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On the Optimality of Cyclic Transmission in
Teletext Systems
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Abstract—Teletext is a one-way information delivery system where
pages of information are broadcast to all users in a continuous manner.
System response time is an important consideration in the design of
teletext systems. One factor contributing to response time is the order in
which pages are transmitted. In this paper, we formulate the problem of
determining the sequence of page transmissions as a Markovian decision
process. Using this formulation we show that, from a response time point
of view, a cyclic order of page transmissions is optimal. We also describe
two algorithms for designing a teletext broadcast cycle.

1. INTRODUCTION

ELETEXT is an information delivery system where pages

of information are broadcast to all users in a continuous
manner [1]-[3]. The configuration of a typical teletext system
is shown in Fig. 1. In this system, a service computer is
connected to the user terminals by a one-way broadcast
network. When a page of information is requested by a user,
the user terminal examines the broadcast data until the desired
page is detected. This page is then captured, stored, and
displayed. Note that a request does not propagate beyond the
user terminal; such a feature is sometimes described as
pseudointeractive. Specifics of operational systems may
differ; however, they all share the pseudointeractive and
information-broadcasting features. In a typical teletext system,
the service computer maintains a database, and information
pages in the database are updated regularly by service
providers. These updates are issued locally or remotely by
service provider terminals.

From conceptual and implementation viewpoints, teletext
systems represent a very simple approach to organizing
information delivery to a large number of users. In this paper,
we use the response time experienced by teletext users as our
performance measure. Several factors of system design can
affect the user responsc time. Among them are transmission
medium speed, amount of processing required at the user
terminal, and the efficiency of picture encoding methods.
However, these factors are of a ‘‘static’’ nature, since they
depend to a large extent on decisions made early in the design
process.

Our focus is on a more ‘‘dynamic’’ component of a teletext
system which has an impact on the user response time,
namely, the sequencing of page transmissions. Teletext system
designers have decided, rather arbitrarily, on broadcasting the
available information pages in a cyclic manner. In this paper,
we formulate the problem of determining the sequence of page
transmissions as a Markovian decision process. Using this
formulation we show that, within a rather general class of
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Fig. 1. A typical teletext system.

sequencing policies, cyclic transmission is optimal with
respect to minimizing the mean response time.

In recent works {4], [5] Itai and Rosberg discussed the
optimal control of a time division multiple access (TDMA)
scheme, with the goal of maximizing the system throughput.
They showed that an optimal control policy can be found in the
class of cyclic policies. An interesting duality relationship
exists between TDMA systems and teletext systems. In
Section II we describe this duality after a description of the
teletext system model which will be used in the subsequent
analysis.

The Markovian decision process formulation is given in
Section III. The cost function of this process is defined as a
limit, and is directly related to the mean response time if it
exists. Some characteristics of the optimal policy are obtained
in Section IV, with the conclusion that a cyclic policy is
optimal among all policies for which the mean response time
exists. A sufficient condition for the existence of mean
response time is also derived. In Section V, a brief description
of two algorithms for designing a teletext broadcast cycle is
given. These algorithms are based on the results in [4], [6].
Numerical examples illustrating their response time character-
istics are also provided.

II. TELETEXT SYSTEM MODEL

In our teletext system model, time is slotted. The time to
transmit a page of information is assumed to be constant and
equal to one slot. This assumption is realistic for certain
teletext implementations, e.g., Prestel [2]. Without loss of
generality, we will use the slot length as our time unit. Slots
are numbered from slot 1. In general, slot / begins at time / —
1 and ends at time /.

Let N be the total number of available pages. At the
beginning of each slot, a decision is made as to which page to
transmit during that slot. Users are assumed to submit
independent requests according to a Poisson process with rate
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A. The probability that a request is for page / is assumed to be
qi i = 11 2! T N» where E,N:I q; = 1. We let q = (ql! q2,
-+, gn). A request for a page [ is satisfied at the end of the
first full transmission of page / after the request has been
made. If that request arrives during a page / transmission, it
has to wait until the next transmission of page i.
For our system we define the following variables:

Xi(/)=number of requests for page i
waiting at the beginning of slot /

b;(/)=number of requests for page i
arriving during slot /
1
ui(l): {0

Z;(/)=number of slots elapsed since the beginning
of the last page i transmission, until the
beginning of slot /.

if page i is transmitted during slot /
otherwise

In addition we define the following:
u(y= (), w(h), -+, un(l)
u'"l'=(u), u), ---, u(l-1).
System evolution can be described by the following equations:
Xi(l+ )= - u (D) Xi(D) + bi(])
Z{+D=1+0—-u(NZ:)).

We consider the case where exactly one page is transmitted
in each slot, and thus we have E,N:l u; (/) = 1 forall /. We also
assume that, initially, Z;(1) = 1 for all i. This is equivalent to
assuming that all pages have been transmitted just prior to the
beginning of slot 1. Since we will be considering systems that
are run for an infinitely long time, this assumption does not
affect the generality of our results.

The teletext system modeled above is equivalent to a
(fictitious) time division multiple access (TDMA) system
which has N stations and where the packet arrival process to
station / is Poisson with rate ¢;\, { = 1, 2, ---, N. The
number of packets in station /’s buffer at the beginning of slot /
is represented by X;(/). In this dual TDMA system, every time
a station is given permission to transmit in a slot, all packets
present in the station’s buffer at the beginning of the slot are
transmitted simultancously.

Duality of queueing systems is a prevalent phenomenon
which sometimes leads to interesting results (see, e.g., [7]).
Because the dual TDMA system is rather unrealistic, this
particular duality is only useful as an intellectual exercise and
is not helpful in making the results in [5] directly applicable to
our model. However, recognizing this duality led us to the use
of an approach similar to that in [5], and consequently, we
were able to assert the optimality of cyclic transmission in
teletext systems.

III. MARKOVIAN DECISION PROCESS FORMULATION

In this section we formulate the problem of sequencing
teletext page transmissions as a Markovian decision process.
We do this by describing the class of admissible control
policies, defining the cost function, and making a formal
statement of the problem.

A. Admissible Control Policies

A control policy is a sequence of decisions u(/) for/ = 1, 2,
--+. In general each decision can be based on the current
system state and the past decisions made. The state of a teletext
system at the beginning of slot / can be described by the vector
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X)) = (Xxi(), Xx(!), ---, Xn(!)), which represents the
number of requests pending at the beginning of slot / for each
page i, i = 1, 2, -+, N. Due to the one-way nature of the
system, however, this state information is not available to the
decision maker (i.e., the service computer). Therefore, the
decision as to which page to broadcast in slot / cannot be based
on X(/). The only other relevant information available to the
service computer is contained in the following:

i) the history of decisions made up to the beginning of slot /,
given by the vector u/~', and

ii) the probability distribution of X(/) conditioned on past
decisions u/~ .

As in [4] and [5], we argue that basing decisions on the
information contained in ii) above makes the information in i)
redundant when the optimal policy is considered (see [8]).
Furthermore, since the arrival process is assumed to be
Poisson, we have, for given u/~!,

_ (@NZ; (D))" exp (—q:NZ;(])

Prob {X;()=n|u'""] '
n!

(N

The Z;(/)’s will serve as sufficient statistics for our decision
process, i.e., it is sufficient to base our decisions at the
beginning of slot / on the vector Z(/) = (Z,(/), Zx(), - -,
Zn(1)). Note that the Z;(/)’s are fully specified when u/~! is
given.

In general, an admissible policy is one where the decision
vector u(/) is based on the state vector Z(/) and /. We allow
u(l) to be a probabilistic function of Z(/) and /. A policy is
said to be nonrandomized when u(/) is a deterministic function
of Z(/) and /. A stationary policy is one where u(/) is
independent of /.

B. Cost Function Derivation

The objective of this section is to derive a function that
represents the steady-state average cost per unit time of
running our teletext system model. In deriving the cost
function, we will establish its relationship to the mean
response time.

At the end of slot / we incur a unit of cost for each request
that was outstanding at the beginning of the slot. Let w(/) be
the immediate cost of slot /; we have

wih=Y Xi().

i=1

Let 7 be a given sequence of page transmissions defined by the
decision vectors u(/),/ = 1, 2, -+ - (w could be considered as
one instance of a randomized policy or the sequence for a
nonrandomized policy). We define V5(g, w) to be the total
expected cost of running the system until the end of slot T if
the request probabilities are given by g and the sequence = is
followed. Thus, we have

T

]
Vi(g, ™) =E, [2 w(l)] =S Ew()]
=1

=1

where E,[‘] is the expected value, given =, taken over all
possible request arrival patterns. The expected cost of slot /,
E.[w(/)], depends only on the sequence =, and in particular
the decisions made up to slot / — 1, i.e., u/~!. Thus, we have

Ew(Dl = Elw(D|u'-)= S ELX,()|u! 1.

i=1

From (1), we get

E[Xi(Dlu'""1=qNZi(]). 3)
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Substituting (3) into (2), we obtain

N T
Vr(q, 7")22 E aGAZ(1).
i=1 /=1
We now define the average cost per unit time of using the
sequence m as

_ 1
V(qv T)z_}_l{]l 7_ VT(qy 7[').

Note that the limit in (4) may not exist; an example for that to
happen is when ¢g; > 0 and = is such that page / is never
transmitted.

In our definition of (2), we incur one unit of cost for every
full unit of time the request has to wait. It follows that the
expected total time spent by requests in system in the time
interval [0, T] is given by V1(q, ©) + 0.5 AT (the 0.5 AT is
added to account for the expected time spent by requests from
arrival instant to the beginning of the next slot for the case of
Poisson arrivals). The mean number in system in [0, T} as T
— oo is therefore ¥(g, #) + 0.5 A. If the limit in (4) exists,
then by Little’s result [9], we have

AS(g, m)=V(q, 7)+0.5\ (5)

where S(g, 7) is the mean response time. On the other hand, if
the limit in (4) does not exist, S(g, 7) is not defined, and we
use

3 1
V(g m)=1lim inf = Vi(g, ™. (6)

C. Problem Statement

Following the discussions in Sections III-A and III-B, we
formulate a Markovian decision process which is completely
defined by the following.

State Space:
{Z(h=(Z\(), Z()), -+, ZyUD|Z(D =1, 2, - ;

i=1,2, --+-, N; I=1, 2, SRR
Decision Space:

{u(1)=(u1(1), w(l), o, un()ui(l)y=0 or 1,

i=1, 2, -+, N and ﬁ: u(h=1, I=1, 2, }
i=1
Transition Probabilities:
Pr[Z(I+D)=Z(N+1-Z(D1;| Z({(), u(D)=1]1=1,
i=1, 2, N
Pr [Z(I+D|Z{), u(D)]=0
for all other values of Z(/+1)

wherel = (1,1, -+, 1),and 1, = (0, ---, 1, - - -, 0) with the
1 in the ith position.

Cost Function:

Expected immediate cost of slot / if decision u(/)

N
is made = E gNZ{(]).
i=1
Observe that the immediate cost of a slot is unaffected by the
decision taken (or the page transmitted) in that slot. However,
it is affected by previous decisions indirectly through the
values in Z(/).

4.
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IV. CHARACTERISTICS OF THE OPTIMAL POLICY

We now prove some results that will lead to a useful
characterization of the optimal policy. A sequence of page
transmissions 7 can be characterized by the following parame-
ters.

i) Appearance times 1‘,'(7r), i=1,2,---,Nandr = 1; [ ()
is the index of the slot that contains the rth transmission of
page /.

ii) Interappearance gaps 7/(w),i = 1,2, - -, Nand r = 1;
T'(x) is the number of slots from the beginning of the rth to
the beginning of the (r + 1)st transmission of page i.

Note that 7Ti(w) = I!, (m) — li(7) = Z(/i, ). In what
follows, we obtain an upper bound on interappearance gaps
and then discuss the implications of such a bound.

A. An Upper Bound on Interappearance Gaps

In this section, we use the properties of our cost function in
(4) or (6) to identify an upper bound for interappearance gaps
in an optimal policy. In other words, we show that a number 7
exists such that an optimal policy will not allow its state
variables Z;(/), i = 1, 2, ---, N, to exceed that number.

As a first step in determining the desired upper bound, we
prove that a long-run optimal policy contains an infinite
number of transmissions of each page.

Lemma 1: For every transmission sequence m where page /
is transmitted a finite number of times, there exists another
transmission sequence w’ (where page i is transmitted
infinitely many times), such that

Vg, 7)< V(q, ).
Proof: Let @ua = max; {q;} and gmin = min; {g;}. For
a, b, c integers, we define the following function:
hia, b, ¢)=g;\N[(b-a)(c-b)].

For sy, 53, sy integers, 0 < s, < 5, < 53 < 2N, and 7 > 2N,
we have

hj(sl’ $2, 53)<qmax)\N2 (7)

and
hi0, s2, T)=GminA(7—1). ®

Let /, be the slot in which page i/ is transmitted for the last
time in w. Choose 7 = 2N such that
Qmin(T_ 1)>qmaxN2- (9)
Let /; = [y + 7. In the transmission sequence m, some page,
say j, is transmitted at least three times during the time interval
[/, 1,]. This is because 7, the number of slots in the interval, is
larger than or equal to 2N, and only N — 1 different pages are
transmitted. Let these three times be 11, ¢, and 73 such that

10<t1<t2<t3511 =1()+T.

Consider another sequence m, which is constructed from = by
replacing the transmission of page j in slot L, of m by a
transmission of page i. The reduction in the expected
immediate cost over the time interval [/,, ] using | instead of
w is derived in [11] and given by

A=h0, t~lo, i~l)—hj(t,=ly, t,~1y, t; —h). (10)
Using (7) and (8) into (10) and the fact that I — Iy = 7, we get
aA> >\[Qmin(T_ 1) - qmaxNzl-

Since 7 is chosen according to (9) and A > 0, we have A > 0.

The above procedure can be repeated infinitely many times,
because after each replacement we can still identify a slot
where page [ is transmitted for the last time. Furthermore,
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each replacement results in a positive improvement in the
immediate cost of an interval of length 7. We can thus
construct a sequence 7’ where page / appears infinitely many
times from 7 such that

Vig, n")<V(q, n).

This concludes the proof of the lemma.

We learn from Lemma 1 that it is suboptimal to stop
transmitting a page altogether, regardless of how low its
request probability is. In the next lemma we show that the cost
of a transmission sequence where page / appears infinitely
many times may be improved by splitting interappearance
gaps of lengths greater than 7 into gaps of lengths less than or
equal to 7.

Lemma 2: For every g there exists a 7 [given by (9)] such
that for every transmission sequence 7 with max, {Ti(m)} >
7, there exists another transmission sequence w«’ such that

max{Ti(x")}<r
and
V(g, =')=V(q, m.

Proof: Let ry be such that T‘,0(7r) > 7. Following the
proof of Lemma 1, there exists a slot s in the time interval
[l',0(7r), 1',0+ 1(m)] such that a reduction in the immediate cost of
the interval can be obtained by transmitting page / in slot s.
Using successive refinement steps as above, we can construct
a sequence m’ from = where max, {7'(w’)} =< 7. Further-
more, since each refinement step will imply a reduction in
expected immediate cost over an interval, we get

Vg, =’)<V(q, m.

Note that the average cost per unit time for «’ is strictly less
than that for 7 only if we can apply the refinement step above
infinitely many times.

B. Optimality of Cyclic Policies

Define C to be the set of all cyclic transmission sequences,
ie.,

C={rmlu(l)=u(l+L)}

for some integer L < oo, called the cycle length. We now
prove the following theorem.

Theorem: There exists an optimal nonrandomized station-
ary policy defined by a transmission sequence m* € C.

Proof: A direct consequence of Lemma 2 is that we can

improve the performance of a policy by replacing every
instance of the policy where the state Z;(/) is larger than 7 with
another instance where Z(/) is always an element of the set

{Z:(Z], Zz, 3 N}.

We are thus dealing with_a finite state Markovian decision
process. From [12], we know that an optimal nonrandomized
stationary policy exists. For a nonrandomized stationary
policy, the decision vector u(/) is a deterministic function of
the state Z(/) and is independent of /. This implies that if the
states at times / and /” are equal, then the states at times / + m
and /” + m are also equal for all m. Since the number of states
is finite, some state must repeat. Thus, the optimal nonran-
domized stationary policy is also cyclic and is defined by a
sequence m* where #* € C. The cycle length is the smallest
integer L such that Z(/) = Z(/ + L). This completes the
proof of the theorem.

Observe that a cyclic policy is defined by a single
transmission sequence. For cyclic policies, the mean response
time exists [6], [11]. It follows from (5) that the limit in (4)
also exists. We thus conclude that among all policies for which

N ZN)|Z,'ST, 121, 2,
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the mean response time exists, a cyclic policy is optimal as far
as minimizing the mean response time is concerned.

In general, it may be difficult to determine the existence of
mean response time for a given policy. However, a sufficient
condition for the mean response time to exist can be derived.
For a given transmission sequence 7, the interappearance gaps
(or T’(7r) 9) can be viewed as a discrete time stochastic process
for page / where r is the discrete time index. A sufficient
condition for the existence of mean response time is that the
mean and second moment of the interappearance gap (denoted
by E[T(w)] and E[(T"(w))?], respectively) exist for all i, i.e.,
with probability 1,

E[T! (7r)]—11m 2 T, () (11)

and

k .
E[(T'(7)?] E (T(x))2 (12)

The sufficient condition can be proved as follows. When
(11) and (12) exist, the mean response time of a request for
page [ is given by the residual life [10] of the interappearance
gap it encounters plus the transmission time of page i, or

E|(T'(7))’]
2E(T(m)]
This implies that the mean response time over all requests
exists and given by S(g, m) = Ef’:l q:Si(q, ).

As a final remark, the mean response time exists for a policy

if all sequences generated by that policy satisfy the sufficient
condition mentioned above.

Si(q, )= 13)

V. DESIGN OF TELETEXT BROADCAST CYCLES

In the last section, we presented a Markovian decision
process formulation for teletext page transmissions, and
established an upper bound on interappearance gaps in an
optimal policy. It was shown that in deriving the optimal
policy, one need only consider a finite state space. However,
for typical teletext systems, the state space can be very large.
This makes the application of solution techniques for Marko-
vian decision problems, such as those in [13], {14], not
practical. In this section, we address the issue of designing a
teletext transmission cycle with near-optimal mean response
time.

In general, for a given cycle of length L, the following
parameters can be identified.

i) Appearance frequencies k;, i = 1, 2, ---, N; k; is the
number of appearances of page / in the cycle. We require that
ki= land Y k; = L.

u) Interappearancc gaps T, r = 1, 2, ykiandi = 1,2,

, N; T' is the number of slots between the begmmng of the
rth and the (r + 1)st appearance of page / in the cycle for r <
k;. T;(,. is the number of slots between the beginning of the &;th
appearance in the current cycle and the beginning of the first
appearance in the next cycle (see Fig. 2).

In [6]. it was shown that the mean response time over all
requests is given by

] N kj .
——E i 3 (T2 +1. (14)
L i= r=1
It was shown in [6] that a lower bound for S occurs at
T,=L/k;  for all r (15)
and
ki/k;=~gq./Ng,. (16)
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Fig. 2. A teletext broadcast cycle.

This lower bound is given by

Sz% (i \/E,)ZH.

i=1

amn

Our discussion of cycle design is based on the following
criteria.

i) The cycle length L must not exceed L* (L* is related to
the amount of memory available to store the cycle).

ii) The mean response time S is minimized.

Our approach is to design a near-optimal cycle for each
cycle length L in the range N < L =< L*, and adopt the cycle
with the best mean response time. In what follows, we
describe two algorithms that can be used to design a cycle of
length L. In our descriptions, the cycle positions are numbered
0,1, , L — 1, and we assume without loss of generality
that ¢, = g, = -+ * = gn.

The first algorithm was developed by the authors [6]. A
brief description of this algorithm is given below.

Algorithm 1:

1) Select integer ks such that ¥ | k; = L and that k;/k; is
as close to \/—/\/7, as possible for all i, J [see (16)].

2) Fori = 1to N, select integer T’ such that Ef’ T =1L,
and that T‘ is as close to L/k; as posslble for all r [see (15)].

3) A551gn page 1 to cycle positions: 0, T!, T} + T}, ---,
x, ’_ T

4) Fori = 2toN — 1, assign cycle positions to page ¢ with
the objective of matching the interappearance gaps obtained in
step 2. Note that this is not always possible because one or
more cycle positions nceded for page / may have been assigned
to pages with lower indexes already (see [6] for more details).

5) Assign page N to the remaining free positions in the
cycle.

The second algorithm is based on the golden ratio policy
proposed in [5] for TDMA systems. This policy is inspired by
the use of the golden ratio (¢~ ' = 5 — 1)/2 = 0.618...) in
the multiplicative hash function to distribute keys as uniformly
as possible over a hash table [15]. Our version of the golden
ratio algorithm is described below.

Algorithm 2:
1) Same as step | of Algorithm 1.

2) Fori = 1toN
Forr = 27\ kj to Z5_ &k, — 1
byi=ro = |ro |
=1
3)Sort b, r = 0,1, ---, L — 1 in ascending order, i.e.,
find the permutation o = {0(0), o(1), - - -, o(L — 1)} of the
numbers {0, 1, , L — 1} suchthat b,o < b,y = -+ =
bu(Lfl)-
4) For r = Oto L — 1, assign cycle position r to page with
index Cy).

We now present numerical examples to show the perform-
ance characteristics of the two algorithms mentioned above.
Our examples are based on the following selection of
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Fig. 3. Overall mean response time versus cycle length.

parameter values: N = 100, L* = 1000, and g; is assumed to
follow Zipf’s law [16], i.e., if g, = g, = - = gn, then g;
= ¢/i where ¢ is a normalizing constant. The results are
shown in Fig. 3. We observe that the best cycle obtained by
Algorithm 1 has length L = 743. The overall mean response
time of this cycle is S = 34.4 which is only 0.3 percent higher
than the lower bound given in (17). The best cycle obtained by
Algorithm 2 has length L = 148. The mean response time in
this case is S = 36.2 which is 5.5 percent higher than the
lower bound. Our results indicate that both algorithms yield
cycles with good response time performance, but Algorithm 1
produces a better cycle. This can be explained by the fact that
Algorithm 1 results in cycles with interappearance gaps closer
to the ideal values given by (15).

VI. CONCLUSION

In this paper, we have formulated the problem of sequenc-
ing page transmissions in a teletext system as a Markovian
decision process, and shown that among all policies for which
the mean response time exists, a cyclic policy is optimal as far
as minimizing the mean response time is concerned. We have
also described two algorithms for designing teletext broadcast
cycles, and illustrated by numerical examples that both
algorithms yield cycles with near-optimal mean response time.
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