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Abstract

In previouswork we presentedan ef�cient approachto computingker-
nel summationswhich arisein many machinelearningmethodssuchas
kerneldensityestimation.Thisapproach,dual-treerecursionwith �nite-
differenceapproximation,generalizedexistingmethodsfor similarprob-
lemsarisingin computationalphysicsin two waysappropriatefor sta-
tistical problems:towarddistribution sensitivity andgeneraldimension,
partly by avoiding seriesexpansions.While this provedto bethefastest
practicalmethodfor multivariatekerneldensityestimationat theoptimal
bandwidth,it is much lessef�cient at larger-than-optimalbandwidths.
In this work, we explore theextent to which thedual-treeapproachcan
beintegratedwith multipole-likeHermiteexpansionsin orderto achieve
reasonableef�ciency acrossall bandwidthscales,thoughonly for low di-
mensionalities.In theprocess,we derive anddemonstratethe �rst truly
hierarchicalfastGausstransforms,effectively combiningthe besttools
from discretealgorithmsandcontinuousapproximationtheory.

1 FastGaussianSummation

Kernelsummationsarefundamentalin bothstatistics/learningandcomputationalphysics.

This paperwill focuson thecommonform G(xq) =
N RP

r =1
e

�jj x q � x r jj 2

2h 2 i.e. wheretheker-

nel is theGaussiankernelwith scalingparameter, or bandwidthh, thereareN R reference
pointsxr , andwedesirethesumfor NQ differentquerypointsxq. Suchkernelsummations
appearin awidearrayof statistical/learningmethods[5], perhapsmostobviouslyin kernel
densityestimation[11], themostwidely useddistribution-freemethodfor thefundamental
taskof densityestimation,whichwill beourmainexample.Understandingkernelsumma-
tion algorithmsfrom arecentlydevelopeduni�ed perspective[6] beginswith thepictureof
Figure1, thenseparatelyconsidersthediscreteandcontinuousaspects.

Discrete/geometricaspect.In termsof discretealgorithmicstructure,thedual-treeframe-
work of [5], in the context of kernelsummation,generalizesall of the well-known algo-
rithms. 1 It wasappliedto theproblemof kerneldensityestimationin [7] usinga simple

1TheseincludetheBarnes-Hutalgorithm[2], theFastMultipole Method[8], Appel's algorithm
[1], andtheWSPD[4]: thedual-treemethodis anode-nodealgorithm(considersqueryregionsrather
thanpoints),is fully recursive, canusedistribution-sensitive datastructuressuchaskd-trees,andis
bichromatic(canspecializefor differingqueryandreferencesets).



Figure1: Thebasicideais to approximatethekernelsumcontribution of somesubsetof the ref-
erencepointsX R , lying in somecompactregion of spaceR with centroidxR , to a querypoint. In
moreef�cient schemesa queryregion is considered,i.e. theapproximatecontribution is madeto an
entiresubsetof thequerypointsX Q lying in someregion of spaceQ, with centroidxQ .

�nite-dif ferenceapproximation,whichis tantamountto acentroidapproximation.Partially
by avoiding seriesexpansions,which dependexplicitly on the dimension,the resultwas
thefastestsuchalgorithmfor generaldimension,whenoperatingat theoptimalbandwidth.
Unfortunately, whenperformingcross-validationto determinethe(initially unknown) op-
timal bandwidth,both suboptimallysmall andlarge bandwidthsmustbe evaluated.The
�nite-dif ference-baseddual-treemethodtendsto beef�cient ator below theoptimalband-
width, andat very largebandwidths,but for intermediately-largebandwidthsit suffers.

Continuous/approximation aspect. This motivatesinvestigatinga multipole-like series
approximationwhich is appropriatefor the Gaussiankernel,asintroducedby [9], which
canbeshown thegeneralizethecentroidapproximation.We de�ne theHermitefunctions
hn (t) by hn (t) = e� t 2

Hn (t), wherethe HermitepolynomialsH n (t) arede�ned by the
Rodriguesformula: H n (t) = (� 1)n et 2

D n e� t 2
; t 2 R1. After scalingandshifting thear-

gumentt appropriately, thentakingtheproductof univariatefunctionsfor eachdimension,
we obtainthemultivariateHermiteexpansion

G(xq) =
N RX

r =1

e
�jj x q � x r jj 2

2h 2 =
N RX

r =1

X

� � 0

1
� !

�
xr � xRp

2h2

� �

h�

�
xq � xRp

2h2

�
(1)

wherewe'veadoptedtheusualmulti-index notationasin [9]. Thiscanbere-writtenas

G(xq) =
N RX

r =1

e
�jj x q � x r jj 2

2h 2 =
N RX

r =1

X

� � 0

1
� !

h�

�
xr � xQp

2h2

� �
xq � xQp

2h2

� �

(2)

to expressthesumasaTaylor (local) expansionaboutanearbyrepresentativecentroidxQ
in thequeryregion. We will beusingbothtypesof expansionssimultaneously.

Sinceseriesapproximationsonly hold locally, GreengardandRokhlin [8] showed that it
is usefulto think in termsof a setof three`translationoperators'for convertingbetween
expansionscenteredatdifferentpoints,in orderto createtheircelebratedhierarchicalalgo-
rithm. This wasdonein thecontext of theCoulombickernel,but theGaussiankernelhas
importantlydifferentmathematicalproperties.The original FastGaussTransform(FGT)
[9] wasbasedon a �at grid, andthusprovidedonly oneoperator(“H2L” of thenext sec-
tion), with anassociatederrorbound(which wasunfortunatelyincorrect). The Improved
FastGaussTransform(IFGT) [14] wasbasedona�at setof clustersandthusprovidedonly
theH2L operator, thoughfor a rearrangedseriesapproximationintendedto bemorefavor-
ablein higherdimensions,alsowith anincorrecterrorbound.Wewill show thederivations
of all the translationoperatorsandassociatederror boundsneededto obtain,for the �rst
time,a hierarchical algorithmfor theGaussiankernel.



2 Translation Operators and Err or Bounds

The�rst operatorconvertsamultipoleexpansionof areferencenodeto form alocalexpan-
sioncenteredat thecentroidof thequerynode,andis our mainapproximationworkhorse.

Lemma 2.1. Hermite-to-local (H2L) translation operator for Gaussian kernel (as
presentedin Lemma2.2 in [9, 10]) : Supposewe are given a referencenodeX R and
a query nodeX Q , and given the Hermite expansioncentered at a centroid xR of X R :

G(xq) =
P

� � 0
A � h�

�
x q � x Rp

2h2

�
. Then,the Taylor expansionof the Hermiteexpansionat

the centroid xQ of the query nodeX Q is given by G(xq) =
P

� � 0
B �

�
x q � x Qp

2h2

� �
where

B � = ( � 1) j � j

� !

P

� � 0
A � h� + �

�
x Q � x Rp

2h2

�
.

Proof. (sketch)Theproof consistsof replacingtheHermitefunctionportionof theexpan-
sionwith its Taylorseries.

Notethatwecanrewrite G(xq) =
P

� � 0

�
N RP

r =1

1
� !

�
x r � x Rp

2h2

� �
�

h�

�
x q � x Rp

2h2

�
by interchanging

the summationorder, suchthat the term in the brackets dependsonly on the reference
points,andcan thus be computedindepedentof any query location– we will call such
termsHermite moments. The next operatorallows the ef�cient pre-computationof the
Hermitemomentsin thereferencetreein abottom-upfashionfrom its children.

Lemma 2.2. Hermite-to-Hermite (H2H) translation operator for Gaussiankernel:
Supposewe are given the Hermite expansioncentered at a centroid xR 0 in a reference

nodeX R 0: G(xq) =
P

� � 0
A0

� h�

�
x q � x R 0p

2h2

�
. Then,thissameHermiteexpansionshiftedto a

new locationxR of theparentnodeof X R is givenbyG(xq) =
P


 � 0
A 
 h


�
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2h2

�
where

A 
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0� � � 


1
( 
 � � ) ! A

0
�

�
x R 0� x Rp

2h2

� 
 � �
.

Proof. We simply replacethe Hermite function part of the expansionby a new Taylor
series,asfollows:

G(xq) =
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3

5 h
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xq � xRp

2h2

�

where
 = � + � .



The next operatoractsasa “clean-up” routinein a hierarchicalalgorithm. Sincewe can
approximateat differentscalesin the querytree,we mustsomehow combineall the ap-
proximationsat theendof thecomputation.By performinga breadth-�rsttraversalof the
querytree,theL2L operatorshiftsanode's localexpansionto thecentroidof eachchild.
Lemma 2.3. Local-to-local (L2L) translation operator for Gaussian kernel: Sup-
pose you are given a Taylor expansioncentered at a centroid xQ0 of a query node

X Q0: G(xq) =
P

� � 0
B �

�
x q � x Q 0

p
2h2

� �
. Then, the Taylor expansionobtainedby shift-

ing this expansion to the new centroid xQ of the child node X Q is G(xq) =
P

� � 0

"
P

� � �

� !
� !( � � � )! B �

�
x Q � x Q 0

p
2h2

� � � �
#

�
x q � x Qp

2h2

� �
.

Proof. We expandthepartinvolving xq andxQ0 in a new Taylorseriescenteredat xQ :

G(xq) =
X

� � 0

B �

�
xq � xQ 0

p
2h2

� �

=
X

� � 0

B �

X

� � 0

1
� !

 

D �

" �
xq � xQ 0

p
2h2

� �
#

(xQ )

!
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=
X

� � 0

B �

X

� � �

1
� !

�
1

p
2h2

� �
 

DY

d=1

� D (� D � 1) � � � (� D � � D + 1)

! �
xQ � xQ 0

p
2h2

� �

(xq � xQ ) �

=
X

� � 0

X
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� !
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�
xQ � xQ 0

p
2h2
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xq � xQp

2h2

� �

:

whosesummationordercanbeinterchangedto achievetheresult.

BecausetheHermiteandtheTaylorexpansionaretruncatedaftertakingpD terms,weincur
anerrorin approximation.Theoriginalerrorboundsfor theGaussiankernelin [9, 10] were
wrongandcorrectionswereshown in [3]. Here,we will presentall necessarythreeerror
boundsincurredin performingtranslationoperators.Wenotethattheseerrorboundsplace
limits on thesizeof thequerynodeandthereferencenode.2

Lemma 2.4. Err or Bound for Truncating an Hermite Expansion (as presentedin
[3]) : Supposewe are given an Hermite expansionof a referencenodeabout its cen-

troid xR : G(xq) =
P

� � 0
A � h�

�
x q � x Rp

2h2

�
where A � =

N RP

r =1

1
� !

�
x r � x Rp

2h2

� �
. For a �xed

querypoint xq, theerror dueto truncatingtheseriesafter the �r st pD term is j� M (p)j �

N R
(1 � r )D

D � 1P

k=0

� D
k

�
(1 � r p)k

�
r p

p
p!

� D � k
where each referencedatapoint x r in thereference

nodesatis�esjjx r � xR jj1 < rh for r < 1.

Proof. (sketch)We expandthe Hermiteexpansionasa productof one-dimensionalHer-
mite functions,and utilize a boundon one-dimensionalHermite functionsdue to [13]:
1
n ! jhn (x)j � 2

n
2p
n !

e
� x 2

2 ; n � 0; x 2 R1.

2Strain[12] proposedtheinterestingideaof usingStirling'sformula(for any non-negative integer
n:

�
n +1

e

� n � n!) to lift thenodesizeconstraint;onemight imaginethat this couldallow approxi-
mationof largerregionsin a tree-basedalgorithm.Unfortunately, theerrorboundsdevelopedin [12]
werealsoincorrect.We have derivedthe threenecessarycorrectederrorboundsbasedon the tech-
niquesin [3]. However, dueto space,andbecauseusingtheseboundsactuallydegradedperformance
slightly, we donot includethoselemmashere.



Lemma 2.5. Err or Bound for Truncating a Taylor Expansion Converted fr om an
Hermite Expansion of In�nite Order: Supposewe are given the following Taylor ex-

pansionabout the centroid xQ of a query node G(xq) =
P

� � 0
B �

�
x q � x Qp

2h2

� �
where

B � = ( � 1) j � j

� !

P

� � 0
A � h� + �

�
x Q � x Rp

2h2

�
and A � ' s are the coef�cients of the Hermite ex-

pansioncentered at the referencenodecentroid xR . Then, truncating the seriesafter

pD termssatis�estheerror boundj� L (p)j � N R
(1 � r )D

D � 1P

k=0

� D
k

�
(1 � r p)k

�
r p

p
p!

� D � k
where

jjxq � xQ jj1 < rh for r < 1.

Proof. Taylor expansionof theHermitefunctionyields

e
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Usee
�jj x q � x r jj 2

2h 2 =
DQ

i =1
(up(xqi ; xr i ; xQ i ) + vp(xqi ; xr i ; xQ i )) for 1 � i � D , where

up (xqi ; x r i ; xQ i ) =
p� 1X

n i =0

(� 1)n i

n i !
hn i

�
xQ i � x r ip

2h2

� �
xqi � xQ ip

2h2

� n i

vp (xqi ; x r i ; xQ i ) =
1X

n i = p

(� 1)n i

n i !
hn i

�
xQ i � x r ip

2h2

� �
xqi � xQ ip

2h2

� n i

:

These univariate functions respectively satisfy up(xqi ; xr i ; xQ i ) � 1� r p

1� r and

vp(xqi ; xr i ; xQ i ) � 1p
p!

r p

1� r , for 1 � i � D , achieving themultivariatebound.

Lemma 2.6. Err or Bound for Truncating a Taylor ExpansionConverted fr om an Al-
ready Truncated Hermite Expansion: A truncatedHermite expansioncentered about

the centroid xR of a referencenode G(xq) =
P

�<p
A � h�

�
x q � x Rp

2h2

�
has the following

Taylor expansionabout the centroid xQ of a querynode: G(xq) =
P

� � 0
C�
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x q � x Qp

2h2

� �

where the coef�cients C� are givenby C� = ( � 1) j � j
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�
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(1 � 2r )2D
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� D � k
for a querynodeX Q for which jjxq � xQ jj1 < rh, and

a referencenodeX R for which 8x r 2 xR ; jjxr � xR jj1 < rh for r < 1
2 .



Proof. We de�ne thefollowing for 1 � i � D :

up (xqi ; x r i ; xQ i ; xR i ) =
p� 1X
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Notethate
�jj x q � x r jj 2

2h 2 =
DQ

i =1
(up(xqi ; xr i ; xQ i ; xR i ) + vp(xqi ; xr i ; xQ i ; xR i ) + wp(xqi ; xr i ; xQ i ; xR i ))

for 1 � i � D . Using the boundfor Hermite functionsand the propertyof geometric
series,weobtainthefollowing upperbounds:
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whichcompletestheproof.

3 Algorithm and Results

Algorithm. The algorithm mainly consists of making the function call
DFGT(Q.root,R.root), i.e. calling the recursive function DFGT() with the root
nodesof the query treeandreferencetree. After the DFGT() routine is completed,the
pre-ordertraversalof thequerytreeimplied by theL2L operatoris performed.Beforethe
DFGT() routineis called,thereferencetreecouldbeinitialized with Hermitecoef�cients
storedin eachnode using the H2H translationoperator, but insteadwe will compute
them as neededon the �y . It adaptively choosesamong three possiblemethodsfor
approximatingthesummationcontribution of thepointsin nodeR to thequeriesin node
Q, whichareself-explanatory, basedon crudeoperationcountestimates.Gmin

Q , a running
lower boundon the kernelsumG(xq) for any xq 2 X Q , is usedto ensurelocally that
theglobal relative error is � or less.This automaticmechanismallows theuserto specify
only an error tolerance� ratherthan other tweak parameters.Upon approximation,the
upperand lower boundson G for Q and all its children are updated;the latter can be
donein an O(1) delayedfashionasin [7]. The remainderof the routineimplementsthe
characteristicfour-way dual-treerecursion. We also testeda hybrid method(DFGTH)
whichapproximatesif eitherof theDFD or DFGTapproximationcriteriaaremet.



DFGT(Q; R)
if R.maxside< 2h, pD H = thesmallestp � 1 suchthat

N R
(1 � r )D

D � 1P

k=0

� D
k

�
(1 � r p)k

�
r p

p
p!

� D � k
< �G min

Q , else pD H = 1 .

if Q.maxside< 2h, pD L = thesmallestp � 1 suchthat
N R

(1 � r )D

D � 1P

k=0

� D
k

�
(1 � r p)k

�
r p

p
p!

� D � k
< �G min

Q , else pD L = 1 .

if max(Q.maxside,R.maxside) < 2h, pH 2L = thesmallestp � 1 suchthat

N R
(1 � 2r )2D

D � 1P

k=0

� D
k

�
((1 � (2r )p)2)k

�
((2 r )p )(2 � (2 r )p )p

p!

� D � k
< �G min

Q , else pH 2L = 1 .

cD H = pD
D H NQ : cD L = pD

D L NR : cH 2L = DpD +1
H 2L : cD ir ect = DNQ NR .

if noHermitecoef�cient of orderpD H existsfor X R ,
Computeit. cD H = cD H + pD

D H NR .
if noHermitecoef�cient of orderpH 2L existsfor X R ,

Computeit. cH 2L = cH 2L + pD
H 2L NR .

c = min(cD H ; cD L ; cH 2L ; cD ir ect ).
if c = cD H ,

Evaluateeachxq at theHermiteseriesof orderpD H centeredaboutxR of X R using
Equation1. (DirectHermite)

if c = cD L ,
Accumulateeachx r 2 X R astheTaylorseriesof orderpD L aboutthecenterxQ of

X Q usingEquation2. (DirectLocal)
if c = cH 2L ,

Convert theHermiteseriesof orderpH 2L centeredaboutxR of X R to theTaylorseries
of thesameordercenteredaboutxQ of X Q usingLemma2.1. (Hermite-to-Local)

if c 6= cD ir ect ,
UpdateGmin andGmax in Q andall its children.return .

if leaf(Q) andleaf(R),
Performthenaivealgorithmoneverypair of pointsin Q andR.

else
DFGT(Q.left, R.left). DFGT(Q.left, R.right).
DFGT(Q.right,R.left). DFGT(Q.right,R.right).

Experimental results. We empirically studiedthe runtime 3 performanceof � ve algo-
rithmson � ve real-world datasetsfor kerneldensityestimationat everyquerypoint with a
rangeof bandwidths,from 3 ordersof magnitudesmallerthanoptimalto threeorderslarger
thanoptimal,accordingto thestandardleast-squarescross-validationscore[11]. Thenaive
algorithmcomputesthe sumexplicitly andthusexactly. We have limited all datasetsto

50K pointssothattruerelativeerror, i.e.
�

j bG(xq) � Gtrue (xq)j
�

=Gtrue (xq), canbeeval-
uated,andsetthetoleranceat1%relativeerrorfor all querypoints.Whenany methodfails
to achieve theerrortolerancein lesstime thantwice thatof thenaive method,we give up.
Codesfor the FGT [9] andfor the IFGT [14] wereobtainedfrom the authors'websites.
Notethatbothof thesemethodsrequiretheuserto tweakparameters,while theothersare
automatic.4 DFD refersto thedepth-�rst dual-tree�nite-dif ferencemethod[7].

3All timesincludeall preprocessingcostsincluding any datastructureconstruction.Timesare
measuredin CPUsecondsonadual-processorAMD Opteron242machinewith 8 Gbof mainmem-
ory and1 Mb of CPUcache.All thecodesthatwe have written andobtainedarewritten in C and
C++,andwascompiledunder-O6 -funroll-loops �ags on Linux kernel2.4.26.

4For the FGT, the numberof grid points in eachdimensionwassetto 100 after sometrial and
error basedon the true values(which areunknown in practice). For the IFGT, which hasmultiple



Algorithm n scale 0.001 0.01 0.1 1 10 100 1000
sj2-50000-2(astronomy:positions),D = 2; N = 50000 ; h � = 0:00139506

Naive 301.696 301.696 301.696 301.696 301.696 301.696 301.696
FGT outof RAM outof RAM outof RAM 3.892312 2.01846 0.319538 0.183616
IFGT > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive 7.576783
DFD 0.837724 1.087066 1.658592 6.018158 62.077669 151.590062 1.551019
DFGT 0.849935 1.11567 4.599235 72.435177 18.450387 2.777454 2.532401
DFGTH 0.846294 1.10654 1.683913 6.265131 5.063365 1.036626 0.68471

colors50k(astronomy:colors),D = 2; N = 50000 ; h � = 0:0016911
Naive 301.696 301.696 301.696 301.696 301.696 301.696 301.696
FGT outof RAM outof RAM outof RAM > 2� Naive > 2� Naive 0.475281 0.114430
IFGT > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive 7.55986
DFD 1.095838 1.469454 2.802112 30.294007 280.633106 81.373053 3.604753
DFGT 1.099828 1.983888 29.231309 285.719266 12.886239 5.336602 3.5638
DFGTH 1.081216 1.47692 2.855083 24.598749 7.142465 1.78648 0.627554

edsgc-radec-rnd(astronomy:angles),D = 2; N = 50000 ; h � = 0:00466204
Naive 301.696 301.696 301.696 301.696 301.696 301.696 301.696
FGT outof RAM outof RAM outof RAM 2.859245 1.768738 0.210799 0.059664
IFGT > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive 7.585585
DFD 0.812462 1.083528 1.682261 5.860172 63.849361 357.099354 0.743045
DFGT 0.84023 1.120015 4.346061 73.036687 21.652047 3.424304 1.977302
DFGTH 0.821672 1.104545 1.737799 6.037217 5.7398 1.883216 0.436596

mockgalaxy-D-1M-rnd(cosmology:positions),D = 3; N = 50000 ; h � = 0:000768201
Naive 354.868751 354.868751 354.868751 354.868751 354.868751 354.868751 354.868751
FGT outof RAM outof RAM outof RAM outof RAM > 2� Naive > 2� Naive > 2� Naive
IFGT > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive
DFD 0.70054 0.701547 0.761524 0.843451 1.086608 42.022605 383.12048
DFGT 0.73007 0.733638 0.799711 0.999316 50.619588 125.059911 109.353701
DFGTH 0.724004 0.719951 0.789002 0.877564 1.265064 22.6106 87.488392

bio5-rnd(biology: drugactivity), D = 5; N = 50000 ; h � = 0:000567161
Naive 364.439228 364.439228 364.439228 364.439228 364.439228 364.439228 364.439228
FGT outof RAM outof RAM outof RAM outof RAM outof RAM outof RAM outof RAM
IFGT > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive
DFD 2.249868 2.4958865 4.70948 12.065697 94.345003 412.39142 107.675935
DFGT > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive
DFGTH > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive > 2� Naive

Discussion. The experimentsindicatethat the DFGTH methodis able to achieve rea-
sonableperformanceacrossall bandwidth scales. Unfortunately none of the series
approximation-basedmethodsdo well on the5-dimensionaldata,asexpected,highlight-
ing themainweaknessof theapproachpresented.Pursuingcorrectionsto theerrorbounds
necessaryto usetheintriguingseriesform of [14] mayallow anincreasein dimensionality.
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parameterswhich mustbetweakedsimultaneously, anautomaticschemewascreated,basedon the
recommendationsgivenin thepaperandsoftwaredocumentation:For D = 2, usep = 8; for D = 3,
usep = 6; set� x = 2.5;startwith K =

p
N anddoubleK until theerrortoleranceis met.Whenthis

failedto meetthetolerance,we resortedto additionaltrial anderrorby hand,againusingknowledge
whichis unavailablein practice.Thecostsof parameterselectionfor thesemethodsin bothcomputer
andhumantime is not includedin thetable.


