have n + 1 points x1, xo, ..., Tn+1, Which
we can think of as vertices of a polytope, ordered such that

Jn+1 2> fn > f1

o -
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Non-Smooth: No-Derivative M ethods
=

Let c = + Y, z; denote the centroid of the best n points. On

each iteration a new reflection point z, Is generated, for
some « > 0 according to

T, = c+ alc— Tprl). (23)

1. If =, IS a new best point, for some 5 > 1 choose an
expansion point

re = c+ Bz, — c). (24)

Replace z,.1 by whichever of x,. and z. produced a
smaller function value.

o -

CSE 6740 Lecture 19 — p. 22/



Non-Smooth: No-Derivative M ethods
- o

. If z, Is a new worst point, assume the polytope is too big,
choosing for some 0 < v < 1 a contraction point

Te = c+ (T — ) (25)

unless f. > f,,+1, In which case use z,,1 instead of x,.
3. Otherwise, x, replaces =, 1.
4. Repeat.

Surprisingly effective, though much less efficient than if we
had the first derivative. A number of tweak parameters.

o -
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Non-Smooth: No-Derivative M ethods
- o

The basic idea of simulated annealing is that we should
always take downhill steps but occasionally also take uphill
steps to avoid getting stuck in local minima.

A candidate “configuration” z;; IS accepted with probability

min (exp { — (f(xk+1) — f(zx)) /T}, 1) (26)

where T' Is the temperature, controlling the amount of
random exploration. Notice that if f(xr11) < f(x), thisis 1.

There is an annealing schedule which decreases 7' by
some amount AT after each K samples. These are tweak
parameters.

o -
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Non-Smooth: No-Derivative M ethods
- o

0 use this idea within a discrete problem, we need only
specify how new solution candidates are chosen.

Here is one way to use this idea within a continuous
problem.

We can modify the polytope algorithm so that we add a
positive logarithmically distributed random variable,
proportional to 7', to the stored function value for each point
In the polytope, and we subtract a similar random variable
from the function value of each new candidate point. In the
limit 7" — 0, this is the usual polytope algorithm.

o -

CSE 6740 Lecture 19 — p. 25/



Non-Smooth: No-Derivative M ethods
B o

In the world of discrete optimization problems, hill-climbing
refers to the idea of looking locally around x;, and choosing
from those points a x;,; which moves downbhill.

Genetic algorithms form another approach, in which a
population of solution candidates is kept, and new solution
candidates are chosen from them either by taking random
local moves around existing candidates (“mutation”) or
splicing together the vectors of two existing solution
candidates (“cross-over”). There is a higher chance of
choosing candidates with better function values (“fitness”).

Genetic programming refers to genetic algorithms which
operate on solution candidates which are represented by
uariable-size objects such as trees, rather than fixed-length J
ectors.
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Non-Smooth: No-Derivative M ethods

~

-

here is little to no rigorous work on these methods, either

theoretically or empirically. For example it is not clear that
they have been compared to the polytope method.

T
O

T

nere are better methods for discrete (“combinatorial”)
ntimization.

nese include WalkSAT, CHAFF, BDD-based search

methods, and PIBL, but this is outside our current scope.

-
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fUnc:onstrained Optimization: -

Sum-of-Squares

Now let’s consider things more specific to statistics/learning.



Sum-of-Squar es Problems

-

Suppose we are minimizing squared-error loss (using our
statistical notation) — then we want to find

=

— mmz (f@ r;) — fol :EZ))Z. (27)

Now using our optimization notation, this will be

N
v = min Y (Balt) - 6a(t) 29
1=1

o -
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Sum-of-Squar es Problems
-

we’ll write that our objective function f has the form T

25 2= |6(2)|f3 (29)

where §;(z) = ¢z (t;) — ¢z (L)

We'll assume that ||6(x)||* will be “small”. If that is the case,
methods specialized for this problem will be more effective
than the general unconstrained optimization methods,

because we can take advantage of the special structure of
the gradient and Hessian matrix.

o -
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Sum-of-Squar es Problems
-

Denote the N x D Jacobian matrix of é(x) by J(x), and let T
the matrix H;(x) denote the Hessian matrix of ¢;(x). Then

g(z) = J(x)"s(x) (30)
H(z) = J(@)' J(z)+ Q(z), (31)
where Q(z) = S\, 6i(z)H;(z). Thus there is a

decomposition of the Hessian into a first-order term

J(x)! J(x) and second-order term Q(x). The first-order term
dominates when ||§(z*)||? is small, roughly speaking,
comparable to the largest eigenvalue of J(z*)! J(z*).

o -
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Sum-of-Squar es Problems
B

fLet’s make a Newton method for this special case. The
Newton direction is then the solution of

(JiE Tk + Qr)pk = —J . (32)

If ||0x|| tends to zero as x;. approaches the solution, the
matrix (), also tends to zero. Then the Newton direction
can be approximated by the solution of

(JET)pr = =T 6y, (33)

or min, ||Jip + ¢||*. Choosing this direction is called a
Gauss-Newton method.

If J;. Is full-rank and f(z*) = 0 this has quadratic
convergence even though it only uses first derivatives. J
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Sum-of-Squar es Problems
5

One generalization is the Levenberg-Marquardt method. T
Here the search direction is the solution to

(Jgjk+Ak])pk = —Jg5k, (34)

where )\ IS a non-negative scalar. If A, Is zero, we have the
Gauss-Newton method. As A\, — oo, p,, becomes parallel to
the steepest-descent direction.

A IS chosen in a way which is intended to use
steepest-descent when far from the minimum and
Gauss-Newton near the minimum.

If Gauss-Newton-type assumptions are not applicable, we
can also approximate the Hessian with a Quasi-Newton

Lapproximation to Q. J
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Main Things You Should Know

f.’W

s W
s W
s W
s W

nat Newton’s method is

nat steepest descent is

nat the polytope method is
nat Levenberg-Marquardt is

nat quasi-Newton is

=



Sample Final Questions

- .

1. (T/F) Newton’s method requires the second derivative
of the function.

2. (T/F) Levenberg-Marquardt is for sum-of-squares
functions.

3. (T/F) The EM algorithm is for latent-variable functions.

o -
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