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Abstract

In previous work we presentedhn ef cient approachto computingker-
nel summationsvhich arisein mary machinelearningmethodssuchas
kerneldensityestimation.This approachdual-treerecursiorwith nite-
differenceapproximationgeneralizeaxisting methodgor similar prob-
lemsarisingin computationaphysicsin two ways appropriatefor sta-
tistical problems:toward distribution sensitvity andgeneraldimension,
partly by avoiding seriesexpansions While this provedto be thefastest
practicalimethodfor multivariatekerneldensityestimatiorattheoptimal
bandwidth,it is muchlessefcient at largerthan-optimalbandwidths.
In this work, we explore the extentto which the dual-treeapproachcan
beintegratedwith multipole-like Hermiteexpansionsn orderto achieve
reasonablef ciency acrossall bandwidthscalesthoughonly for low di-
mensionalitiesln the processye derive anddemonstrat¢he rst truly
hierarchicalfastGausstransforms effectively combiningthe besttools
from discretealgorithmsandcontinuousapproximatiortheory

1 FastGaussianSummation

Kernelsummationsarefundamentaln both statistics/learningndcomputationaphysics.
M i x Xr i 2

This paperwill focuson the commonform G(xq) = e 7 — i.e. wheretheker
r=1

nelis the Gaussiarkernelwith scalingparameteror bandwidthh, thereareNr refeence

pointsx, , andwe desirethesumfor Nq differentquerypointsxq. Suchkernelsummations

appeaiin awide arrayof statistical/learningnethodg5], perhapsnostobviouslyin kernel

densityestimation11], themostwidely useddistribution-freemethodfor thefundamental

taskof densityestimationwhichwill beour mainexample.Understandindcernelsumma-

tion algorithmsfrom arecentlydevelopeduni ed perspectie[6] beginswith the pictureof

Figurel, thenseparatelyonsiderghediscreteandcontinuousaspects.

Discrete/geometricaspect.In termsof discretealgorithmicstructurethedual-treeframe-
work of [5], in the context of kernelsummationgeneralizesll of the well-known algo-
rithms. ! It wasappliedto the problemof kerneldensityestimationin [7] usinga simple

1Theseincludethe Barnes-Hutlgorithm[2], the FastMultipole Method[8], Appel's algorithm
[1], andtheWSPDI[4]: thedual-treemethods anode-nodealgorithm(considersjueryregionsrather
thanpoints),is fully recursve, canusedistribution-sensitre datastructuresuchaskd-trees,andis
bichromatic(canspecializefor differing queryandreferencesets).



Figure 1: The basicideais to approximatethe kernelsumcontritution of somesubsetof the ref-
erencepointsX g, lying in somecompactregion of spaceR with centroidxr, to a querypoint. In
moreef cient schemes queryregionis consideredi.e. theapproximatecontribution is madeto an
entiresubsebf thequerypointsX g lying in someregion of spaceQ, with centroidxg .

nite-dif ferenceapproximationyhichis tantamounto a centroidapproximation Partially
by avoiding seriesexpansionswhich dependexplicitly on the dimension the resultwas
thefastessuchalgorithmfor generadimensionwhenoperatingatthe optimalbandwidth.
Unfortunately whenperformingcross-alidationto determinethe (initially unknown) op-
timal bandwidth,both suboptimallysmall andlarge bandwidthsmustbe evaluated. The

nite-dif ference-basedual-treemethodtendsto be ef cient ator below the optimalband-
width, andat very large bandwidthshut for intermediately-lagebandwidthst suffers.

Continuous/approximation aspect. This motivatesinvestigatinga multipole-like series
approximatiorwhich is appropriatefor the Gaussiarkernel,asintroducedby [9], which

canbe shavn the generalizehe centroidapproximation.We de ne the Hermitefunctions
hn(t) by hh(t) = e “H, (t), wherethe Hermite polynomialsH , (t) arede ned by the
Rodriguesformula: H, (t) = ( 1)" e’De *:t 2 RL. After scalingandshifting the ar-

gumentt appropriatelythentakingthe productof univariatefunctionsfor eachdimension,
we obtainthe multivariateHermiteexpansion

Xroy xq xii? Xr X 1
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G(xq) = e an? _szR h _E)TZR (1)
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wherewe've adoptedhe usualmulti-index notationasin [9]. This canbere-writtenas
Nr o o T ¥r X 1 X X X X
Glxg)= € #7 = =h H== H=2 (2)
d ! 2h2 2h?
r=1 r=1 0o
to expressthe sumasa Taylor (local) expansiorabouta nearbyrepresentatie centroidx o
in thequeryregion. We will be usingbothtypesof expansionsimultaneously

Sinceseriesapproximationnly hold locally, Greengardand Rokhlin [8] shaved thatit
is usefulto think in termsof a setof three translationoperators'for corverting between
expansiongenteredat differentpoints,in orderto createtheir celebratedhierarchicahlgo-
rithm. Thiswasdonein the contet of the Coulombickernel,but the Gaussiarkernelhas
importantly differentmathematicaproperties.The original FastGaussTransform(FGT)
[9] wasbasedon a at grid, andthusprovided only oneoperator(*H2L" of the next sec-
tion), with anassociate@rror bound(which wasunfortunatelyincorrect). The Improved
FastGaussTransform(IFGT) [14] wasbasedna at setof clustersandthusprovidedonly
theH2L operatorthoughfor arearrangederiesapproximatiorintendedo be morefavor-
ablein higherdimensionsalsowith anincorrecterrorbound.We will shav thederivations
of all the translationoperatorsand associateerror boundsneededo obtain,for the rst
time, a hierarchical algorithmfor the Gaussiarkernel.



2 Translation Operators and Err or Bounds

The rst operatoicorvertsa multipole expansiorof areferencanodeto form alocal expan-
sioncenteredat the centroidof the querynode,andis our mainapproximationworkhorse.

Lemma 2.1. Hermite-to-local (H2L) translation operator for Gaussiankernel (as
presentedn Lemma2.2 in [9, 10]): Supposewe are given a refeencenode X g and
a querynodeXq, and giventhe Hermite expansioncenteed at a centoid xg of Xr:

G(Xq) = OA h 5@% . Then,the Taylor expansionof the Hermite expansionat

P
the centoid xq of the querynodeX g is givenby G(xq) = B %2 whee
0

B:(l)!ijAh+ —B—X XR-

2
0 2h

Proof. (sketch)Theproof consistof replacingthe Hermitefunction portionof the expan-

sionwith its Taylor series. O
1 —_ P 'PR 1 XR XR H H
Notethatwe canrewrite G(xq) = s 1‘1@2h=2 h 1‘|52h=2 by interchanging
r=

the summationorder, suchthat the term in the braclkets dependsonly on the reference
points, and canthus be computedindepedenbf any querylocation— we will call such
termsHermite moments. The next operatorallows the ef cient pre-computatiorof the
Hermitemomentsn thereferencareein abottom-upfashionfrom its children.

Lemma 2.2. Hermite-to-Hermite (H2H) translation operator for Gaussiankernel:
Supposewe are given the Hermite expansioncenteed at a centoid xgo in a refeence

nodeX go: G(Xq) = Alh 59% . Then this sameHermiteexpansiorshiftedto a
0

P
new locationxr of theparentnodeof X  is givenby G(xq) = A h ﬁﬂTXZR whee
0
P

— 1 0 XRpo XR
A = ( )!A " 2hz

Proof. We simply replacethe Hermite function part of the expansionby a nen Taylor
seriesasfollows:

X
G(xq) = A%h Xp XrO

o 2h2
X X 1 x XRo - X X
= A = IR IR (qpyip, IHpIR
o o ! 2h? 2h?
X X 51 x XRo i Xq  XR
o o 2h 2h
X X 1 Xpo XRr Xq  XRr
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o o ! 2h2 2h2
2 3
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where = + . O



The next operatoractsasa “clean-up”routinein a hierarchicalalgorithm. Sincewe can
approximateat differentscalesin the querytree,we mustsomeha combineall the ap-
proximationsat the endof the computation.By performinga breadth- rsttraversalof the
querytree,the L2L operatorshiftsanodeslocal expansiorto the centroidof eachchild.

Lemma 2.3. Local-to-local (L2L) translation operator for Gaussiankernel: Sup-
poseyou are given a Taylor expansioncenteed at a centoid xqo of a query node

P 0 , . .
Xgo: G(xq) = oB —&2:1—‘2’ . Then, the Taylor expansionobtainedby shift-

ing .this expansion to the new cegtoid Xq of the child node Xq is G(xq) =
P P \

! Xg Xgo Xg XQ
T P

Proof. We expandthe partinvolving xq andxqo in anew Taylor seriescenteredatxq :

X Xq XQo
G(xq) = B Hh——2

o 2h?
# |
X X 1 X Xo0
= B = D H== (XQ) (Xq Xq)
2h?
0 0 \D |
X X 1 1 X X
= B - s D( D 1) ( D p + 1) %roo ( q
o 2z 2h?
X X ! Xo  Xgo Xq X
= B . Q-\ Q %_Q
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whosesummatiorordercanbeinterchangedo achieve theresult. O

Becausg¢heHermiteandthe Taylor expansionaretruncatedaftertakingp® termsweincur
anerrorin approximationTheoriginalerrorboundsfor the Gaussiarkernelin [9, 10] were
wrongandcorrectionswvereshavn in [3]. Here,we will presentall necessaryhreeerror
boundsncurredin performingtranslationoperatorsWe notethattheseerrorboundsplace
limits onthesizeof the querynodeandthe referencenode.?

Lemma 2.4. Error Bound for Truncating an Hermite Expansion (as presentedn
[3]): Supposewe are given an Hermite expansionof a refeencenode aboutits cen-
P Pr
troid xg: G(Xq) = Ah 33X wheeA = L % X Fora xed
0

2 ! 2
2h - 2h

querypoint Xq, the error dueto truncatingthe seriesafter the r stp® termisj w (p)j

P 1 D k ] .
u’\‘# 'ﬁ (1 rP)k p% wheie eat refelencedata pointx; in therefeence
k=0 '

nodesatis esjjx; Xgrjj1 < rhforr < 1.

Proof. (sketch) We expandthe Hermite expansionasa productof one-dimensionaHer-
mite functions, and utilize a boundon one-dimensionaHermite functionsdue to [13]:

%jhn(x)j ﬁ%e%z;n 0;x 2 RL. 0

2Strain[12] proposedheinterestingdeaof usingStirling'sformula(for any non-negative integer
n: ”*1 ™ "nl) to lift the nodesizeconstraintonemightimaginethatthis could allow approxi-
mationof largerregionsin atree-basedlgorithm.Unfortunately the errorboundsdevelopedin [12]
werealsoincorrect. We have derived the threenecessargorrectederror boundsbasedon the tech-
niquesin [3]. However, dueto spaceandbecauseisingtheseboundsactuallydegradedperformance
slightly, we do notincludethoselemmashere.

XqQ)



Lemma 2.5. Error Bound for Truncating a Taylor Expansion Converted from an
Hermite Expansion of In nite Order: Supposewve are giventhe following Taylor ex-

pansion about the centioid xq of a query node G(xq) = B @Txf whee
0
B =27 Ah., X2 andA 'sare the coefcients of the Hermite ex-

0
pansioncenteed at the refeencenodecentioid xg. Then,truncating the seriesafter
. . ) P 1 D k
p® termssatis estheerror boundj | (p)j (1'“% » (1 rP)k d% whee

jixq Xoli1 <rhforr< 1.
Proof. Taylor expansionof the Hermitefunctionyields

i x Xr"z x i x
eu g xriZ (! 1 xE _XR h Xg XR Xg  XQ

o ! o ! 2h? 2h? 2h?
X (niX 1 xg x i Xq X Xq X
= - ] [} R 'S Q
T P (UThe T g
RN GV Xg_Xe  Xg Xo
0 ! 2h? 2hz
i xq xrii?
Usee a7 = Q (Up(Xgi ; Xri 3 XQ: ) + Vp(Xg s Xri 3 Xg;)) forl i D,where
i=1
X pn X X Xq. Xq,
Up(Xg ; Xr: (X0 ) = hn. Gy A 9y 7Qi
p( i T Q|) - ni! nj [ 2h2 | >h2
oo, o ox
. . - QX Xg,  XQj
Vo (Xq; 5 Xr; 1 XQ;) - i hn, Pohe Pohe
These univariate functions respectiely satisfy up(Xq ;Xr;;Xq;) % and
Vo (X ; Xr, ; X0, ) p%% forl i D, achieving themultivariatebound. O

Lemma 2.6. Err or Bound for Truncating a Taylor Expansion Converted from an Al-
ready Truncated Hermite Expansion: A trunc%edHermite expansioncenteed about

the centoid xg of a refeencenode G(xq) = A h 1‘#% has the following
<p
P
Taylor expansionaboutthe centoid xq of a querynode: G(xq) = C @Txf
0

whete the coefcients C are givenby C = % A h . *2F . Truncat-
<p

P 1
ing the seriesafter p° termssatis esthe error bound;j  (p)j (1'“2% f (1
k=0

D k
(2r)P)?)k «L)p)éza(zir)p) for a querynodeX o for which jjxq Xgjj1 < rh, and

arefeencenodeX r for which 8x; 2 Xg;jjXr Xgrjj1 < rhforr < %



Proof. Wede ne thefollowingforl i D:

XT e pm X 9 %o x,. M _ X0, XR, Xg. XQ,
Up (Xa; 5 Xri 3 XQ; i XR;) = (D = =" (DY hn e, e B
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Notethate gh = Q (UP(XQi  Xri 3 XQ; ;XRi) + VP(XQi 1 Xri s XQ; ;XRi) + WD(XQi 1 Xri 5 XQi s XR; ))

i=1
forl i D. Usingthe boundfor Hermite functionsandthe propertyof geometric
serieswe obtainthe following upperbounds:
X1 X1 1 (2r)°) 2
Up (K 1 Xe, 1 X0, 1 Xk, ) @ et = 1@
n; =0 ni:O
o 1 XER o L1 @) @)
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|
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o 2 a ® p
which completeghe proof. O

3 Algorithm and Results

Algorithm. The algorithm mainly consists of making the function call
DFGT(Q.rootR.root), i.e.  calling the recursve function DFGT() with the root
nodesof the querytree andreferenceree. After the DFGT() routineis completedthe
pre-ordertraversalof the querytreeimplied by the L2L operatoiis performed.Beforethe
DFGT() routineis called,the referencdreecould beinitialized with Hermitecoefcients
storedin eachnode using the H2H translationoperatoy but insteadwe will compute
them as neededon the y. It adaptvely choosesamongthree possible methodsfor
approximatingthe summationcontribution of the pointsin nodeR to the queriesin node
Q, which areself-explanatory basecbn crudeoperationcountestimatesGg™ , arunning
lower boundon the kernelsum G(xq) for ary xq 2 Xgq, is usedto ensurelocally that
theglobalrelative erroris  or less. This automaticmechanisnallows the userto specify
only an error tolerance ratherthan othertweak parameters.Upon approximationthe
upperand lower boundson G for Q and all its children are updated;the latter can be
donein anO(1) delayedfashionasin [7]. Theremainderof the routineimplementsthe
characteristidfour-way dual-treerecursion. We also testeda hybrid method (DFGTH)
which approximatesf eitherof the DFD or DFGT approximatiorcriteriaaremet.



DFGT(Q; R)
if R.maxside< 2h, ppy = thesmallesp 1 suchthat
p1 D k )
(1NF)D _ o (L TPk % < Gg",else ppy =1.

if Q.max:c,ide< 2h,ppoL = thesmallesp 1 suchthat
P 1 D k )
Ne__ D@ rpk p’% < GJ" ,else ppL=1.

@ nv
if max(Q.maxsideR.maxsidg < 2h, py2. = thesmallesip 1 suchthat
P 1 o oy D K )
1 N2rR)ZD K0 Iﬁ (1 (2r)P)2)k (@r) ),gza(2r) ) < Ggm ,else pya = 1.

con = P3yNo: oL = P Nr: Cua = Dpasi: Coirect = DNgNR.
if noHermitecoefcient of orderppy existsfor Xy,

Computeit. CbH = CbH + pBH NR.
if noHermitecoefcient of orderpy 2. existsfor Xy,

Computeit. CH2L = CqoL t+ pa 2L Ngr.

C= Min(CpH;CoL;CH2L;CDir ect)-
if ¢c= con,
Evaluateeachxq attheHermiteseriesof orderpp centeredaboutxr of Xr using
Equationl. (DirectHermite)
if c=cpL,
Accumulateeachx, 2 Xr astheTaylorseriesof orderpp . aboutthecenterxq of
X usingEquation2. (DirectLocal)
if ¢c=choL,
CorverttheHermiteseriesof orderpy 2. centeredaboutxg of X g to the Taylor serieg
of thesameordercenteredaboutxg of X o usingLemmaz2.1. (Hermite-to-Local)
if c6 Cpir ects
UpdateG™" andG™#* in Q andall its children.return

if leaf(@) andleaf(R),

Performthe naive algorithmon every pair of pointsin Q andR.
else

DFGT(Q.left, R.left). DFGT(Q.left, R.right).

DFGT(Q.right, R.left). DFGT(Q.right, R.right).

Experimental results. We empirically studiedthe runtime  performanceof ve algo-
rithmson ve real-world dataset$or kerneldensityestimationat every querypoint with a
rangeof bandwidthsfrom 3 ordersof magnitudesmallerthanoptimalto threeorderdarger
thanoptimal,accordingo the standardeast-squaresross-alidationscore[11]. Thenaive
algorithm computeshe sumexplicitly andthusexactly. We have limited all datasetto

50K pointssothattruerelative error i.e. j@(xq) Girve (Xq)i =Guue (Xq), canbeeval-

uated andsetthetoleranceat 1%relative errorfor all querypoints. Whenary methodfails

to achieve the errortolerancen lesstime thantwice thatof the naive method,we give up.

Codesfor the FGT [9] andfor the IFGT [14] were obtainedfrom the authors'websites.
Notethatboth of thesemethodsrequirethe userto tweakparametersyhile the othersare
automatic? DFD refersto thedepth- rst dual-tree nite-dif ferencemethod[7].

3All timesincludeall preprocessingostsincluding ary datastructureconstruction. Timesare
measurednh CPUsecond®n adual-processcAMD Opteron242 machinewith 8 Gb of mainmem-
ory and1 Mb of CPU cache.All the codesthatwe have written and obtainedarewrittenin C and
C++,andwascompiledunder-O6 -funroll-loops ags onLinux kernel2.4.26.

“For the FGT, the numberof grid pointsin eachdimensionwassetto 100 after sometrial and
error basedon the true values(which are unknavn in practice). For the IFGT, which hasmultiple



Algorithm n scale | 0.001 [ 001 [ 01 [1 [ 10 100 [ 1000
sj2-50000-Zastronomypositions)D = 2; N = 50000; h = 0:00139506
Naive 301.696 301.696 301.696 301.696 301.696 301.696 301.696
FGT outof RAM outof RAM outof RAM 3.892312 2.01846 0.319538 0.183616
IFGT > 2 Naive > 2 Naive > 2 Naive > 2 Nawe > 2 Naive > 2 Naive 7.576783
DFD 0.837724 1.087066 1.658592 6.018158 62.077669 151.590062 1.551019
DFGT 0.849935 1.11567 4.599235 72.435177 18.450387 2.777454 2.532401
DFGTH 0.846294 1.10654 1.683913 6.265131 5.063365 1.036626 0.68471
colors50k(astronomy:ccolors),D = 2; N = 50000; h = 0:0016911
Naive 301.696 301.696 301.696 301.696 301.696 301.696 301.696
FGT outof RAM outof RAM outof RAM > 2 Naie > 2 Naive 0.475281 0.114430
IFGT > 2 Naive > 2 Naive > 2 Naive > 2 Naie > 2 Naive > 2 Naive 7.55986
DFD 1.095838 1.469454 2.802112 30.294007 280.633106 81.373053 3.604753
DFGT 1.099828 1.983888 29.231309 285.719266 12.886239 5.336602 3.5638
DFGTH 1.081216 1.47692 2.855083 24.598749 7.142465 1.78648 0.627554
edsgc-radec-rnastronomyangles)D = 2; N = 50000; h = 0:00466204
Naive 301.696 301.696 301.696 301.696 301.696 301.696 301.696
FGT outof RAM outof RAM outof RAM 2.859245 1.768738 0.210799 0.059664
IFGT > 2 Naive > 2 Naive > 2 Naive > 2 Nawe > 2 Naive > 2 Naive 7.585585
DFD 0.812462 1.083528 1.682261 5.860172 63.849361 357.099354 0.743045
DFGT 0.84023 1.120015 4.346061 73.036687 21.652047 3.424304 1.977302
DFGTH 0.821672 1.104545 1.737799 6.037217 5.7398 1.883216 0.436596
mockgalaxy-D-1M-rndcosmology:positions)D = 3; N = 50000; h = 0:000768201
Naive 354.868751 354.868751 354.868751 354.868751 354.868751 354.868751 354.868751
FGT outof RAM outof RAM outof RAM outof RAM > 2 Naive > 2 Naive > 2 Naive
IFGT > 2 Naive > 2 Naive > 2 Naive > 2 Nawve > 2 Naive > 2 Naive > 2 Naive
DFD 0.70054 0.701547 0.761524 0.843451 1.086608 42.022605 383.12048
DFGT 0.73007 0.733638 0.799711 0.999316 50.619588 125.059911 109.353701
DFGTH 0.724004 0.719951 0.789002 0.877564 1.265064 22.6106 87.488392
bio5-rnd(biology: drugactvity), D = 5; N = 50000; h = 0:000567161
Naive 364.439228 364.439228 364.439228 364.439228 364.439228 364.439228 364.439228
FGT outof RAM outof RAM outof RAM outof RAM outof RAM outof RAM outof RAM
IFGT > 2 Naive > 2 Naive > 2 Naive > 2 Nawe > 2 Naive > 2 Naive > 2 Naive
DFD 2.249868 2.4958865 4.70948 12.065697 94.345003 412.39142 107.675935
DFGT > 2 Nave [ > 2 Nave | > 2 Nave | > 2 Naive > 2 Nave [ > 2 Naive | > 2 Naive
DFGTH > 2 Naive > 2 Naive > 2 Naive > 2 Nawve > 2 Naive > 2 Naive > 2 Naive

Discussion. The experimentsindicatethat the DFGTH methodis ableto achiese rea-
sonable performanceacrossall bandwidth scales. Unfortunately none of the series
approximation-basethethodsdo well on the 5-dimensionabata,as expected highlight-

ing themainweaknes®f theapproactpresentedPursuingcorrectiongo theerrorbounds
necessaryo usetheintriguing seriesform of [14] mayallow anincreasen dimensionality
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parametersvhich mustbe twealed simultaneouslyan automaticschemewvascreatedbasedon the
recommendationgiveninthepaperang,softwaredocumentationForD = 2,usep = 8;forD = 3,

usep = 6; set x =2.5;startwith K = = N anddoubleK until theerrortolerancds met. Whenthis

failedto meetthetolerancewe resortedo additionaltrial anderrorby hand,againusingknowledge
whichis unavailablein practice.The costsof parameteselectiorfor thesemethodsn bothcomputer
andhumantime is notincludedin thetable.



