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Quiz Answers

- .

1. The Central Limit Theorem is only about Gaussian
random variables. F.

2. A statistic Is not a random variable. F.
3. A learned model is not a random variable. F

o -
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Miscellanea

=

fUnbiasedness versus consistency: Bias must go to zero to
achieve consistency. But just being unbiased doesn't imply
consistency. And consistency may only imply asymptotic
unbiasedness.

Asymptotic unbiasedness: if we converge in distribution to a
distribution whose mean is the right value.

o -
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Today
=

Today we'll look at the parts of parts of one machine
learning problem, learning a mixture of Gaussians:

=

Task: density estimation

Model class: set of all possible mixtures of Gaussians with K
components

Loss: likelihood
Optimizer: EM algorithm
Generalization mechanism: cross-validation

o -
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Today
B

. Mixture of Gaussians and graphical models (What's an
example of a more complex model?)

. The likelihood (An important loss function)
. The EM algorithm (What's an example of an optimizer?)

. Generalization and model selection (How do we
minimize future error?)

-
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fI\/Iixture of Gaussians and -

graphical models

What's an example of a more complex model?



Gaussian Distribution

-

Recall the univariate Gaussian: X N (; 2)if

f(x)= N(: Z)Z—Pl?exp x )

for 2 R; > 0.

(1)



Multivariate Gaussian Distribution

-

Recall the univariate Gaussian: X N (; 2)if

=

1 1
fxX)= N(; 9= —P=exp 5 2(X )2 (2)
for 2R; > 0.
Multivariate Gaussian: X N (; ) |If
_ 1 1 T 1
f(X) - J j1:2(2 )D:2 eXp é(x ) (X ) (3)

for 2RP; aD D symmetric, positive de nite matrix.
ThenE(X)= andV(X) =
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Graphical models

o .

Graphical models refers to a graph-based representation of
statistical models.

Circles denote continuous-valued random variables,
sguares denote discrete rv's, clear means hidden, and
shaded means observed.

Fx)=1 (x)=1()= 1(x; )= N( ) (4)

O
o -
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Mixtures of Gaussians

-

What if the underlying density is something more
complicated? We could consider a mixture of Gaussians
with K components:

=

P(C=k) = « (5)
f(XjC=K) = N(x ¥ (6)
X X
f(X) = f(X]JC=K)P(C=Kk)= N @
k=1 k=1
P

where | (=1

C

o ""6 -
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" The Likelihood

An important loss function.



Parametric Estimation

-

We assume a model class F, such as set of all possible
Gaussians, which has a parameter space

= f(; ): 2R; > 0g. We will call this parametric
estimation since there is a nite number of parameters.

=

Often we are only interested in some function T( ). For
example, the mean, or some function of it. Then Is the
parameter of interest and is called a nuisance parameter.

Many ways exist to create an estimator for a model. One is
called the method of moments. But the most popular is
maximum likelihood estimation.

o -
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The Likelihood Function

et Xq;:::; XN be lID with PDFf (xj ) orf (x; ). The T
likelihood function is dened by Ly ( jx) orLn( ;Xx) or

W
Ln( )= T(Xi ), (8)
=1

or L( jx)= f(xj).

The likelihood function is just the joint density of the data,
except that we treat it as a function of the parameter
Ly o 71 [0;1).

It is not a density function in general; it does not necessarily
Integrate to 1 with respectto . J
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Using/Interpreting the Likelihood
=

If X i1s discrete, then L( jx) = P (X = x). If we compare theT
likelihood at two parameter values ; and > and nd that

Pl(X:X): L( yyx) >L( 9Jx) = PZ(X:X) (9)

then the sample we actually observed is more likely to have
occurredif = qthanif = 5. This can be interpreted as
saying that 1 is a more plausible guess than ».

For continuous X , we have

P (X <X<X + ) L( 1JX)
P (X <X<x + ) L(2x)

(10)

However, in general we don't interpret likelihoods as
~ probabilities for . o
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Maximum Likelihood Estimator

. .

The maximum likelihood estimate (MLE) by, is the value of
that maximizes Ly ( ).

The log-likelihood functionis de ned by Iy ( ) =log Ly ( ).
Its maximum occurs at the same place as that of the
likelihood function.

The same is true of the likelihood function times any
constant. Thus we shall often drop constants in the
likelihood function.

The log-likelihood is also sometimes called the
cross-entropy or deviance in the context of classi cation.

o -
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Likelihood as Loss Function

-

We can think of maximizing the likelihood as also tting in T

our framework of minimizing loss (error), since maximizing
the likelinood

W
LnC) = 10K ) (11)
i=1
IS equivalent to minimizing
X
INn( )= logf(Xi; ): (12)

1=1

Thus, the likelihood is a loss function summed over the
data, like any other. Maximizing the likelihood is also

asymptotically equivalent to minimizing a quantity called theJ
ullback-Liebler divergence, to be described.
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Gaussian Example
- o

Let X1;:::: XNy N (; 2). The parameteris =(; )and
the likelihood function (ignoring some constants) is

Y o1 1
LnG ) = Sexp 5K ) (13)
i
( )
_ N 1 X 2
= exp 53 Xi ) (14)
I
NS? (X )?
= Vexp —= exp > (15)

where X is the sample mean and S? is the sample
¥aﬂance,becagse

X )P= (X X+ X )P=NSPENXX )2

CSE 6740 Lecture 3 —p.17/5



Gaussian Example
E

he log-likelihood is

NSZ2 N(X 2

Solving (analytically) the equations

(5 ) (5 )

=0 and =0; (17)

we ndthat b= X and b = S. It can be veri ed that these
are global maxima of the likelihood.

o -
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Numerical maximization

fNow consider a mixture of Gaussians: T
X
f(x) = k (X ki k) (18)
k=1
P

where |, g =1.

The MLE can't be found analytically in this case. So we
maximize numerically. The EM algorithm (to be described

later) is commonly used for likelihood maximization in this
kind of model.

Estimators that are the result of maximizing something are
called M-estimators.

o -
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" The EM Algorithm

What's an example of an optimizer?



Mixture of Gaussians

-

The EM algorithm is an example of an optimizer, for a
special case: maximizing the likelihood, for a model with
hidden variables. In the mixture of Gaussians model, the
“*hidden” variable is the class label:

=

X
P(C=k) = ; Kk =1 (19)
K
F(XiC=k) = N(x §) (20)
X X 2
f(X)= f(XJC =Kk)P(C=Kk)= KN( ki §) (@)
k=1 k=1

o -
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Mixture of Gaussians

- .

ecall Bayes rule, which gives
f (xj)C = K)P(C=k)
f(x) |

This value is the probability that a particular component k
as responsible for generating the point x, and satis es

Ezl P(C = kjx) =1. We'll use as a shorthand

P(C = kjx) =

(22)

wixk  P(C = KJxj): (23)

o -
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Mixture of Gaussians

-

We'll consider a simpli ed case where the covariances are
xed to be diagonal with all dimensions equal, = ZI, so

. 1 ix o kii?
fF(XJIC=Kk)=N( k5 «)= — exp
@ P2 2§
(24)
and

X 1 ' 2
J] X kJJ

f(x)= K — exp (25)
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Maximum Likelihood, Identi ability
-

We want to nd the parameters = f ; k; «gwhich
maximize the likelihood

=

W
LC)= T (Xi); (26)
=1

or L( jx)= f(xj ).

Unfortunately there exist parameter settings for which the
likelihood goes to in nity, for example when one of the
Gaussian components collapses onto one of the data
points. Also there may be several parameter settings with
identical likelihoods. We'll just ignore all this and proceed,
because it turns out to be ne in practice.

o -

CSE 6740 Lecture 3 — p.24/5



Minimizing the Negative Log-likelihood

fIt IS equivalent to minimize the negative log-likelihood T
X
E logL( ) = logf (Xj) (27)
i=1
I
W !
= log f (XijC = k)P(C = k) (28)
i=1 k=1

Since this error function is a smooth differentiable function

of the parameters, we can employ its derivatives to perform
unconstrained optimization on it.

o -
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Minimizing the Negative Log-likelihood
- o

or the centers | we obtain

@E _ X (kK Xi)

— = Wik 5 (29)
@ k i—1 k
and for the | we obtain
@E X\I D "X' .. 9
e _ Wy — JJ X . klJ : (30)
K= K k



Minimizing the Negative Log-likelihood
B o

Optimizing for the mixing parameters | must be done
subject to the constraints

X

k=1, (31)
k=1
0 Kk L (32)



Minimizing the Negative Log-likelihood

fThis can be done by representing the mixing parameters in T
terms of a set of auxiliary variables | such that

k = P ; (33)

This is called the logistic or softmax transformation. It en-

sures for 1 « 1 thatthe constraints on | hold.

o -
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Minimizing the Negative Log-likelihood

fUtiIizing T
== G =k - 34
@ il (] ) K j (34)
and the chain rule consequence
X |
@E: QEQ@; (35)
Qr ., @ Ok
we can obtain
@e_ X
— = : . 36
a. | (Wik k) (36)
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Minimizing the Negative Log-likelihood
-

fNote that, at this point we are armed with derivatives, so we
can use standard optimizers.

The EM algorithm does not actually require these
derivatives in its nal form (though we will consider these
derivatives in our derivation which gets us there).

o -
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Conditions at the Optimum

-

It is insightful to see what the maximum likelihood solutions
look like; when these derivatives are zero we have

=

P . .
by = -P WV'\‘;:(' (37)
gl
2 = L iwiiixi i® 38
K i Wik
1 X
by = N Wi (39)

which represents the intuitively satisfying result that they

are the usual mean and standard deviation where the

points are weighted by the posterior probabilities of being
Lgenerated by each component. J
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EM: Recurrence ldea
B

fThe previous equations can be interpreted as a recurrence,
since parameter values pop out on the left-hand side, and
parameter values underlie the wy, on the right-hand side.
We can imagine an alternating scheme: on each iteration
“*new” values are computed based on the “old” values from
the last iteration.

There is a more formal derivation which we will show in a
later lecture, based on the idea of bound optimization or
majorization.

o -
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EM Algorithm for Mixture of Gaussians

o .

We arrive at the following update equations:

yoldy.
Eew — pi Ikoldl (40)
FjWik
Id.. . ..2
( 2)new _ 1 iWic|)<DUX' EGW” (41)
k - D ' iW_Okld
|
1 X
N w3 (42)



EM Algorithm Steps
-

These comprise the Expectation-Maximization (EM)
algorithm for the case of mixtures of Gaussians. The
“expectation step” (E-step) consists of evaluating the
conditional probabilities wy, using the last values of the
parameters. The “maximization step” (M-step) consists of

the updates to the parameters which move toward the local
maximum.

=

o -
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fI\/Iodel Selection and

Generalization

How do we minimize future error?



Model (Class) Selection

fHow many components K should we use? We could say T
that our model class is the set of all possible mixtures with a
parameter K thrown in. However, this is no longer a nite
number of parameters; we'll consider this scenario
(nonparametric estimation) separately.

So we usually consider parameter selection (e.g. choosing
=( ; ) ) separately from model selection (e.g. choosing
K or choosing between two different kinds of distributions).
The extent to which these two processes should be different

or the same is subtle and we will talk about this more.

o -
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Training and Testing

target/class
A
B
| ) model
training
A arn
dataset . le
B
test ? B
dataset ? B
? B
g apply A
! model &

Recall the meaning of training and testing.

-
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Training and Test Error
E

est error, or generalization error, or prediction risk, is the T
expected error over an independent test sample drawn from
the same distribution as that of the training data:

RM)= EL P(M)Y (43)

Training error is the average loss over the training data:

X
Re(M)= = L M)y (4)

N 1=1

o -
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Training and Test Error

test error

errTor

training error

>
model complexity

Our goal: nd the model M which minimizes the test error:
LinfM R(M). This is called model selection. J
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Training and Test Error

test error

errTor

training error

>
model complexity

We call choosing a suboptimal model over tting or

Lunder tting . J
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Training and Test Error

test error

errTor

training error

>
model complexity

In L» loss (coming up): too-simple models give too much
Lbias, and too-complex models give too much variance. J
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Training and Test Error

test error

errTor

training error

>
model complexity

The training error is a downward-biased estimate of the
~ prediction risk: Ri (M) <R (M). o
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Model Selection and Assessment

-

To perform model selection, we just need to know the
relative values Of the test error for different models.
Asymptotic approximations can sometimes be useful for
comparing the test error for different models.

=

These are generally not good estimators of the actual values
of the errors. Asymptotic arguments are generally not good
enough to give us good nite-sample estimates, except
possibly for very simple models, such as linear regression.
For this we will turn to resampling methods.

Of course if we have a good way direct estimator of the test
error, we can use it for model selection. We should when
we can.

o -
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Optimism of the Training Error

fThe optimism of the training error is T
op(M) =  bias(Ry(M)) (45)
= E Ry(M) R(M) (46)
X
= NE Cov(%;Y) (47)
i=1
X
= 2T E (M EM(v EV)

In other words, the amount by which Fl?tr(M) underestimates

R(M) depends on how strongly y; affects its own prediction.
LThe harder we t the data, the greater the optimism will be. J
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Optimism of the Training Error

- .

n general we have

R(M) = ERy(M)+ op(M) (49)
lack of t + complexity penalty (50)

Thus to select the model we can:
1. obtain an estimate 6p(M), or
2. directly estimate R(M) some other way.
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Asymptotic Approach

fFirst, let's try to estimate the optimism asymptotically. T

Under squared-error loss, with the error model Y = f (X) +
where the error has zero mean and variance 2,
2 X iMj

op(M) = & Cov(®:;Y) = 2= (51)
=1

where M | Is the number of parameters of the model.

o -
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Mallows' C, Statistic

-

This leads to an estimate of R(M) called Mallows' C,
statistic:

=

IMj
N
where b? is obtained from the MSE of a low-bias (complex)

model.

Cp(M) = Ry (M) +21="b? (52)
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AIC Statistic
-

Suppose we are using the log-likelinood for our loss:
|

=

W | X
(M) =log L(M) =log f(Xi;M) = logf (X;; M):
i=1 i=1
(53)
(Actually we use 2I(M).)
IfM = fF ;PBg, itturns outthatas N 11 |
2E logf (X ;M) ZEP[ (Mp) + ZjM—j (54)
) r N

where Pis the MLE for F and R.(My) is the likelihood on the

training data.
T -

CSE 6740 Lecture 3 — p.48/5!



AIC Statistic
-

This leads to an estimate of R(M) called Akaike's T
Information Criterion (AIC):

AIC(M) = Ry (Mp) +2 ”\N/l—Jbz (55)

where b? is obtained from the MSE of a low-bias (complex)
model.

This is the same as Mallows' C,, statistic except that it holds
under broader assumptions (it is a generalization). Note

however that this does not hold in general, for example, for
0-1 loss.

Note that AIC Is not consistent, I.e. does not choose the
Lright model asymptotically. J
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Finite-Sample Risk Estimation
-

fWe can also use try to directly estimate the test error using
the actual data we have.

Suppose we had in nite data. We could use a chunk of it to
train a model and a chunk of it (a validation set) to estimate
the test error of the model.

However, it's never clear when we have enough data to be
able to throw some away. So we simulate validation sets by
resampling. Cross-validation and the bootstrap are
examples of this approach. They directly estimate R(M).

o -
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Cross-Validation
-

V-fold cross-validation splits the data into V roughly
equal-sized chunks, using each chunk in turn as the
validation set while taking the remainder as the training set.

=

Denote by fbMV(x) the estimate using the model M trained

on the data with the vi" part removed. Then the
cross-validation estimate of the test error iIs

1R R
CV(M) = Ly, (%) (56)
v=l i=1

o -
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Cross-Validation

V-fold cross-validation requires running V training
optimizations.

o



Cross-Validation: Choice ofV?
-

V = N Is called leave-one-out cross-validation (LOOCV). It
IS approximately unbiased, though some argue it can have
high variance. LOOCV and AIC can be shown to be
asymptotically approximately equivalent.

=

It iIs computationally intensive in general. For linear models
of the form = Ay for some matrix A under squared-error
loss, there is a convenient approximation called generalized
cross-validation.

Having too small a value for V will overestimate R(M ),

because smaller training sets yield poorer estimators. Often
V =10 is chosen as a compromise.

o -
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Main Things You Should Know

nat a mixture of Gaussians is T
nat the EM algorithm is for, and its iterative form
nat AIC IS

nat cross-validation is

S 2



Quiz

1. (T/F) A mixture of Gaussians with K components is a
parametric model class.

2. (T/F) The EM algorithm is for optimizing any loss
function.

3. (T/F) The output of running cross-validation is an
estimate of R(M) for a model M .

- .

o -
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