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Abstract
Wepresenta simplemethodfor compressingverylargeandregularly sampledscalar£elds.Our methodis partic-
ularly attractivewhentheentiredatasetdoesnot£t in memoryandwhenthesamplingrateis high relativeto the
featuresizeof thescalar£eldin all dimensions.Althoughwereportresultsfor R3 andR4 datasets,theproposed
approach maybe appliedto higher dimensions.Themethodis basedon the new Lorenzopredictor, introduced
here, which estimatesthevalueof thescalar£eldat each samplefromthevaluesat processedneighbors.Thepre-
dictedvaluesareexactwhenthen-dimensionalscalar£eldis an implicit polynomialof degreen¡ 1. Surprisingly,
whenthe residuals(differencesbetweenthe actual and predictedvalues)are encodedusingarithmeticcoding,
the proposedmethodoftenoutperformswaveletcompressionin an L1 sense. Theproposedapproach maybe
usedboth for lossyand losslesscompressionand is well suitedfor out-of-core compressionanddecompression,
becausea trivial implementation,which sweepsthroughthedatasetreadingit once, requiresmaintainingonly a
smallbuffer in corememory, whosesizebarelyexceedsa single(n¡ 1)-dimensionalsliceof thedata.

CategoriesandSubjectDescriptors(accordingtoACM CCS): I.3.5[ComputerGraphics]:Compression,scalar£elds,
out-of-core.

1. Intr oduction

Numerousengineering,biomedical,andotherscienti£cap-
plicationsproduceextremelylargedatasetsthroughnumeric
simulationsor physical dataacquisition.In a large propor-
tion of the cases,the data representsone or more scalar
£eldssampledoverregulargridsin dimensionthree,four, or
higher. For examplea typical 3D simulationproducesval-
ueson a regular grid of 2;0483 samples6. In 4D a typical
combustionsimulationgeneratedusingaHigh-Performance
Parallel ProcessingClustermay include 1,000time slices,
eachrepresentinga regular samplingof a cubeat a resolu-
tion of 5123 1. Anotherexamplemaybe¤uiddynamicsdata,
usedin our tests(seeFig. 1). At eachspace-timesample,the
valuesof severalscalarandvector£eldsareproduced.Stor-
ing the resultsof this simulationand transmittingthem to
remotevisualizationclients is expensive. A variety of data
compressiontechniqueshave beenproposedto reducethe
storageandtransmissioncost4.

We focushereon theloss-less,singleresolution(i.e. non
progressive) compression.Insteadof a hierarchicalmethod,

which transmitsa sub-sampled(andpossiblysmoothened)
model£rstandthenestimatesthemissingvaluesthroughin-
terpolation,wetransmitthevaluesin order, usinganew pre-
dictor to extrapolatethenext valuefrom thepreviousones.
Theresiduals(differencesbetweentheactualandpredicted
values)maybeencodedwith fewer bits and,if desired,fur-
thercompressedusingarithmeticcoding.

We have extendeda simple two-dimensionalparallelo-
gram predictor 5 to higher dimensionsand have namedit
theLorenzopredictor. It estimatesthescalarvalueof asam-
ple on the cornerof an n-dimensionalcubefrom the scalar
valuesof the others2n ¡ 1 corners.Although the formula
for the predictoris very simple,its predictive power is sig-
ni£cant for higher-dimensionaldata.For example, in R4,
the Lorenzopredictorcan recover exactly any scalar£eld
that correspondsto an implicit cubic polynomial. In some
situations,the proposedmethodoutperformswavelet com-
pressionin an L1 sense,when the residualsare encoded
usingarithmeticcompression.Furthermore,because,during
compressionanddecompression,weonly needto accessthe
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Figure 1: A 4D datasetfroma simulationof two ¤uidsin-
teracting.

immediateneighbors,theproposedapproachis particularly
well suitedfor out-of-corecompressionanddecompression
wherethetotalsizeof thedatasetsigni£cantlyexceedswhat
canbestoredin corememory.

2. Prior Art

Several compressiontechniqueshave been proposedfor
lower dimensionalgriddeddata.Theseinclude imageand
video compressiontechniques,as offered by the MPEG-
4 standard18 andvariousvolumecompressionapproaches
11; 12.

A varietyof methodsto compress4D volumeshave been
proposedin recentyears.Theseincludewavelets10, discrete
cosinetransform(DCT) 3 andrun lengthencoding(RLE) 2.
Thewaveletapproachusesaninterpolatingpredictor, which,
accordingto informal experiments,produces50% smaller
residualsthananextrapolatingpredictor. On theotherhand,
thewavelet'shierarchicalapproachrequiresmorespaceand
processingpower thanourextrapolatingpredictor. Whenlo-
cal temporarystorageis an issue,wavelet approachesmay
breakthedatasetin smallerchunksandcompresseachone
independently. Theproposedapproachdoesnotrequiresuch
splitting.

Fowler andYagel12 proposea similar approachto ours.
They alsousepreviously decodedsamplesto predicta new
valuein 3D volumes.They usethe threenearestneighbors,
andcomputeoptimalcoef£cientsfor their predictor. In con-
trast,weusesevenneighbors.Ma etal 13 computeanoctree
for eachframe,andencodethedifferencesbetweenoctrees.
They alsocompareuniform,non-uniformor adaptive quan-
tizationof thedatabeforecompression.

Othersquantizethe correctionsor the wavelets coef£-
cients,like Bajaj et al. 11. We quantizethedatasetandthen
performa losslessencoding.Thusduethe maximumerror
producedby ourapproachis theboundedquantizationerror.

Out-of-coremethodsfor simplifying 14 andcompressing
15; 17 3D polygonal mesheshave recently beenproposed.
Out-of-coremethodsfor compressing3D volumetric data
setshave also beenproposed16. Chiueh et al's approach
segmentsthevolumeinto differentchunks,transformseach
chunkseparatelyusingaFouriertransform,andencodesthe
transformedresult.

3. The Predictor

Whenappliedto asamplev, theLorenzopredictorestimates
thescalarvalueF(v) at v from its immediateneighborsthat
have alreadybeenprocessed.Assumethat thedatais orga-
nizedasa regulargrid of samples.Both thecompressorand
decompressorvisit the datain scanlineorder. For simplic-
ity of notation,we usethe local coordinatesystemwhere
samplev hascoordinatesf 1gn = (1;1; : : : ;1) andits previ-
ously visited neighborsarethosesampleswith coordinates
in Zn

2 = f 0;1gn. The valueof the scalar£eld F(v) is esti-
matedfrom the£eldvaluesat theotherpreviouslyrecovered
verticesU = Zn

2 ¡ f vg of then-dimensionalunit cubeusing
thefollowing formula:

E(v) = å
u2 U

(¡ 1)c0(u)+ 1F(u) (1)

whereE(v) is thepredictionof F at v andc0(u) denotesthe
numberof coordinatesof u thatequalzero.Note thatc0(u)
mayalsobeexpressedasc0(u) = n¡ c1(u) = n¡ u¢v, where
n is thedimension,c1(u) is thenumberof coordinatesin u
thatequalone,andu¢v is thedotproductof u andv.

Notethat,asshown in Fig. 2, in this formulation,theim-
mediateneighborsof thepredictedvertex v haveweight+ 1.
Seconddegreeneighbors(i.e., thosewhich canbe reached
from v by traversingtwo edgesof thecube)haveweight¡ 1,
third degreeneighborshaveweight+ 1, andsoon.

4. Prediction for polynomials

Theestimatedvaluescomputedby theLorenzopredictorin
n dimensionsareexactfor all scalarfunctionsthatarepoly-
nomialsof degreen¡ 1. As aproof,assumethatP is apoly-
nomialof degreem in n variables,with m< n, andconsider
thefollowing theoremandits corollary:

Theorem1 For agivenmonomialM in n variablesof degree
m< n, thesumof signedvalues(¡ 1)c1(u)M(u) over all the
verticesu of theunit cubeis zero.

More formally, let u = (x1; : : : ;xn). A monomialM(u) has
the form: xp1

1 ¢¢¢xpk¡ 1
k¡ 1 xpk

k xpk+ 1
k+ 1 ¢¢¢xpn

n , with 8i pi ¸ 0 and

å i pi = m. Thetheoremstatesthatå u2 Zn
2
(¡ 1)c1(u)M(u) = 0.

Proof There are n variables,but the sum å i pi = m of
the powers of the variables listed in M is less than n.
Thereforeat leastonevariableis not listed in M. Assume
without loss of generality that the kth variable is not
listed.Consequently, the valueof M is independentof that
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Figure 2: In the 2D case(top left), the new value is pre-
dictedfromits neighbors usingtheparallelogramrule (add
thescalar£eldvaluesat thetwo`a' verticesandsubtractthe
valueat the`b' vertex). In the3D case, weaddthevaluesof
the `a' corners, subtract thevaluesof `b' corners, andadd
thevaluesof the`c' corner. In the4D case, weaddtheval-
uesat the £rst and third degreeneighbors and subtract the
sumof thevaluesat thesecondandfourthdegreeneighbors.

variable and thus M(x1; : : : ;xk¡ 1;0;xk+ 1; : : : ;xn) =
M(x1; : : : ;xk¡ 1;1;xk+ 1; : : : ;xn). Note that
(¡ 1)x1+ ¢¢¢+ 0+ ¢¢¢+ xn = ¡ (¡ 1)x1+ ¢¢¢+ 1+ ¢¢¢+ xn. There-
fore,theverticesof thecubecanbepairedsothatthevalues
of (¡ 1)c1(u)M(u) on the two verticesof any pair areeither
both zero or have the samemagnitudebut oppositesigns.
Thus,thesumof thesignedvaluesis zero.

This result may be easily extendedto polynomialsas fol-
lows.

Corollary 1 For a givenpolynomialP in n variablesof de-
greem< n, thesumof thesignedvalues(¡ 1)c1(u)P(u) over
all theverticesu of theunit cubeis zero.

Proof P = å i Mi is thesumof monomialsof degreem< n.
Wecanpermutethetwo summations:

å
u2 Zn

2

(¡ 1)c1(u)P(u) = å
u2 Zn

2

(¡ 1)c1(u) å
i

Mi(u)

= å
i

å
u2 Zn

2

(¡ 1)c1(u)Mi(u) = å
i

0 = 0

whichprovesthecorollary.

Thecorollaryimpliesthat

(¡ 1)nP(1; : : : ;1) = ¡ å
u2 U

(¡ 1)c1(u)P(u)

andhence

P(v) = (¡ 1)n+ 1 å
u2 U

(¡ 1)c1(u)P(u) = å
u2 U

(¡ 1)c0(u)+ 1P(u)

As a consequence,in two dimensionstheLorenzopredictor
is a linearpredictor, andcanexactly reconstructportionsof
thescalar£eldthatbehaveasa linearfunction

F(x;y) = ax+ by+ c

In R3, the samesimple Lorenzopredictorcan reconstruct
quadraticfunctions:

F(x;y;z) =

ax2 + by2 + cz2 + dxy+ exz+ f yz+ gx+ hy+ jz+ k

In R4, the predictorextendsits reconstructionpower to all
cubicpolynomials,whicharelinearcombinationsof 35pos-
siblemonomialsof degreeof 3 or lessin 4 variables.Even
though the 15 valuesat neighboringgrid points that the
Lorenzopredictorusesdonotprovideenoughinformationto
computeall 35coef£cientsof thepolynomial,they uniquely
determineits valueat thecornerv.

TheLorenzopredictoris of highestpossibleorderamong
all predictorsthatestimatethevalueof a scalar£eldat one
cornerof acubefrom thevaluesattheothercorners.In other
words, it is of optimal order for this setting,and no other
predictorcancorrectlyestimateall polynomialsof degreen
or higher.

As a justi£cation,considerthe monomialx1x2 ¢¢¢xn (the
productof all coordinates).The productis zeroon all ver-
ticesof theunit cubeexceptfor one.So,a predictorwould
notbeableto differentiatethismonomialfrom thezeropoly-
nomial.Hence,thevaluesof thescalar£eldatthe2n ¡ 1 cor-
nersof an n-dimensionalcubearenot suf£cient to recover
thevalueof annth degreepolynomialat the2nth corner.

Notethatsimplerpredictorsexist thatcorrectlypredictall
polynomialsof degreem< n. For example,onemayusethe
n samplesthatprecedev onascanline.However, suchlower-
dimensionalanisotropicpredictorsare much lesseffective
sincethey fail to exploit datacoherencein all dimensions.
TheLorenzopredictoris thesimplestisotropicpredictorthat
canrecovercorrectlyall polynomialsof degreelessthann.

5. Scanlinecompressionalgorithm

Consider a 4D scalar data set organized in an array
F[xmax;ymax;zmax; tmax]. Pseudocodefor thecompression
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algorithmis presentedbelow:

Lorenzo(d;x1; : : : ; xn)
if all x1; : : : ; xn differ from ¡ 1

E := LorenzoPredictor(d;x1; : : : ; xn)
Encode(F[x1; : : : ; xn] ¡ E)

else
Lorenzo(d ¡ 1;x1; : : : ; xk¡ 1;0;xk+ 1; : : : ; xn)
for i = 1 to dmaxdo

Lorenzo(d;x1; : : : ; xk¡ 1; i; xk+ 1; : : : ; xn)

The variable d indicatesthe dimensionof the predictor,
x1; : : : ;xn arethecoordinatesof a samplein thedata,dmax
is the numberof samplesin the dth dimension,and k de-
notesthe greatestindex between1 and n wherexk equals
¡ 1. The function LorenzoPredictor computesthe Lorenzo
predictorof dimensiond (the£rstparameter)at thecoordi-
natesx1; : : : ;xn. Thestartingcall to compressa 4D dataset
wouldbe:

Lorenzo(4; ¡ 1; : : : ; ¡ 1)

For exampleconsiderthe2D caseof a 3£ 3 matrix H, with
pointsfrom(0;0) to (2;2). Thetraceof thecompressionpro-
gramon theintegerlatticewouldbe:

call encodedvalue
Lorenzo(2; ¡ 1; ¡ 1)

Lorenzo(1; ¡ 1;0)
Lorenzo(0;0;0) H[0;0]
Lorenzo(1;1;0) H[1;0] ¡ H[0;0]
Lorenzo(1;2;0) H[2;0] ¡ H[1;0]

Lorenzo(2; ¡ 1;1)
Lorenzo(1;0;1) H[0;1] ¡ H[0;0]
Lorenzo(2;1;1) H[1;1] ¡ (H[1;0] + H[0;1] ¡ H[0;0])
Lorenzo(2;2;1) H[2;1] ¡ (H[1;1] + H[2;0] ¡ H[1;0])

Lorenzo(2; ¡ 1;2)
Lorenzo(1;0;2) H[0;2] ¡ H[0;1]
Lorenzo(2;1;2) H[1;2] ¡ (H[0;2] + H[1;1] ¡ H[0;1])
Lorenzo(2;2;2) H[2;2] ¡ (H[2;1] + H[1;2] ¡ H[1;1])

6. Footprint

Whenthedatasetis large,theremaynotbeenoughspaceto
hold it all in mainmemory. Thus,boththecompressionand
decompressionalgorithmsmayneedto work from auxiliary
storage.In its simplestform, compressionestimatesthenext
valueusinga predictor, thenreadsthe next valuefrom the
raw datainputstream,encodesthedifference,andwritesthe
differenceout to the output streamof compressedvalues.
Similarly, decompressionestimatesthenext valueusingthe
samepredictor, readsin thecorrectionfrom theinputstream
of compresseddata,decodesit andaddsit to the estimated
value,andwrites the result to the outputstreamof decom-
pressedvalues.

Let the term footprint denotethe amountof main mem-
ory neededby the predictor(both during compressionand
during decompression).The footprint usedby the Lorenzo
predictorfor compressingor decompressingadatasetis the
size of a single (n ¡ 1)-dimensionalslice, as illustratedin
Fig. 3 for theR2 caseandin Fig. 4 for theR3 case.

Figure 3: Whencompressingan R2 dataset,thenext value
(grey square) is predictedby usingvaluesfromthefootprint
(red).Theother previouslyprocessedvalues(blue) are not
usedby thepredictorandneednotbekeptin memory.

Figure 4: Whencompressingan R3 dataset,thenext value
(light cubein the center)is predictedby usingvaluesfrom
thefootprint slice(red).Theotherpreviouslyprocessedval-
ues(bottomin blue)are not usedby thepredictorandneed
notbekeptin memory.

The footprint for compressinganddecompressinga data
setof sizeDn is Dn¡ 1 + Dn¡ 2 + ¢¢¢+ D + 1. If all the di-
mensionsdo not have thesamelength,thesizeof the foot-
print dependson thetraversalorder, which couldbechosen
to minimizethesize.Thefootprint is implementedasa cir-
cularFIFOqueue.

If thecorrectionsarecompressedwith anadaptive arith-
meticencoder, memoryto storetheprobabilitytablesis also
needed.This spaceis muchsmallerthanthewholedataset,
andbecauseof thepredictor'sgoodbehavior, ascanbeseen
in Fig. 6, only asubsetof all possiblecorrectionsneedto be
compressedby thearithmeticencoder. Althoughtheir range
is small andcenteredaround0, they accountfor morethan
99%of all corrections.Theremaining1%canbeencodedin
binaryform without impactoncompression.

7. Residualencodingand lossycompression

Whenlossycompressionis acceptable,weallow asmalldis-
crepancy betweenthe compresseddataandthe real datain
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Figure 5: L1 comparisonof the LorenzoPredictor (blue)
andSPIHT(pink),a 2D waveletimagecompressor.

orderto improve thecompressionratio.Wehaveconsidered
two different error metrics:L1 (maximumerror) and L2
(rootmeansquareerror).

To guaranteethatwedonotexceedaprescribedL1 error,
wequantizetheresidualsfrom ourpredictorandreadjustthe
valuesatthescalar£eldto compensatefor any possibleerror
accumulation.Thustheerrormadeis at mostthequantiza-
tion error. Theadjustedcorrectionsareencodedin a lossless
fashion.

8. Experimental Results

In this section,we reportthe bene£tsof usingthe Lorenzo
predictoras a preprocessorto an arithmetic encoder. We
alsocomparesucha combinedapproachwith waveletcom-
pression.Finally, we demonstratetheimpactof thebene£ts
of datacoherenceonahigher-dimensionalpredictor.

We have testedour approachboth on syntheticandreal
data.Using syntheticdata,we populateda volumedataset
with functionsof higher degreethan that of the predictor.
For a 3D predictor, whenappliedto a volumedataset£lled
with acubicfunction,thepredictormakesarelativeerrorbe-
tween3 and8%(measuretakenfrom applyingthepredictor
to differentcubic functions),while a 4D predictoragainsta
volumeset£lledwith aquarticmakesarelativeerrorof less
than1%.Botherrorsaremeasuredin theL1 sense.

Wehavealsotestedourpredictorontwo real4D datasets.
After applyingthepredictorweusetwo differentlosslessen-
codingmethodsto write thecorrectionsto disk.The£rstone
is to feedthecorrectionsto anadaptive arithmeticencoder.
The secondoneusesa context arithmeticencoder, like the
onestudiedby Bell 7, usingtheactualpredictionasthecon-
text for thecorrection.Thecontext arithmeticencodergives
usa25%gainovertheadaptivearithmeticencoder. Westudy
thebene£tsof using4D compressionratherthana seriesof
3D compressedslices.All valuesarequantizedto onebyte.

Our £rstdataset,courtesyof ProfessorChrisShaw from

Figure6: Histogramsfor theLLNL dataset.Top: Frequency
of the4D corrections(which rangefrom0 to 1,000,000,000)
asa functionof their value, rangingfrom-128to 127.Mid-
dle: Frequencyof the3D correctionsfor a singletimeslice.
Bottom:Rawvalues,rangingfrom0 to 255.

GeorgiaTech,is a3D modelof ahouseon£re,whichshows
how the£re,smoke andpressureprogressthroughtime and
space.This datasethasa high numberof zoneswherethe
scalarvaluesareuniform, andzonesthat exhibit high gra-
dients,which correspondto the moving front of the £re.
Becausethe high numberof 0 correctionsin the dataset,
bestresultsare obtainedwhen using a losslessRLE com-
pressionmethod,which we appliedboth to the 3D and4D
residualsfor comparison.Thesizeof theuncompressed4D
datasetis 43,202,395bytes,anda raw compressionreports
23,491,302bytes.Compressingeach3D sliceindependently
weobtain1,076,587bytes(2.49%of thetotal),and524,768
bytes(1.21%of thetotal)using4D compression.Dueto the
high coherencein all dimensions,the 4D predictoroutper-
forms the 3D compressionappliedto individual slicesby
50%.

Our secondtestdatasetwasproducedin a ¤uid mixing
simulationat LawrenceLivermoreNationalLaboratory, as
describedin 8. A volumerenderedimageof this datasetis
shown in Fig. 1. During the beginning time stepsthe ¤u-
ids arevirtually at restandthedatasetis relatively easyto
compress.As the¤uidsmix up in later time steps,thecom-
pressionratiodecreases.For thisdataset,wechoseto usean
adaptivecontext arithmeticencoderasapostprocessingstep
to theLorenzoprediction.

The 3D time slice predictorproducesthe bestcompres-
sion on this dataset.3D predictorsfor 3D slicesin all the
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otherdirectionsarelesseffective. To explain this behavior,
considerthat this datasetwasoriginally computedat high
resolutionin time (27,000time stepsweresimulated),but
then decimatedand quantizeddue to limited storage.The
¤oatingpoint datawasquantizedto onebyte andonly one
frame out of every hundredwas actually stored,although
no decimationwasappliedin the spatialdimensions.This
subsamplingphasehassigni£cantlyreducedthe coherence
along the time axis. Our approachgives us 304,937,058
bytes using the 3D Lorenzo predictor on eachtime slice
(1.77bits persymbol)and318,871,620bytesusing4D pre-
diction (1.85bitspersymbol).

Dataset 4D LorenzoPredictor CubicWavelets

Smooth644 0.16Bits/Symbol 0.20Bits/Symbol
Rough644 3.73Bits/Symbol 3.28Bits/Symbol
Rough1284 1.75Bits/Symbol 1.80Bits/Symbol

Table 1: Entropyof theresidualsproducedby waveletsand
theLorenzopredictor for a 4D dataset.No quantizationor
truncationof thedataor residualswasdone.

WehavecomparedtheLorenzopredictorwith waveletsin
two scenarios.In the£rstcaseweevaluatelosslesscompres-
sion, wherewe comparecubic waveletswith the Lorenzo
predictorfor several 4D datasets.As canbe seenin Table
1, both waveletsand the Lorenzopredictorproducecom-
parableresults,althoughthe waveletsperformslightly bet-
ter. Table 1 reportsthe entropy of the correctionsof both
schemes.In our secondscenario,theLorenzopredictorwas
comparedtoSPIHT9, anef£cientwaveletcoderthatusesthe
S+Ptransform,in termsof ratedistortionusinglossycom-
pression.Fig. 5 shows that the Lorenzopredictorperforms
better in the L1 senseon this dataset. The compression
ratios of this examplewere computedby compressingthe
residualsusingacontext arithmeticencoderfor theLorenzo
predictor, whereasSPIHTusedits hierarchicaltreemethod.

9. Conclusion

The Lorenzopredictor, introducedhere,predictsthe value
of ann-dimensionalscalar£eldF at a samplepoint v from
its 2n ¡ 1 previously processedneighborsthat form thever-
ticesof ann-dimensionalhypercube.Thepredictedvaluefor
F(v) is simply the weightedsumof all valuesof F at the
othercornersof thecube.Theweightsareeither+ 1 or ¡ 1,
dependingon the minimal numberof cubeedgesbetween
thesampleandv.

TheLorenzopredictoris exact for all polynomialsof de-
greelessthann, andits accuracy increaseswith thesmooth-
nessof thedata.Becauseof thelimited sizeof its footprint,
the predictoris well suitedfor out-of-corestreamingcom-
pressionanddecompression.
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