The Conley Index and Symbolic Dynamics

Andrzej Szymczak

Abstract

Suppose that N is an isolating neighborhood for S with respect to
a continuous map f which decomposes into a disjoint union of finitely
many compact sets. We establish a relationship between the Conley
indices of subsets of S which appear in a natural way when studying
the behavior of f from the viewpoint of symbolic dynamics. The
relationship is then used to prove a simple criterion for chaos in an
isolated invariant set.
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0. Introduction

The Conley index has been an important tool in the study of the qualita-
tive properties of dynamical systems. Recently K.Mischaikow and M.Mrozek
[4] observed that it can be applied for the study of chaotic behavior of a
dynamical system on an isolated invariant set. The assumptions of the cri-
terion for chaos proved there were successfully checked in the case of the
Lorenz equations by means of numerical computations [3]. The aim of this
paper is to provide another method of detecting chaos based on the Conley
index.

Let S be an isolated invariant set with respect to a map f : X — X,
which admits an isolating neighborhood N decomposing into a disjoint union
of compact sets Ny, N, ... N,. The fundamental question one encounters
when dealing with the dynamics of f on S is whether for a given sequence o =
(00,01, -..,0,_1) of members of {1,2,...,k} there exists an z € S such that

fiz) € No(; moq 1y for each nonnegative integer i. If the answer is affirmative
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for sufficiently many sequences o then there exists a semiconjugacy defined
on S onto the phase space of the one-sided shift on & symbols, which can be
treated as a lower bound for the complexity of the dynamics of f on §. Our
approach to this question is based on the observation that the answer to the

question is affirmative if and only if
-1
Invp () f7*(Noy) # 0.
i=0

Since the set on the left-hand side is an isolated invariant set with respect
to f!, its Conley index is defined. Furthermore, if the index is nontrivial
then the set is nonempty. We conclude that for the study of the dynamical
behavior of f on S, it is important to know the relationship between those
Conley indices for different sequences o. We shall give such a relationship

and apply it to prove a simple criterion for chaos.

1. Preliminaries

N, Z, Z* and Q will stand for the sets of natural, integer, nonnegative
integer and rational numbers, respectively. For a pair (Q1, Qo) of compact
subsets of a topological space by Q1 /Qo we shall denote the topological space
resulting from (); when the points of )y are identified to a single point de-
noted by [Qo]- If X is a metric space then there exists a metric on the quotient
space @Q1/Qo which is compatibile with the quotient topology. Therefore,
quotient spaces of this form will be treated as metric spaces.

V and Vg will denote the categories of vector spaces and graded vector
spaces over a fixed field F'. Htop will stand for the category of pointed topo-
logical spaces whose morphisms are homotopy classes of basepoint preserving
continuous maps. In order to simplify the notation, for a map ¢ of pointed

topological spaces by g we shall also denote its homotopy class. By H* we



mean a cohomology functor with coefficients in F'. The range category of H*
is V. Instead of writing H*(g) we shall often write briefly g*. We shall make
use of the fixed point index for Euclidean Neighborhood Retracts (ENR'’s)
as defined in [1].

Now we proceed to the definition of the category of objects equipped with
a morphism, which was used in [13] to define the Conley index. Let K be a
category. We define the category of objects equipped with a morphism over

K, denoted by IC,, as follows. Let
Ob(Ky) ={(W, ) : W € Ob(K) and ¢ € Morx(W,W)}.
For (W, @), (W', ¢") € Ob(K,,) we put
Mory,, (W, ), (W', ¢')) = M((W, @), W', ¢'))/ =
where
M((W, ), (W', ¢") = { € Morc(W,W') :pop = ¢ o9p} x ZF
and = is the equivalence relation in the above set defined by
(h1,m1) = (Y2, m2) <= Fpez+ oo @ =Py o p™*E

The morphism represented by (¢, n) € M((W, ), (W', ¢')) will be denoted

by [1,n]. We note that, by the definition of =, for any m € Z™,
[yn] = [0 @™ i+ ] = (&)™ 0y -+ m].

The composition of morphisms [1), n] € Morg, (W, @), (W', ¢"))
and [¢',n] € Mork,, (W', ¢"), (W",¢")) is defined by

[, n]o [, n] = [¢ o9, n’ + n]

One can easily see that K, is a well-defined category and [idw,0] is the

identity morphism over any object (W, ) in K,,,. For a given object (W, ¢)
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in the IC,, category by [W, ¢] we shall denote the class of all objects in K,
isomorphic to it.

The construction sketched above is natural in the following sense. Let
G : K — L be a functor. Then there exists the induced functor G,, : K,, —

L, defined as follows.
Gu(W, ) = (GIW),G(p)),

Gm([9,n]) = [G(¢),n]

for any object (W, ¢) and morphism [¢, n] in ICp,. Clearly, Gy, is covariant
if G is covariant and contravariant if G is contravariant. Let us note two

simple properties of the I, category now.

Proposition 1.1 1°. If o : W — W' and w : W' — W are morphisms in K
then the objects (W,w o) and (W' 1ow) are isomorphic in KCp,.

2°. If o : W — W and ¢' : W' — W' are isomorphisms in K and (W, @)
and (W' ') are isomorphic in ICp, then ¢ and ¢' are conjugate by an iso-

morphism.

Proof.

1°. One can easily see that

[t,0] : (W,wotr) — (W Low)
and

[wa 1] : (WI,[,O(.U) . (Waw ° [’)
are reciprocal isomorphisms.
2°. Let [, n] : (W, ) = (W', ¢') and [, '] : (W', ¢") — (W, @) be recipro-
cal isomorphisms. Then,

lidw, 0] = [¢',n'] o [, n] = [¢' o, n' + n].
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Hence there exists k¥ € Z* such that
(‘pn+n,+k — wl o w o Sok-
Since ¢ is an isomorphism, "t = ¢/ o 9. Similarly, ™" = oy, It

follows that ¢ has both right and left inverses and hence it is an isomorphism.

By the definition of morphisms in /C,,, Y oo = ¢’ oep. O

Let us recall the definition of the Conley index based on the above con-
struction now. For the details, the reader is referred to [13]. Other con-
structions of Conley indices can be found in [6], [8] and [10]. Let X be a
locally compact metric space and f : X — X a continuous map. A pair
Q = (Q1,Qo) of compact subsets of X is called an index pair for an iso-
lated invariant set S with respect to f if and only if S = Invscl(Qr \ Qo) C
int(Q1 \ Qo), Qo is positively invariant in @, (i.e. f(Qo) N Q1 C Qo) and Qo
is an exit set for ¢); (which means that f(Q: \ Qo) C Q1). For such @ there
exists a continuous map fg : Q1/Qo — Q1/Qo induced by f which will be
called the index map. It maps [@Qo] into itself and therefore can be treated as
a map of the pointed space (Q1/Qo, [Qo]) into itself. We shall call an index
pair @ regular if and only if (fg) ' ({[Qo]}) is a neighborhood of [Q]. This
definition is less restrictive than that in [4] or [5].

Let S be an isolated invariant set with respect to a continuous map f :
X — X. The Conley index of S, denoted by h(S, f, X) is defined as the class
of all objects isomorphic to ((Q1/Qo, [Qo]), fo) in Htopy,. In [13] it is proved

that this class is independent on the choice of (). Thus,

h(S, f,X) = [(Q1/Qo, [Qo]), fo)-

The naturality of the construction of the category of objects equipped with a
morphism allows to define the cohomological Conley index and the g-dimen-

sional cohomological Conley index, denoted by A*(S, f, X) and h?(S, f, X) in
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the following way.
RS, f, X) = (H)m(R(S, f, X)),

hi(S, f, X) = (H)m(h(S, f, X)).

In the sequel, 0 will denote the zero isomorphism classes of objects in each of
the IC,,, categories where K =V, Vg, Htop (i.e. we put 0 = [W, ¢| where W
is the pointed one-point space or the zero (graded) vector space, according
to the case and ¢ is the only morphism of W into itself).

The Conley index defined above is slightly different from the one intro-
duced in [6], [8] or [10]. However, the proofs of the basic properties of the in-
dices of Conley type, like the continuation, commutativity and the Wazewski
property carry over directly to our case (compare proposition 1.1 above and

theorem 1.4 in [8]).

2. Notation and main results

Let X be a locally compact metric space and f : X — X a continuous
map. N will denote an isolating neighborhood for an isolated invariant set
S with respect to f, decomposing into a disjoint union of compact sets N;,
i=1,2,...,k. Foraset Z C {1,2,...,k} we put

Ny = U N;.
1€EZ
By ¥ we denote the set of all subsets of {1,2,...,k}. For all [ € N and
T=(Zy, Z1,...,7Z_1) € X! we define
-1 '
vefi o

Put S = InvyN. In the next section we shall prove the following



Proposition 2.1 N, is an isolating neighborhood with respect to f'. Fur-
thermore,

Invu N, C S.

In the sequel, we shall write S; for Inv N;. The following theorem relates
the Conley indices of these sets and shows that, in fact, they are determined

by a finite number of data. The proof will be given in the next section.

Theorem 2.1 There erists a graded vector space V* = {V4} ez over F' and
graded linear endomorphisms ¢f = {p}sez of V* (i =0,1,...,k) such that
foreachl € Z and 7 = (Zy, Zy,...,Z;_1) € 2,

W (Sr, ', X) = [V, ¢7], (2.1)
where o] = gy 0wy o...0py and @y =Yy p; for each Z € X,

Now, consider the simplest case, & = 2. Then, N is a disjoint union of
two compact sets N; and N,. Suppose that the Conley index of §S' is trivial
and the Conley index of the invariant part of N; is equal to the index of
a hyperbolic fixed point (note that the standard Smale’s horseshoe satisfies
these assumptions - see [6]). In [4] it is conjectured that under the above
assumptions there exists a semiconjugacy defined on S onto the phase space
of the shift map. We shall prove an extended version of this conjecture,
giving also some lower bound for the number of periodic orbits of f in S. In

order to state it, we need the following definition.

Definition 2.1 Let (V, ) be an object in V,,. There exists an M € N such

that for each m > M
dim im o™ = dim im @™ € Z" U {oo}.

The asymptotic dimension of (V,¢), denoted by adim(V, ) is defined as

dim im oM.



We have the following proposition, which will be proved in section 4.

Proposition 2.2 Isomorphic objects in V,, have equal asymptotic dimen-

s10ns.

It follows that the asymptotic dimension of an isomorphism class of ob-
jects in V), can be defined as the common value of the asymptotic dimensions

of each of its representatives. Put

I = H {1,2}.
i=0
By o we denote the shift map on II*.
Theorem 2.2 Let N be an isolating neighborhood with respect to a contin-
wous map f of a locally compact metric space X into itself. Suppose that N

15 a disjoint union of two compact sets N1 and No. Then Ny is an isolating

neighborhood with respect to f. If, for some r € Z,
adim A" (InvgN, f,X) =0 and  adim K" (InvyNy, f,X) =1

then there exists an s € N and a continuous surjection h : InvyN — IIT

such that the following diagram commutes

InvyN f InvgN
h h
m+ 0 . I

(2.2)

If, in addition, X is an ENR, F = Q and adim h?(Inv;Ny, f,X) = 0 for
each ¢ # r then h and s can be chosen in such a way that each periodic
sequence in IIT is an image of a periodic point of f* with the same principal

period.



As it can be seen, the above theorem provides information about the be-
havior of some iteration of f rather than about f itself. Roughly speaking,
this is caused by the fact that its assumptions provide only a partial infor-
mation about the ¢} endomorphisms which appear in theorem 2.1. Thus, a
possible method of reducing s to 1 is to find these endomorphisms (we note
that the proof of theorem 1.1 explains how to do this). Alternatively, one can
use a refinement of the Conley index which takes into account the existence
of a decomposition of the isolated invariant set into a number of compact

subsets. A definition of such an index is given in [12].
3. Proofs of the basic results

Proof of proposition 2.1. Assume that x € S,, 7 = (Zy, Z1,...,Z1_1).
There exists a sequence {z, }ncz C N, such that 2o = x and f'(z,) = z,1
for each n € Z. Define a sequence {z},},cz as follows. For d € Z and ¢ €
{0,1,...,1—1} put &/, = f*(z4). By the definition of N, zl;, ., € Nz, C N.
Since N is an isolating neighborhood with respect to f and f(z,) = x4 for
all n € Z,

Vico,1,..0-1} &y € int(N) N Nz, = int(Nz,).
Thus,
-1
z € () fHint(Ng,)) C int(N,).
=0

The proof is finished. O

By corollary 2 in [5], there exists a regular index pair Q = (Q1, Q) for
S with respect to f such that Q1 C N. Let Y = Q1/Qo, p = [Qo] € Y,
g=fo:Y =Y and Y, =7(Q1 N N;) U{p} for each i € {1,2,...,k} where

m @ Q1 — Y is the projection map. For Z € ¥ we put Y; = U,z Vi =



m(Q1 N Nz) U {p}. For z € Q, instead of writing 7(z) we shall often write

briefly [z]. The continuous maps rz,9z : Y — Y are defined by

rz(lyl) = { p otherwise

bl

9z =gorz.

For 7 = (Zy, Z1, ..., Z;_1) € X' we put

gT = ng—l © ng_g ©...0 gZO'

Notice that gz(p) = ¢-(p) = p. Therefore, both gz and g, induce maps
of the pointed space (Y,p) into itself, which will be denoted g, and g,
respectively. Put A = g7!({p}). Clearly, A is a compact neighborhood of p
and gz(A) = g,(A) = {p} for all Z € ¥ and 7 € .

Lemma 3.1 For eachl € N and 7 € X!,
h(Sy, 1, X) = [(Y,p), §-].

Proof. We have the following formula for g,, 7 = (Zy, Z1, ..., Z;_1) € ¥\
! T i
9. ([z]) = { [fH(x)] if Vze{0,1,...,l—1} fi(z) € Nz N (@Q1\ Qo) ' (3.1)

P otherwise

Let U C @1 \ Qo be a neighborhood of S; such that

Vieto,.i-13 ' (U) C Nz, N (Q1\ Qo).

Take V' a neighborhood of S, such that VU f!(V) C U. By (3.1) the following

diagram is commutative.

% f U
T T
(V) Ir - w(b)
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Since 7(U) is open in Y and 7 restricted to U is a homeomorphism onto its

image, 7(S;) is an isolated invariant set with respect to g, and
h(7(S;), 9, Y) = h(S,, f*, X). (3.2)

(this follows from the commutativity property of the Conley index, see [8],
theorem 1.12). Clearly, the commutativity of the diagram implies that
7(S;) C Invg, cl(Y \ A). Let us show that the reverse inclusion holds. If
[z] € Invg cl(Y \ A) then there exists a sequence {[z,]}nez C Y \ {p} such
that 2o = x and g,([z,]) = [2,41] for all n € Z. By (3.1), f{(zn) = Tni1
and fi(z,) € Nz N (Q1\ Q) for all n € Z and 7 € {0,1,...,1 —1}. Tt
follows that z, € ﬂi-;(l) _i(NZi) = N; so that x € Invu N, = S;. Hence
7(S;) = Invg cl(Y \ A).

Since 7(S;) does not intersect A, it is an isolated invariant set with respect
to g,, having cl(Y \ A) as its isolating neighborhood. One can easily see that

(Y, A) is an index pair for 7(S;) with respect to g.. Hence
h(w(S:), 9-,Y) = [(Y/A, [A]), g] (3:3)

where ¢! : (Y/A,[A]) — (Y/A,[A]) is the map induced by g¢.. Now, let
k: (Y,p) = (Y/A,[A]) be the projection-induced map and w : (Y/A, [A4]) —

(Y,p) be induced by g,. By proposition 1.1,1°,
[(Y/A,[A]), g:] = [(Y/A, [A]), ko w] = [(Y, p),w 0 k] = [(Y, ), 7.
By (3.2) and (3.3) the proof is complete. O

Fori € {1,2,...,k} instead of writing r{;; and gy;; we shall write briefly
r; and g;. Forany i € {1,2,...,k} and Z € £, 1 € Z* and 7 € ¥ the maps
Tz, Tiy 9z, g; and g, map the pair (Y, A) into itself. It will be convenient for

us to denote the induced maps of this pair into itself by 7, 7;, §z, ¢; and
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Jr, respectively. The proof of the following lemma can be obtained using the

standard methods of cohomology theory (see for example [11], exercise 4.1.2).

Lemma 3.2 For any Z € %,

H*(7z) =Y H*(F).

€2

Proof of theorem 2.1 By lemma 3.1,
W (S., f1,X) = [H*(Y,p), H*(g-)].

Since g,(A) = {p}, by applying proposition 1.1 in the same way as in the

proof of lemma 3.1 we get
[H*(Y,p), H(9,)] = [H*(Y, A), H"(gr)]-

By the definition of g,,

~k o~k ~ % ~ %
9r =097,°97,°-.-9G7,_,-

By lemma 3.2, for each Z € ¥,

Gr =20

1€Z

so that (2.1) holds for V* = H*(Y, A) and ¢} = g;. O

4. Linear algebra

This section deals with the purely algebraic notions which will be impor-

tant in the proof of theorem 2.2. To begin with, let us prove proposition 2.2.

Proof of proposition 2.2. Let (V, ) and (V’, ¢’) be isomorphic objects of

Vi Let [0, n] : (V, @) = (V',¢') and [¢',n'] : (V',¢") = (V, @) be reciprocal

isomorphisms. Put m = n + n'. Since [¢)' o 1), m] = [idy, 0],
Yooy =g ooy’ =p
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and therefore dim im ¢*t™ < dim im (¢')° for sufficiently large s € Z*.
It follows that adim(V,¢) < adim(V',¢'). The reverse inequality can be

proved in an analogous way. O

Definition 4.1 An object (V*,¢*) in (Va)m = Vom is called of finite type
if there exists an object (V*,¢*) in Vam, isomorphic to (V*,¢*) and such
that V* is of finite type and @* is an isomorphism. In this case, the Lef-
schetz number of (V*,¢*) denoted by A(V*,¢*) is defined as the ordinary
Lefschetz number of ¢*. By proposition 1.1,2°, it is independent of the choice
of (V*,¢*). An isomorphism class I of objects of Vam is called of finite type
if and only if it has a representative being of finite type or, equivalently, each
of its representatives is of finite type. Its Lefschetz number is defined as the

Lefschetz number of any of its representatives and denoted by A(I).

Remark 4.1. Notice that the Leray reductions (see [6], [8]) of (V*,¢*)
and (V*, @*) are isomorphic in the category Auto(Vg) (this follows from [13],
theorem 6.1). Since the Leray reduction of the latter equals, up to an isomor-

phism, (V*, ¢*), it follows that the Lefschetz number in the sense of definition

4.1 is equal to the ordinary Lefschetz number of the Leray reduction.

The following three easy propositions deal with some technical details

connected with the above definition.

Proposition 4.1 If (V*, ¢*) is an object in Vg, and there exists an M € Z™

such that the graded vector space im (p*)M is of finite type then (V*,¢*) is

of finite type.

Proof. Let V¥ = im (¢*)" and ¢} be the restriction of ¢* to V*. By
applying proposition 1.1,1° in the standard way (see the proof of lemma

3.1 and theorem 2.1) one proves inductively that (V*,¢*) and (V,*, %) are
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isomorphic in Vg,,. By assumptions, ¢; is an isomorphism for n sufficiently

large. O

Proposition 4.2 If (V*,¢*) is of finite type then there exists an M € Z*

such that for all q € Z
dim im ()™ = adim(V, ©%).

Proof. We define the functor S : Vg — V in the following way. For a graded

vector space U* we put

ST =Pue.

q€Z
A graded linear map ¢* : U* — W* is mapped by S into the induced linear

map of S(U*) into S(W*). By proposition 2.2 and definition 4.1, if (V*, ¢*)
is of finite type then (Vp, @) = Sp((V*, ¢*)) has finite asymptotic dimension.
Thus, dim im (pg)" is finite and constant for M sufficiently large. By the

definition of S, this means that
dim im (o)™ = adim(V1, %)
forallg € Z. O

Lemma 4.1 If (V*, ¢*) is of finite type and there exists an r € Z such that

aaim(vr, ) = 9077

then A(V*,¢*) # 0.

Proof. Take an object (V*,$*) isomorphic to (V*, ¢*) and such that V* is

of finite type and ¢* is an isomorphism. By proposition 2.2,
dim V= adim(V9, @) = adim(V, ©9).
Hence A(V*, ¢*) = (—=1)"tr(¢") # 0. O
The next lemma will be used in the proof of theorem 2.2.
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Lemma 4.2 Let V* be a graded vector space and @7, ¢35 : V* — V* be graded

linear endomorphisms such that
adim(V",¢7) =1 and  adim(V", o] + ¢5) =0

for some r € Z. There exists an | € N and a sequence (09,01,-..,01_1) €
{1,2} such that o, = 2 for some a € {0,1,...,1 — 1} and for each n € Z*

the graded endomorphisms

P} = (e5)" and Y5 = (p})" o, 0ps 0.0 0) (4.1)

satisfy the following condition.

For each s € N and (&,&1,-..,&1) € {1,2}5,

v ¢§0 o ¢zl 0...0 ¢gs_1] #0 (4.2)

If, additionally, (V*,¥?}) is of finite type and adim(V?, %) =0 for all g # r
then (V*, Yi 0f 0.0 wgs_l) 1s of finite type and has a nonzero Lefschetz

number provided n is sufficiently large.

Proof. There exist M, M' € N and a one-dimensional subspace W C V7"
spanned by a nonzero vector v € V" such that im (7)™ = W for all m > M’

and (¢} + ¢5)™ = 0. In particular,
(D)™ (v) = d (4.3)

for some nonzero d € F. Let 1 be the sequence of length M whose all entries
are 1. Notice that

0= (D)™ o (&} + ¢5)" (v) =

=dv+ E(ug,ul,...,VM_l)E{l,Z}M\{T} (‘PDM

’ o <‘0£0 © 9021 ©...0 gon_l(/U)
Since dv # 0, at least one of the remaining summands on the right-hand side
is nonzero. Since each of them is a member of W, this means that for some

nonzero e € F and a sequence (vg, vy, --.,va1) € {1,2}M, not equal to 1,

™

(] o (pzo o 9011;1 0...0 go;Mil(U) =ev (4.4)
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Put [ = M + M’ and define a sequence (09,071, ...,0,_1) € {1,2}" as follows

1 ifie{o,1,..., M —1}
DT v ifie{M, M +1,...,1—1}

It is clear from (4.3) and (4.4) that any composition of ¥ and v} defined
by (4.1) in an arbitrary order takes a nonzero value on v and therefore is

nonzero for each n € N. Since its image is equal to W,
adim(V", g o 0.0 ) =1

for all (&o,&1,...,&—-1) € {1,2}°. Since the asymptotic dimension of the zero
object is zero, the proof of (4.2) is complete by proposition 2.2. To prove
the second part, notice that proposition 4.2 implies that under the additional
hypothesis, ¥{ = yd = 0 for all ¢ € Z, ¢ # r, provided n is large enough.
Hence, by proposition 4.1, (V*, 9§ o ¢f o...0f ) is of finite type. Since
its asymptotic dimension is zero in all dimensions except the r-th, lemma 4.1
implies that
AV ot 0.0l ) #0. O

5. Finiteness of type of the Conley index

The aim of this section is to prove that the Conley index on ENR’s is of
finite type in the sense of definition 4.1. Our definition of finiteness of type
is more restrictive than that in [9], since it requires not only the finiteness of
type of the Leray reduction, but also some kind of finiteness of the reducing
process. This property of the Conley index will be important in the proof
of the part of theorem 2.2 concerning the existence of periodic points. The

main tool in the proof is the following lemma.

Lemma 5.1 Let S be an isolated invariant set with respect to a continuous

map f : R™ — R™. There exists a polyhedral index pair for S.
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Proof. We shall make use of the basic concepts of the Conley index theory
for multivalued maps, introduced in [2]. For ¢ > 0 we put

A(e) = {A1 x Ay x ... x A, : foreach i € {1,2,...,n} there exists k € Z
such that A; = {ke} or A; = [ke, (k + 1)€|}.

In what follows, a set M C R"™ will be called e-regular if it is a union of

members of A(e). The multivalued maps T, F, : R®™ — R" are defined by
T.(z) = {A e A(e) : z € A},

F.=T. ofolT.

One easily checks that they are upper semicontinuous.

Let N be an isolating neighborhood for S. For € small enough, N, =
U{A € A(e) : A C N} is an isolating neighborhood with respect to F, in
the sense of [2], containing S. Since f is a selector of F,, S C S, = Invg, N..
By [2], theorem 2.6 there exists a pair (P;, Py) of compact subsets of IV

satisfying the following conditions (cf [2],definition 2.5).

Vieto,1y Fe(Pi) N Ne C B, (5.1)
F.(P\ B) C N, (5.2)

Take d € N and put
Qi=J{4A € Ae/d): AC P}

for i = 0,1. Clearly, @; are €¢/d-regular and hence the pair (Q1, Qo) is poly-
hedral. We shall prove that for d large enough, (Q1, Qo) is an index pair for
S with respect to f.

By (5.3), if d is large enough then S C S, C int(Q; \ Qo). Hence

Invecl(@Q1\ Qo) C InvygN =S C int(Q:1 \ Qo)-
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Notice that f(Qo) NQ1 C Fe(FPy) N N,. Since the set on the right-hand side is
¢/d-regular and contained in P, by (5.1), it is contained in (). It remains to
prove that Qg is an exit set for Q. Take z € Q1 \ Qp. Let A be the smallest
(with respect to inclusion) set in A(e/d) for which + € A. Then A C P;.
Since = € Qq, there exists an ' € A such that 2’ ¢ Py. By the definition of

F., F.(z) C F(z"). Hence, by (5.2),
f(z) € F.(z) C F.(2') C F.(P,\ Py) C F.(P) N N..
Since the set on the right-hand side is €/d-regular and contained in P; by
(5.1), it is contained in Q7. The proof is finished. O
The next lemma concerns the finiteness of type of the Conley index and

the relationship between the Conley index and fixed point index.

Lemma 5.2 Let X be an ENR and S C X an isolated invariant set with
respect to a continuous map f: X — X. Then, h*(S, f, X) is of finite type
and, if F' = Q,

ind(f,int(N)) = Ah*(S, f, X))

where N 1s an isolating neighborhood for S with respect to f.

Proof. First, assume that X is an open subset of R”. Let f : R® — R" be
a map with a compact image such that f and f restricted to N are equal.

Clearly, S is an isolated invariant set with respect to f,
ind(f,int(N)) = ind(f,int(N)) and h*(S, f,X) = h*(S, f,R"). (5.4)

By lemma 5.1, S admits a polyhedral index pair with respect to f. By
proposition 4.1, h*(S, f,R") is of finite type. Furthermore, by theorem 4 in
[5] and remark 4.1,

A(R*(S, f,R™)) = ind(f,int(N)).
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To finish the proof, apply (5.4).

For the proof in the general case, take U an open subset of R™ and
continuous maps r : U — X and ¢ : X — U such that r o7 = idx. By the
commutativity properties of the Conley and fixed point indices ([1],VIL.5.16

and [8],theorem 1.11), (.5) is an isolated invariant set with respect to io for,
h*(i(S),io for,U) =h*(S, f,X)

and

ind(io for,r t(int(N))) = ind(f,int(N)).

Let N' C r~'(int(N)) be an isolating neighborhood for (S). Then, since the
lemma is proved for open subsets of R"”, and all fixed points of 20 f or in

r~(int(N)) belong to i(S),
A(R*(i(S),i0 for,U)) =ind(io f or,int(N')) = ind(io f or,r (int(N))).

We sum up that A(h*(S, f, X)) = ind(f,int(N)). O

6. Proof of theorem 2.2

Below we use the notation introduced in section 2 with £ = 2. It follows
from theorem 2.1 that there exists a graded vector space V* over F' and

graded linear endomorphisms @7, ¢35 : V* — V* such that
W (S, £, X) = V", @1 + @3]
and for each m € N and 7 = ({20}, {z1},--.,{2m-1}) € X" (2; € {1,2} for
j=0,1,....,m—1),
R (Se, M X) = [V, s 095 0...00; . (6.1)

By hypothesis, adim(V", o] + ¢5) = 0 and adim(V",¢}) = 1. Thus, the

assumptions of lemma 4.2 are satisfied. Let [ € N, (0¢,01,...,0,1) € {1,2}
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and a € {0,1,...,] — 1} satisfy the assertion of this lemma and n € N be
fixed. The functions ® : N — {1,2} and h: S — II* are defined by

‘D(x)_{ 2 ifzeN,

h(.??) _ (@(fn+a+(l+n)j (x))) *©

j=0

Clearly, each one is continuous and the diagram (2.2) commutes with s = [+
n. We have to prove that h is onto. Since its image is compact, it sufficies to
show that the image of h is dense in IT". Take a sequence (g, a1, ..., Qp_1) €

{1,2}™. We shall prove that there exists an z € S such that the first m

coordinates of h(z) are equal to ag, a1, ...,a, 1. Consider the sequence
T=(2,..., 7% |\ Z5, ..., Zr 2 2™ e B (6.2)
defined by
. {1} fa;=1lorje{0,1,...,n—1}
Zi= { {oj_n} otherwise : (6.3)

By (6.1) and (4.2),

R*(Sy, f™*, X) = [V, 45, 0tbp, 0.0ty ]1#0 (6.4)

where )} are defined by (4.1). By the Wazewski property of the Conley index
(see [6], proposition 2.10, [8], proposition 1.9 or [13], remark finishing section
4), S, # 0. Take any = € S,. Then, by proposition 2.1, z € S and, by the

definition of 7,
Vie{0,1,...m—1} frretsi(z) € szhua = N,,.

Hence the first m coordinates of h(x) are ag, o, - .., am,_1 and the proof of
the first part of the theorem is finished.

Let us proceed to the proof of the part concerning periodic points now.
Take a periodic sequence o = ()22, € II" with principal period m. Un-

der the additional hypothesis, (V*,¢}) is of finite type (by lemma 5.2) and
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adim(V9, 1) = 0 for all ¢ # r. Lemma 4.2 and (6.4) imply that, for n large
enough and 7 defined by (6.2) and (6.3),

AR (S, 7™, X)) # 0.

By lemma 5.2, f™° has a fixed point in S,. Clearly, this point is an m-
periodic point of f5. The commutativity of (2.2) implies that its principal

period (with respect to f®) is equal to m. O
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