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Figure 1: Buddhasof increasinggenus. First, the two handlesformed by the arms are created, then one on the bottom and, �nally ,
two on the sides.

Abstract

Therearenumerousalgorithmsin graphicsandvisualizationwhose
performanceis known to decayasthetopologicalcomplexity of the
input increases.On the otherhand,the standardpipeline for 3D
geometryacquisitionoftenproduces3D modelsthataretopologi-
cally morecomplex thantheir realforms. We presenta simpleand
ef�cient algorithmthatallowsusto simplify thetopologyof aniso-
surfaceby alteringthevaluesof somenumberof voxels. Its utility
andperformancearedemonstratedon severalexamples,including
signeddistancefunctionsfrom polygonalmodelsandCT scans.

I.3.5 [Computing Methodologies]: Computer Graphics—
ComputationalGeometryandObjectModeling
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1 Intro duction
The performanceof a numberof algorithmsin graphicsand vi-
sualizationis known to decaywith the increaseof the topological
complexity of theinput. Examplesincludework onresamplingand
parametrization[25, 16,19], geometrycompression[35, 17,2, 27],
texturing [32] andmany others. On the otherhand,the standard
3D geometryreconstructionalgorithmsoften produce3D models
that are topologically much more complex than their real forms.
This is dueto both inaccuracy andnoisegeneratedby the present
3D scanningdevicesandthe insensitivenessof the reconstruction
algorithmsto the topologicalstructureof thereconstructedobject.
This paperintroducesa simpleandef�cient techniqueallowing to
extract topologicallysimpleapproximateisosurfacesfrom volume
datasets.It caneitherwork directlywith 3D acquisitionmethodsin
which thedatais capturedin a volumetricform (like CT or MRI)
or whena volumetricmodelis oneof theintermediatestages[26].

It canalsobe usedasa componentin a volumetrictopologysim-
pli�cation procedurefor polygonalmodelsin a mannersimilar to
[30].

2 Overview of the Algorithm
Ouralgorithmtakesasinputavolumedatasetwith anisovalueand
a nonnegative integerT specifyingthedesiredgenusof theoutput
isosurface.Without any lossof generality, we canassumethat the
isovalueis equalto zero,thevoxels insidethevolumeboundedby
the isosurfacearenegative andthe voxels outsidethat volumeare
positive. We will alsoassumethattheisosurfacedoesnot intersect
the boundaryof the volume,i.e. that the boundaryvoxels have a
positive value.This assumptioncaneasilybeenforcedby addinga
`border' of width 1 consistingof voxelsof a positive valuearound
theoriginal volume.

Volumedatasetsthatappearin practicefrequentlycontaincon-
siderableamountof noise.In particular, it is commonthat theiso-
surfacein the input volumeconsistsof several connectedcompo-
nents,someof themsmallandinsigni�cant. In many cases,oneis
interestedonly in thelargestconnectedcomponent.Therefore,be-
low wewill concentrateonavariantof ourprocedurethatproduces
theouterconnectedcomponentof thepartof isosurfacecontained
in thelargestconnectedcomponentof theunionof all negativevox-
els. An alternative variantof thealgorithm(treatingthesumof the
connectedcomponentcountandthegeniof all connectedcompo-
nentsof theisosurfaceasa measureof topologicalcomplexity and
providing theuserwith controlover thisquantityfor theoutputsur-
face)is brie�y discssedin Section7. Wewill proceedin � vestages:

1. Cleanup. Thelargestconnectedcomponentof theunionof neg-
ative voxels is computed. The valuesof all of the negative
voxelsthatdonotbelongto it arechangedto anarbitrarypos-



Figure2: Top: snapshotsof the carvingprocess(with just oneresolutionlevel) for the bonsaidataset.Bottom: the isosurfaceextracted
usingour algorithm(left, genus0, obtainedusingno topology-alteringvoxel removals)andthelargestconnectedcomponentof theoriginal
isosurface(right, genus463).

itive number. After this operation,the union of all negative
voxelsis connected.

2. DistanceFunction Approximation. The valuesof the voxels
outsidethe isosurfacearealteredsothat they arecloseto the
distanceto the isosurface. This is donein a way preserving
thegeometryof the isosurface,i.e. so that the isosurfacesin
theoriginalandalteredvolumesarethesame.

3. Topology-Sensitive Carving. An operationthat removes a
boundaryvoxel with a positive value while preservingthe
topology(moreprecisely:homotopy type) is performediter-
atively, startingfrom a boundingbox of theisosurfacethat is
a unionof voxels. If no topology-preservingboundaryvoxel
removal operationis possible,a topology-alteringoneis exe-
cuted. The total numberof topology-alteringoperationscan
be at most T. Thus, the procedureterminateseither when
all positive voxelshave beenremovedor whenno topology-
preservingoperationis possibleandT topology-alteringop-
erationshave alreadybeenexecuted. In Section6 we will
seethat thenumberof topology-alteringvoxel removal oper-

ationspracticallygivestheuserprecisecontrolover thegenus
of theoutputisosurface.To make theboundaryof thecarved
setcloseto the original isosurface(in particular, openlarge
handlesbeforesmallones)weapplythegreedyheuristic:the
voxelsareremoved in theorderof decreasingvalue(i.e. ap-
proximatedistanceto the isosurface).Snapshotsof thecarv-
ing processareshown in Figure2. Figure1 showsisosurfaces
obtainedfrom thesigneddistance�eld of theBuddhamodel
for T = 0;1;2;3;4 and5.

4. Volume Update. The positive voxels in the setconstructedin
theprevioussteparemadenegative.

5. Isosurfacing. A variantof the MarchingCubesalgorithmthat
producesanisosurfaceboundingavolumeof thesamehomo-
topy typeastheunionof negativevoxels[4, 20] is applied.

Our procedurecan be made considerablymore ef�cient by
adoptinga multiresolutionapproach.After the distancefunction
approximationstage,a pyramid representationof the volume(see



[5]) is built basedonthe`minimum' �lter , whichcomputesthemin-
imumof voxel valuesin a2� 2� 2 block. Thecarvingstage(with-
out topology-alteringvoxel removals)of our algorithmis �rst per-
formedon the lowestresolution.Then,the resolutionis increased
by subdividing the voxels and the carving algorithm is restarted.
This processis repeateduntil the original resolutionis reached.
All the remainingstagesof thealgorithm,including the topology-
alteringvoxel removaloperations,arerunontheoriginalresolution.

3 Related Work
Ouralgorithmis relatedto anumberof resultsconcerningtopology
simpli�cation, level setmethods,reconstructionfrom point clouds
andtheissueof computingandrepresentingtopologicalfeaturesin
3D data.

3.1 Topology Simpli�cation

The problemof simplifying the topologyof 3D surfaceshasbeen
studiedby a numberof researchers.A three-dimensionalhole-
�lling algorithmvery similar in spirit to ours is discussedin [1].
However, it is limited to binaryvolumes,while ourapproachoffers
sub-voxel accuracy of theoutputsurface.Wealsoprovideasimple
way of specifyingthe desiredgenusof the outputandan ef�cient
multiresolutionimplementation.

Thealgorithmof [37] aimsto achieve thesamegoalasours: to
simplify thetopologyof anisosurfaceby introducingsmallandlo-
cal changesto the volume. However, in contrastto our approach,
it explicitly analyzesthe topology of the input isosurfacebased
on its ReebGraph. For eachsmall handle,an associatednon-
separatingloop in the isosurfaceis foundandthevaluesof voxels
locatedalongits spanningdiskarechangedsothatthehandledisap-
pears.Sincewedonotexplicitly �nd andannihilatenon-separating
loops in the isosurface,our algorithmis moreef�cient for highly
complex datasets.For example, the bonsaidatasetof resolution
256� 256� 256shown in Figure2 took 73 secondsto processon
an 850MHz P3 machine(togetherwith the isosurfaceextraction
phase),while [37] reportsthe running time of 2:8 minutesfor a
braindatasetof resolution125� 255� 255andwith anisosurface
of a comparabletopologicalcomplexity (on a dual P4 machine).
Ouralgorithmis alsosigni�cantly simpler.

The work [18] discussesa procedurefor removing topological
noise(i.e. smallhandles)from triangulated3D surfacesbasedon a
principlesimilar to [37]. First,smallloopsontheinputsurfacethat
arenot contractiblearefound. Then,thesurfaceis cut alongthese
loopsandtheresultingboundaryloopsare�lled with triangulated
topologicaldisks.

An algorithmthatsimpli�es thetopologyaswell asthegeometry
of asurfaceby rolling asphereover it and�lling uptheregionsthat
arenot accessibleto it is proposedin [12]. Themethodis reported
to work very well with CAD models. Our approachis different
in that it performssolely topologicalsimpli�cation, attemptingto
minimizethechangesto geometry. In particular, ourmethodwould
not �ll cavities thataremerelygeometricfeaturesof theisosurface.

A way to incorporatebothpreservationandcontrolledsimpli�-
cationof topologyof isosurfacesinto a geometricvolumesimpli�-
cationprocedureis describedin [13]. The multiresolutionvariant
of thealgorithmdiscussedin this papercanbeviewedasa super-
positionof simpli�cation (building a pyramid representation)and
a topology-preservingre�nement operations(supersamplingand
carving). However, our goal is to simplify the topologyof an iso-
surfacewhile attemptingto preserve its geometryas faithfully as
possible.It is not clearhow thealgorithmof [13] canbeusedfor
this taskin anequallystraighforwardway.

3.2 Level Set Metho ds
A methodto ensurepreservation of topologyin deformablemod-
els is describedin a seriesof papers[20, 21]. It canalsobe used
to extract topologicallysimple isosurfaces,but its relianceon de-
formablemodelsmakesit signi�cantly harderto codeandlessef�-
cient.

The level-set–basedsurfacereconstructionalgorithmwith hole
�lling capabilitydescribedin [39] alsobearssomesimilarities to
ourapproach.It presentsamethodof reconstructingasurfacefrom
an arbitrary3D set. It useslevel setmethodto �nd a surfacethat
is minimal with respectto an objective function de�ned usingthe
distancefrom theinputset(essentially, theLp normof thesidtance
restrictedto thesurface).Thecarvingstageof ouralgorithmcanbe
thoughtof asa greedyapproachto a similar optimizationproblem:
to supplementavoxel setwith morevoxelsthatareascloseto it as
possiblein away thatreducesits topologicalcomplexity.

3.3 Reconstruction from Point Clouds
The papers[10, 14, 15] restatethe problemof reconstructing3D
modelsfrom unorganizedpointsusingthe terminologyof dynam-
ical systems,which alsoappliesto our approach.Settingsmooth-
nessanddiscretizationissuesaside,thecarvingstageof our algo-
rith is similar to computingtheglobalattractorof thegradientvec-
tor �eld de�ned by thedistancefunction from the isosurface.The
topology-alteringoperationsare,in turn,analogousto thereduction
operationsby pairingandcancellationasdescribedin [14].

3.4 Computing and Representing Topology
The papers[31, 6, 34, 36] presentef�cient algorithmsfor analyz-
ing the topologicalstructureof the level sets. In [11], the authors
considerthe topologysimpli�cation problemin the context of al-
phashapes.We feel that thetechniquesintroducedin thesepapers
canhelp provide guaranteedcontrol over the topologyof the out-
put surfaceof our schemeas well as more preciselydescribeits
topologicalproperties.

4 The Basic Algorithm
In this sectionwe describethe � ve basicstepsof our algorithm,
leaving thediscussionof themultiresolutionimplementationfor the
next section.

4.1 Cleanup
In many cases,especiallyfor commonCT scans,the union of the
negativevoxelsin theinputvolumecontainssmallconnectedcom-
ponentsdueto noise.Suchcomponentsmight alsoappearassam-
pling artifacts in distance�elds. The purposeof this stageis to
remove theseconnectedcomponents.

First, we labelall theconnectedcomponentsandcomputetheir
sizes(in our case,the numbersof voxels,but othersizemeasures
canalsobeused)usingthedepth-�rst searchalgorithm[8]. Then,
all valuesof the negative voxels outsideof the largestconnected
componentarealteredto arbitrarypositivevalues.

4.2 Distance Function Approximation
The distancefunction approximationstepin�uences the order in
which thevoxelsareremovedin thecarvingphase,makingit close
to the orderingwith respectto decreasingdistancefrom the iso-
surface.This allows usto avoid thetopologicallocksdiscussedin
Section7 andkeepsthedistancebetweentheexact isosurfaceand
its approximationproducedby ouralgorithmsmall.
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Figure3: Doesthe removal of the red voxel changethe topology
(of the setA formedby red andblack voxels)? The setI (A;V) is
shown in blue. In the caseshown on the left, the setdV nI(A;V)
is empty(haszeroconnectedcomponents).Therefore,theremoval
of V changesthe topology. In the caseshown in the middle,both
I(A;V) anddV nI(A;V) haveoneconnectedcomponentandthere-
fore there is no topology change. Finally, for the con�guration
shown ontheright, thesetI (A;V) hasthreeconnectedcomponents.
Therefore,theremoval of V inducesa topologychange.

Thevaluesof thepositive samplesaway from theisosurfaceare
alteredsothatthey increasetogetherwith thedistancefrom theiso-
surface.In orderto preservetheoriginalgeometryof theisosurface,
we do not changevaluesof the positive samplesthat areadjacent
to a negative sample.We �rst computethe maximumvalueM of
a positive sampleconnectedto a negative sampleby a grid edge.
Then,wecomputethedistanced(V) of eachsampleV from theset
of negative samples.Our implementationusestheManhattandis-
tanceratherthantheEuclideandistancefor ef�ciency (clearly, fast
marching-baseddistancealgorithmof [33] canbeusedinstead).Fi-
nally, thevalueof eachpositive samplethat is not connectedby a
grid edgeto anegativesampleis changedto M + d(V).

4.3 Carving
We start from a boundingbox A of the output isosurfacethat is a
union of voxels. The order in which the voxels arecarved out of
A is governedby a priority queue,initialized to hold all positive
voxelson theboundaryof A andorderedby thevoxel values.The
following loop (L) formsthebasisof ourprocedure.

1. Extractavoxel from thepriority queue

2. If the removal of that voxel (call it V) would not changethe
topology:

2a. RemoveV from A
2b. Insertall positive voxels thatbelongto A andareneigh-

borsof V into thepriority queue,unlessthey arealready
queued

3. If thequeueis notempty, go to 1.

Thetestfor topologychangein step2 is basedon countingcon-
nectedcomponentsof the intersectionof the boundaryof V (de-
notedby dV) andthesetA with voxel V removed(i.e. theunionof
all voxelsin A exceptfor V). If boththatintersection(whichwede-
noteby I(V;A)) andits complementin dV, i.e. dV nI(V;A), each
haveexactlyoneconnectedcomponent,thevoxel removal doesnot
changethe topology(for an illustration in the2D case,seeFigure
3). Otherwise,it does.Clearly, this testcanbecompletedin con-
stanttime. In practice,performingit of�ine for all possiblecon�g-
urationsof a voxel's neighborsandstoringthe resultsin a lookup
table leadsto considerablesavings of computationaltime. Since
eachvoxel has26 neighborsandeachof themcanbe in two pos-
sible states(in A or not), thereare226 con�gurations. Thus, the
lookup table requires226 bits or 8MB of memory. Clearly, it is
possibleto reducethenumberof con�gurationsandthereforealso
thesizeof thelookuptableby exploiting symmetry, but it doesnot
appearto beworthwhilein practice.

Figure4: Threetopology-preservingvoxel removalsfrom a2D two
by two square.Eachrow shows a deformationof thesetprior the
removal ontothesetresultingfrom theremoval.

Our topologypreservation testfor a voxel removal operationis
equivalent to verifying the contractibility of I (V;A). A topolog-
ical spaceX is contractibleif and only if it can be continuously
deformedto a point within itself, i.e. if thereexists a continuous
family of continuousmappingsFt : X ! X with t 2 [0;1] suchthat
F0 is theidentityandF1 is aconstantmap.Anothertopologicalcon-
ceptcloselyrelatedto this procedureis thatof strongdeformation
retract. A topologicalspaceY � X is a strongdeformationretract
of X if X canbe deformed(collapsed)continuouslyinto Y with-
outmoving thepointsof Y, i.e. if thereexist acontinuousfamily of
maps(calledadeformation)Ht : X ! X suchthateachHt restricted
to Y is the identity, H0 is the identity on X andthe imageof H1 is
equalto Y. In fact, the setgeneratedby the loop (L) describedat
thebeginningof this sectionis a strongdeformationretractof the
boundingbox that it startedwith. The loop (L) canbe viewed as
a constructionof thedeformationof oneontotheother(Figure4).
Sincetheboundingbox is contractibleandany strongdeformation
retractof ascontractiblesetis known to becontractible[23], the�-
nal setis alsocontractible.In particular, it hasnovoidsor handles.

The procedureas describedthus far always producesa con-
tractiblevoxel set containingall the negative voxels. In order to
give the usercontrol over the topologyof the output,we allow a
user-prescribednumberof voxel removalsthatdochangethetopol-
ogy. A topology-alteringvoxel removal canbeexecutedwhenever
thepriority queuebecomesemptyandA still containspositivevox-
els.Theremovedvoxel is chosenastheboundaryvoxel in A of the
largestvalueor, equivalently, theonein A thathasa positive value
andfailedthetopologypreservationtest(line 2) at theearliesttime
during the carving phase. In particular, this choicecauseslarge
handlesof thesetrepresentedby thenegative voxels to beopened
beforethe small ones(seeFigure1). Our implementationsimply
keepsall voxelsthatfailedthetestin a FIFO queueandsearchesit
for the�rst voxel thathasnotbeenremovedyet. After thetopology-
alteringvoxel removal is performed,all neighborsof the removed
voxel that belongto A areinsertedinto the priority queueandthe
loop (L) is restarted.The whole processis iterateduntil thereare
no positive voxels in A or until T topology-alteringvoxel removal
operationshave beenperformedandno topology-preservingvoxel
removal operationis possible.

Clearly, the total runningtime of thedistancefunctionapproxi-
mationandcarvingstagesis O(nlogn), wheren is the numberof
voxelsin theboundingbox.



Figure5: Exampleentryin thelookuptableof [4]. Samplesof pos-
itivevalueareshown in blueandthenegativesamples- in red.The
yellow spheresareputat themidpointsof edgesjoining samplesof
differentsigns.Thetrianglesthatarestoredin thelookuptableare
shown in green.

4.4 Volume Update
This partof theprocedureforcesthesignsof thevoxelsto becon-
sistentwith the set carved in the previous step(positive outside
andnegative inside). Sinceno negative voxels areoutsideA, this
amountsto changingthevaluesof all positivevoxelsthatareinside
A to negativevalues.

4.5 Isosurface Extraction
Sofar our algorithmshave concentratedon voxel sets,while virtu-
ally any realapplicationrequiressub-voxel accuracy in theoutput.
Theisosurfacingalgorithmthatis to work with ourschemeneedsto
beableto transferthetopologyfrom thevoxel setconsistingof neg-
ativevoxelsto thevolumeboundedby theisosurface.Thestandard
algorithmintroducedin theclassicalpaper[28] wouldnotwork for
this task:asimplecounterexamplecanbeobtainedby placingneg-
ative valuesat two oppositecornersof a grid cubeandmakingall
theothersamplespositive. Thevolumeboundedby the isosurface
extractedbasedon the[28] is disconnectedwhile thevoxel setde-
�ned by the negative valuevoxels is connected.However, for the
three-dimensionalvariantof theschemeof [4], theisosurfaceturns
out to beconnected.In general,onecanprovethatits insidealways
hasthe samehomotopy type (see[23] for the de�nitions) as the
unionof all negative voxels.Theoverall schemeof their algorithm
is thesameasthatof [28]: theverticesof theisosurfacearepoints
onthegrid edgesjoining samplesof differentsigns.Their locations
arecomputedassumingthatthevaluevarieslinearlyover theedge.
Theverticeswithin a singlegrid cubearethenjoinedby triangles
usingtheinformationstoredin a lookuptable.Thelookuptableis
indexedby all possiblecon�gurationsof positive andnegative val-
uesat theverticesof agrid cube.In [4], it is built asfollows. Let H
betheconvex hull of thesetof pointsconsistingof all of thecube's
verticesof negative valueandall centersof edgesjoining vertices
having valuesof differentsigns.All trianglesof H thatarenotcon-
tainedin theboundaryof thegrid cubeareput into thelookuptable
(Figure5).

5 Multiresolution Implementation
The idea of imagepyramids[5] allows us to considerablyspeed
up our algorithm. We usesubsamplingto reducetheresolutionof
thevolumeafterthedistancefunctionapproximationstage.Weuse
the minimum function as the subsampling�lter . Thus,we group
the voxels in 2 � 2 � 2 blocks and form the subsampledvolume

Figure8: A closeupof ahandlein thedragonmodel.Ontheleft, we
show aview throughthehandleof theoriginalisosurface.Theother
two imagesshow a similar view of two genuszero approximate
isosurfacesextractedusingourmethod(singleresolutionvariantin
the centerandmultiresolutionvariantwith 3 resolutionlevels on
theright).

from the minimum valuesof voxels within eachof the blocks. In
particular, thismeansthatthevoxelsin thelowerresolutionvolume
correspondingto blockswhich have at leastonenegative voxel of
thehigherresolutionvolumewill benegative,andthereforespared
in thecarvingphase.Theloop (L) describedin Section4.3 is then
run on thesubsampledvolume. Whenit terminates,theresolution
is increasedby replacingeachvoxel with the correspondingeight
voxels of the original dataset.The carvingstageas describedin
Section4.3 is thenexecutedwith the priority queueinitialized to
hold all positive boundaryvoxels. Finally, thevolumeupdateand
isosurfacingstagesareperformed(on theoriginal resolution).

Clearly, the ideadescribedabove canalsowork for more than
two levelsof resolution,leadingto additionalspeedupfor largevol-
umes.Our runningtime measurementsshow that themultiresolu-
tion implementationis anorderof magnitudefasterthananimple-
mentationof the basicalgorithm. Figure 6 shows imagesof the
voxel setscarvedby our algorithmon consecutive levelsof resolu-
tion for thesigneddistancefunctionfrom theBuddhamodel.

Let usnotethatthespeedupmaycomeatapriceof lowerquality
of the outputmeshin the areaswherethe volumehasbeenmodi-
�ed. This is becausethe multiresolutionapproachdistortsthe or-
deringof thevoxel removal operationsby their value(approximate
distancefrom the input isosurface). This is not an important is-
suewhenthehandlesto beremovedaresmall,sincethechangeto
the original volumeis con�ned to their small neighborhood.For
largehandles,themultiresolutionvariantproducesresultsthatap-
pearmoreirregularthanthesingle-resolutionalgorithm.However,
the two surfacesalways tendto staycloseto eachother. For ex-
ample,theHausdorff distance(measuredusingtheMESHtool [3])
betweengenuszeroreconstructionsof theDragonmodelobtained
usingthesingleresolutionvariantof ouralgorithmandamultireso-
lution variantwith 3 levelsis equalto about6:5 timesthelengthof
edgesof thegrid, while thedistancefrom bothof thereconstructed
modelsto the original isosurfaceareaboutthreetimesmore. For
genus1 reconstructionsfor thesamemodel,theHausdorff distance
betweenany of thetwo reconstructionsandtheoriginal turnsout to
be lessthantheedgelengthof thegrid. We have observedsimilar
resultsfor othermodels. Figure8 shows closeupsof reconstruc-
tionsobtainedusingsingleresolutionandmultiresolutionvariants
of ouralgorithmin theareainsidethelargesthandleof theoriginal
isosurface. genuszeroreconstructionof thedragonmodel. When
removing largehandlesandthequality of theoutputsurfacein the
areaswherethevolumeis alteredis of importance,onecanusesur-
facesmoothingalgorithmsto improve thesmootnessof theoutput
isosurfaceobtainedeitherusingthesingleresolutionor multireso-
lution variantof thealgorithm.



Figure6: Volumesof increasingresolutionsproducedby the multiresolutionalgorithmfor the signeddistancefunction from the Buddha
model.Thelastpictureshows theoutputisosurface(genus0).

Figure7: Isosurfacesobtainedusingourprocedure.Thedragonhasgenus1 (andwasobtainedwith T = 1),brainandblade- genus0 (T = 0).

dataset size runningtime (seconds)
Buddha1 215� 214� 516 102
Buddha2 181� 181� 434 58
Dragon1 365� 233� 516 160
Dragon2 307� 196� 434 101
Blade1 239� 306� 516 151
Blade2 206� 263� 444 100

Bonsai(CT scan) 256� 256� 256 73
Brain (CT scan) 256� 256� 167 70
Skull (CT scan) 256� 256� 68 20

Engine(CT scan) 256� 256� 110 43

Table 1: Runningtimes (on an 850MHz P3 system)for the test
datasets.

6 Experimental Results
We have testedour algorithmfor severalsigneddistancefunctions
from well known polygonalvolumesandCT scans.

The informationaboutthe testdatasetsandthe runningtime of
our procedureis givenin Table1. We do not show thedependence
of the running time on the numberof topology-alteringvoxel re-
movalssinceit is a matterof only a fractionof a secondfor all the
testcases.

Figure7 shows examplesof isosurfacesobtainedusingour pro-
cedure.In spiteof lackof theoreticalguarantee(seeSection7), for
all our testdatasetsgenusof theoutputexhibits thesamebehavior:

it is equalto theuser-speci�ed numberT of topologyalteringop-
erations,until it reachesthe �rst Betti number(i.e. thenumberof
through-holes)of the largestconnectedcomponentof theunionof
all negativevoxelsin theinput volume.

7 Discussion
We introduceda simpleandef�cient algorithmalgorithmfor ex-
tracting topologically simple isosurfacesfrom regularly sampled
volumedata.Experimentsshow thatour methodprovidestheuser
with precisecontroloverthegenusof theextractedisosurface.Such
control is particularlydesirablewhenthe true topologyof the iso-
surfaceto beextractedis known a priori. In suchcases,our algo-
rithm canbe usedto �lter out the topologicalnoisepresentin the
isosurface.

Wehaveconcentratedonavariantof thealgorithmthatcanonly
produceaconnectedisosurface.Alternatively, thecleanupstepcan
begivenup. This allows oneto constructisosurfacesapproximat-
ing theunionof all outercomponentsof theinputisosurface.In this
case,theparameterT i.e. thenumberof allowedtopology-altering
operationsprovidestheusercontroloverthetopological complexity
of theoutputisosurface.Thetopologicalcomplexity of a (possibly
disconnected)surfaceis computedby summingthegeniof all con-
nectedcomponentsandthenumberof connectedcomponents.

Even though our algorithm is so well behaved in practice, it
seemsto have few provableproperties.We cancertainlyguaran-
tee that if no topology-preservingoperationsare performedthen
the output isosurfacehasgenuszero(seeSection4.3). However,



Figure9: Thehousewith two rooms.It de�nestwo `rooms'R1 and
R2. In orderto enterRi onehasto walk throughthecorridorthrough
the otherroom,startingwith the `door' Ei . The houseconsistsof
thewalls of the two roomswith thecorridors' entrancesandexits
removed, the corridors' boundariesandthe two rectangularwalls
connectingeachof thecorridorsto theouterwall.

if the input isosurfaceis connectedandhasgenuszero,theoutput
isosurfacedoesnot have to be the sameasthe input surface. An
examplecanbeconstructedusingoneof thewell-known subsetsof
the3D spacethatareretractsof R3 but arenot collapsible,e.g. the
duncehat[38] or thehousewith two rooms[7, SectionI.2], brie�y
describedin Figure9. Considera housewith two roomsbuilt of
smallvoxels.Selectits contractiblè dense'subsetof voxelsA (i.e.
suchthat every cubeintersectingthe Househasa cubeof A close
to it). For example,A can be a maximal voxel tree of this sub-
setof voxels. By a voxel treewe meana setof voxels for which
thegraphhaving thevoxelsasits nodesandwith edgesjoining the
nodescorrespondingto intersectingvoxels is a tree. Let thevoxel
valuesin this setbenegative andthevaluesof all theothervoxels
bepositive. Thealgorithmwill startby computingtheapproximate
distancefrom the negative voxels, which is roughly equalto the
distancefrom theHouseitself. Therefore,duringthecarvingstage,
our algorithmwill be carving the House. Whenthe setbecomes
onevoxel wide, the algorithmwill fail to �nd a voxel whosere-
moval preservesthetopologyandwill terminate.The�nal setwill
resemblethe Houseandwill be different from the treeconsisting
of negative voxels. We have not observedany topologicallocksas
describedabove for any of our testdatasets.

In future, we areplanningto investigatewaysto minimize the
changesto thevolume(e.g.thenumberof voxelswhosevaluesare
alteredin thevolumeupdatestage)neededto obtainan isosurface
of prescribedtopology. An approachthat appearspromisingis to
combinetheresultsof our algorithmanda variationthatgrows the
voxel setfrom a seedvoxel insidetheisosurfaceinsteadof carving
it from its boundingbox. Thegrowing approachwouldwork better
for removing thin andlong handles,for which it maybemorenat-
ural to cut them. We arealsoplanningto modify our algorithmso
thatit worksfor partiallyde�nedvolumedatasetslikethoseconsid-
eredin [9]. Eventhoughourprocedurerequiresvolumetraversalin
anonmemorycoherentway, it is possibleto implementit usingan
adaptiveocttreerepresentationratherthanafull volumepyramidas
describedin this paper. Therefore,we hopethat it will beeffective
for largevolumedatasetsaswell.
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