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Abstract

For time-dependentscalar �elds, oneis ofteninterested
in topologychangesof contoursin time. In thispaper, wefo-
cusondescribinghowcontourssplit andmerge overa cer-
tain timeinterval.Ratherthanattemptingto describeall in-
dividual contoursplitting andmerging events,wefocuson
the simplerand therefore more tractablein practiceprob-
lem: describingand queryingthe cumulative effect of the
splitting and merging eventsover a user-speci�edtime in-
terval.Usingour systemonecan,for example, �nd all con-
tours at time t0 that continueto two contours at time t1

without hitting the boundaryof the domain.For any such
contour, there hasto bea bifurcationhappeningto it some-
where betweenthetwo times,but, in additionto that,many
othereventsmaypossiblyhappenwithoutchangingthecu-
mulativeoutcome(e.g. merging with several contoursborn
after t0 or splitting off several contours that disappearbe-
fore t1).

Our approach is �exibleenoughto enableothertypesof
queries,if they can be cast as countingqueriesfor num-
bers of connectedcomponentsof intersectionsof contours
with certain simplyconnecteddomains.Examplesof such
queriesinclude�nding contourswith large life spans,con-
tours avoiding certain subsetof the domainover a given
timeintervalor contoursthatcontinueto twoat a later time
andthenmergeback to onesometimelater.

Experimentalresultsshowthat our methodcan handle
large3D (2 spacedimensionsplustime)and4D (3D+time)
datasets.Bothpreprocessingandqueryalgorithmscaneas-
ily beparallelized.

1. Intr oduction

Isosurfacesplay an importantrole in visualizationand
analysisof scalar�elds. An isosurfaceis thesetof all points

whosevalueis equalto auser-speci�edconstant(isovalue).
The problemof �nding a suitableisovalue resulting in a
meaningfulisosurfacehasbeenrecognizedin [2], wherethe
authorsproposea systemhelpingtheuserto selectan `in-
teresting'isovaluebasedon several quantitative character-
isticsof theisosurfaceslike surfacearea,volumeandnum-
berof connectedcomponents.

Time dependentdatasetsposesimilar challenges.Com-
putational�uid dynamicssimulationdatais oftenanalyzed
in termsof featuresand their behavior in time, in partic-
ular their correspondenceto featuresin other time frames
andtheway thefeaturesinteractwith eachother(in partic-
ular, how they merge andsplit) [18, 17, 16]. Featuresare
often obtainedby thresholdingscalar�elds andarethere-
fore closelyrelatedto contours(connectedcomponentsof
isosurfaces).Mimicking the static case,one may posea
questionof �nding `meaningful'isovaluesandcontoursthat
couldleadto morecompleteunderstandingof thedata.This
paperaimsto provide toolsfor �nding contoursthatevolve
andinteractwith othercontoursin a way consistentwith a
numberof constraints.In themostgeneralform,eachof the
constraintsrequiresthata contourintersectsa certainsim-
ply connected(space-time)subsetat a user-speci�ed num-
berof connectedcomponents.

Contour treeshave beenwidely used to describethe
topologicalstructureof contours[8, 20, 19, 14, 15]. A num-
ber of algorithmsfor computingcontour treeshave been
proposed[20, 19, 8, 6, 7]. In most practical cases,con-
tour treescanbecomputedin O(n + m logm) time,where
n is the size of the grid and m is the numberof critical
points.Critical pointscanbede�ned asnodesv of thegrid
at whichcontourtopologyundergoesa local change.Time-
Varying ReebGraphsof [10] preciselydescribeandclas-
sify changesthatcanhappento contourtreesof time slices
astimeprogresses.TheSafari interfacedescribedin [11] al-
lowsto interactively exploretime-dependentscalar�elds. It
representsthe structureof the isosurfacescomputedfor a
speci�c isovalueataspeci�c timeby samplingthespaceof



all pairs (t; c) (t-time, c-isovalue)andthenpresentingthe
isosurfacepropertiesto theuserasan intuitive andeasyto
navigatethroughheight�eld parametrizedby thesetwo pa-
rameters.Note thatby doingthis, theSafari interfacedoes
not captureinformationhow contoursdeformin time into
eachother, it only representspropertiesof entireisosurfaces
for timeslices.

In this paperwe describean algorithmfor �nding cer-
tain kinds of user-speci�ed behaviors of contoursin reg-
ularly sampledtime-dependentscalar �elds. We assume
that the data is given in the form of a sequenceof reg-
ularly sampledscalar�elds, de�ning time sectionscorre-
spondingto integer times.Let D � [T0; T1] (with T0 and
T1 integer) be the domainof the input scalar�eld. In 2D
or 3D, D is a rectangleor a parallelepiped(respectively).
We �rst preprocesstheinputscalar�eld by computingcon-
tour treesof its restrictionsto severalsubdomains.With the
precomputedcontourtrees,we canef�ciently �nd thecon-
tour treeof thescalar�eld restrictedto D � [t0; t1] (where
[t0; t1] � [T0; T1] and label its every edgee with a vec-
tor whoseentriesarenumbersof connectedcomponentsof
the intersectionof the contourcorrespondingto e with in-
teger time sectionsand� D � [t0; t1]. In particular, this al-
lowsto �nd all contourswhich intersectuser-speci�edinte-
gertimesectionsataprescribednumberof connectedcom-
ponents.Using the countof connectedcomponentsin the
intersectionwith � D � [t0; t1], onecanadditionallyrequire
thatthecontoursdonot intersecttheboundary.

Onecaninterpretourapproachasadescriptionof merg-
ing andsplitting eventsfor contours.However, unlike [10],
we do not attemptto describeall structuralchangesthat
happento thecontours.Ratherthandoingthat,we attempt
to describe,measureand representthe cumulative effect
of all sucheventsbetweenthe consecutive time slices.In
time-dependentscalar�elds, contourscanundergotopolog-
ical changesbetweenthe consecutive time slicesthrough
the data(i.e. at non-integer times)even if the topologyon
consecutive integerslicesis preserved.This is illustratedin
Figure1. In particular, thecontourtreefor time slice t can
changeas t increasesnot only at integer but also at frac-
tional times.Our approachdoesnot attemptto captureall
suchchanges,insteadfocusingonly on the `total' change
betweentwo consecutive time slices.We believe that in
practicalcasesthis lossof accuracy is in factdesirablesince
it allows to eliminate the cost of �nding and describing
topologychangeswhoseeffect is too short lived to be im-
portant.Suchtopologychangesmayberegardedastempo-
ral topologicalnoise.

As an example,supposeone asksfor all contoursin
D � [t0; t1] (wheret0 andt1 are integers)whoset0 time
slicehasoneconnectedcomponentandwhoset1 timeslice
hastwo connectedcomponents.Thecontoursthatouralgo-
rithm would handin could in fact merge with an arbitrary
number(restrictedonly be the grid size) of contoursthat
arebornbetweent0 andt1. Similarly, anarbitrarynumber

of contoursthatlaterdisappearbeforet1 cansplit off. How-
ever, for all thesecontoursthecumulativeeffectof all these
eventswill bethesame:onecontoursplitting into two. One
canre�ne thesearchby askingfor all contourswhich inter-
sectslicesfor timest0; t0 + 1; t0 + 2; : : : ; t0 + k atonecon-
nectedcomponentandslicesat t0 + k + 1; t0 + k + 2; : : : ; t1

at two connectedcomponentsfor someintegerk between0
andt1 � t0 � 1. However, thisstill doesnotguaranteethatthe
contourundergoesjustonesplittingevent:many moresplit-
ting andmergingeventsmayhappenbetweentheslices.

2. Contour Trees

For a scalarfunction f de�ned on a simply connected
domainX , its contourtreeT is the quotientspaceX= � ,
where� is theequivalencerelationsuchthatx � y if and
only if x andy belongto the samecontour. By a contour
we meana connectedcomponentof an isosurface.T is in-
deeda tree(connectedone-dimensionalsimplicialcomplex
with no loops) in all practicalcases,like piecewise linear
scalar�elds on simplicial domainsor scalar�elds de�ned
usingmulti-linear interpolationon regulargrids.Notethat,
sincef is constantoneverycontour, it inducesascalarfunc-
tion onthecontourtreeT whichwecall theheightfunction.
In practice,oneusuallywantsto computeandusecontour
treesto describethe topologyof discreteisosurfacescom-
putedusingavariantof theMarchingCubesalgorithm[12],
whichdoesnotexactly �t into theaboveframework (for ex-
ample,isosurfacesfor regulargrid baseddataarenot really
pre-imagesof ascalarvalueandthey donotevenhaveto be
disjoint for differentisovalues).As prior work shows,con-
tour treescanneverthelessbe de�ned correctly for a vari-
ety of �a vorsof MarchingCubes(see[5] for a discussion).
Generally, different isosurfaceextraction methodslead to
differentisosurfaces(andisosurfacetopologies)andthere-
forealsoto differentcontourtrees.Motivatedby its simplic-
ity andeaseof extensionto higherdimensions,we usethe
methodof [4] astheisosurfaceextractionmethodfor regu-
larly sampledscalar�elds. Theoverallschemeof thisalgo-
rithm is thesameasthatof [12]: theverticesof the isosur-
facearepointson thegrid edgesjoining samplesof differ-
ent signs.Their locationsarecomputedassumingthat the
value varieslinearly over the edge.The verticeswithin a
singlevoxel arethenjoinedby trianglesusingtheinforma-
tion storedin alookuptable.Thelookuptableis indexedby
all possiblecombinationsof statesof theverticesof avoxel
(two statesfor a vertex are`below the isovalue' or `above
the isovalue') and is built as follows. Let H be the con-
vex hull of thesetof pointsconsistingof all of thevoxel's
verticeshaving valuebelow the isovalueandall centersof
edgesjoining verticeshaving different state.All triangles
of H thatarenotcontainedin theboundaryof thevoxel are
put into thelookuptable(Figure2).

Ef�cient algorithmsfor computingcontourtreeshavere-
ceiveda considerableamountof attention.Contourtreeal-
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Figure 1. A one-dimensional example sho wing that a contour may under go several topological
chang es between two consecutive slices while having the same topology at the slices. Number s in-
dicate the density at nodes, blue line is the isosurface (the iso value is about 10). Notice that even
though the topology of time sections for isosurfaces for iso values close to 10 chang es between the
two slices, these chang es cannot be `obser ved' by examining just the topology of the two integ er sec-
tions.

gorithmscanbe classi�ed into two categories:sweepand
divide andconquer. This paperbuilds uponboth typesof
algorithms.For therestof this section,we outlinetheprior
work oncomputingcontourtreesanddescribehow they re-
lateto theregulargrid setting.

A divide andconqueralgorithmfor computingcontour
trees,readilyapplicableto theregulargrid case,is discussed
in [14, 15]. It recursively splitsthedomaininto two partsof
roughlyequalsize,computescontourtreesof restrictionsto
eachof the two partsandmergesthemto obtain the con-
tour treeof theinputscalar�eld. In thispaper, wemakeuse
of thecontourtreemerging procedurewhenexecutingiso-
surfacequeries.The divide-and-conqueralgorithmcanbe
maderun in O(n + t logn) time, wheret is thenumberof
critical pointsandn is thesizeof thegrid [14].

Thefastestalgorithmin theworstcasesenseis thesweep
algorithmdescribedin [7] andbasedon theresultsof [6]. It
runs in O(n + m logm) time, wheren is the sizeof the
grid and n is the numberof critical points. Experiments
involving our implementationsof this andthe divide-and-
conqueralgorithmindicatethat the sweepalgorithmtends
to be fasterin practice(at leastwithin our framework) and
thereforewe have chosento use the sweepalgorithm to
computethecontourtreesin thepre-processingstage.

Thesweepalgorithmof [6, 7] proceedsby �rst comput-
ing thejoin treeandthesplit treeandthencombiningthem
togetherto obtainthecontourtree.Jointreedescribeshow
connectedregions below the isovalue (we shall call their
union the sublevel set) appearandmerge with eachother
as the isovalueis increased.Split treesdescribehow con-
nectedregionsabovetheisovalue(theirunionwill becalled
a superlevel set) arecreatedandmerge with eachotheras
theisovalueis decreased.Computingthejoin treeamounts
to scanningthenodesin orderof increasingvalueand,for
eachnode,describingwhatcomponentsof thesublevel set
merge asthe isovaluereachesthe valueat that node.This
canbe implementedef�ciently usingthe union �nd datas-
tructure.Thesplit treecanbecomputedusingthedualpro-
cedure.A detaileddescriptionof this processcanbefound
in [5, Section14]. Insteadof scanningall nodes,onecould
sweepover the critical nodes(i.e. thosewherelocal con-
toursplittingor mergingtakesplace),shootingmonotonous

Figure 2. Example entr y in the marching
cubes lookup table. Samples of positive
value are sho wn in blue and negative sam-
ples in red. The yello w spheres are put at the
midpoints of edges joining samples of diff er-
ent signs. The triangles that are stored in the
lookup table are sho wn in green.

pathsfrom thesenodesuntil they reacha localextremumor
apreviously tracedpathandkeepingtrackof theconnectiv-
ity of theunionof pathsasin [7].

Theoutputof thecontourtreealgorithmis a treewhose
verticescorrespondto nodesof thegrid. Verticesthathave
exactlyoneincidentedgegoingupandexactlyoneincident
edgegoingdown will becalledregularverticesof thecon-
tour tree.All otherverticeswill becalledcritical. Notethat
thisnotionof criticality is slightly differentfrom theonewe
usedwith respectto the nodesof the grid (critical nodeis
onewherelocal connectivity changeshappento contours).
In whatfollows, it will alwaysbeclearfrom context which
notionof criticality we use.

We will oftensimplify contourtreesby removing some
or all regular vertices.Whenremoving a regular vertex v,
we remove its incident edgesand connectthe lower and
upperneighborof v with a new edge,preservingthe tree
structure.By removing all regularvertices,onecanobtain
the smallestpossiblerepresentationof the contourtree.It



canbeaugmentedwith additionalnodesif necessary. In our
case,wewill beinterestedin computingcontourtreesof re-
strictionsof theinput scalar�eld to certainsubdomains.In
orderfor our algorithmto work, we will needto make sure
thatcertainverticespresentin certaintreesarealsopresent
in other trees.This is further explainedin the subsequent
sections.

3. Finding contourscorrespondingto contour
tr eeedges

Contourscorrespondingto a point x of thecontourtree
canbefoundusingthepathseedalgorithmof [5]. Assume
thatx is on edgee with endpointsp0 andp1, theheightof
pi is hi (i = 0; 1), with h0 < h1 and the height of x is
h 2 (h0; h1). To �nd the contourcorrespondingto x, one
caneitherfollow anascendingpathfrom thegrid nodecor-
respondingto p0 or a descendingpathfrom the grid node
correspondingto p1 until it crossesan isosurfacefor iso-
valueof h. Thecontourcanbeextractedby contourpropa-
gation(asin [21]) from thelastedgeon thepath.However,
not every path descendingfrom p1 or ascendingfrom p0

would leadto theright contour:we have to make surethat
the correspondingpathin the contourtreedescendsor as-
cendsalonge. As [5] observes,to �nd sucha path(called
thepathseedcorrespondingto e) it is suf�cient to follow the
�r stedgecorrectlyandthenextendthepathin any way. We
computepath seedsfor all edgeswhile building the con-
tour treeusing the approachof [5]. This requiresremem-
beringthe startingedgesof monotonouspathsusedwhile
computingthesplit andjoin treestogetherwith their edges
andthentransferringthis informationto edgesof thecon-
tour treewhencombiningthe split and join trees.See[5]
for moredetails.

4. SubdomainAwareContour Trees

A subdomainaware contour tree is a contour tree
equippedwith informationdescribinghow individual con-
tours intersecta simply connectedsubdomainY � X .
More precisely, eachedgeof the subdomainaware con-
tour treehasalabelthatrepresentsthenumberof connected
componentsof the intersectionof any contourcorrespond-
ing to thatedgewith Y . Below we brie�y describeformal
propertiesof subdomain-awarecontourtreesand the pro-
cedurefor computingtheedgelabels.

Let us denoteby f Y the scalar�eld f restrictedto Y .
For the scalar�eld f Y we alsohave a contourtree(called
the restrictedcontour tree later on), which we denoteby
TY . Sincetheinclusionmapof Y into X mapscontoursof
f Y into contoursof f , onecande�ne theinclusion-induced
map j of the restrictedcontourtreeTY into the full con-
tour treeT . Note that j preservesheight.In what follows,
we requirethatverticesof TY arealsopresentin T .

Thelabelof anedgee of thecontourtreeis equalto the
numberof points in j � 1(p) for any point p in the interior
of theedgee (i.e. belongingto e but differentfrom its end-
points).This is clearfrom thede�nitions: pointsin thepre-
imageof p correspondto contoursof the restrictedscalar
�eld thatarecontainedin thecontourof thefull scalar�eld
correspondingto p.

Eachedgein TY is mappedinto anascendingpathin the
full treeT (in whatfollows,wecall suchpathsedgepaths).
A labelof anedgeecountshow many suchpathstraversee.
A lineartime algorithmof computingtheedgelabelsmoti-
vatedby theprocedurefor computingthetopologyof con-
toursof [14] hasbeenproposedin [3]. We outlineit below.

Knowing T , TY and the mappingj , for eachvertex v
of T , onecaneasilycompute�( v), thesumof all labelsof
edgesjoining v with ahighervertex minusthesumof all la-
belsof edgesjoining v with alowervertex. For everyvertex
v of T which is not a vertex of TY , �( v) = 0: this is be-
causeno edgepathsstart or end at v. For verticesv that
are alsopresentat TY , �( v) is equalto the differenceof
thenumberof edgepathsthatstartat v andthenumberof
edgepathsthat endat v (recall edgepathsgo up). There-
fore, �( v) is equalto thenumberof edgesthat join v with
ahighervertex in TY minusthenumberof edgesthatjoin v
with a lowervertex in TY .

Having computed�( v) for every vertex of T , we start
computingtheedgelabels.If e is anedgesuchthat,for one
of its endpointsv, all labelsof edgesout of v other than
e have beencomputed(in what follows,we shall call such
anedgesimple), thenthe labelof e canbecomputedfrom
theselabelsand�( v). Ouralgorithmassignslabelsto sim-
pleedgesuntil all edgesarelabeled.It maintainsaqueueof
simpleedgesandacounterc(v) for eachvertex v of T . Ini-
tially, thequeueholdsall leaf edgesof T andc(v) is setto
the degreeof v in T . Every time a label is assignedto an
edgee joining u andw, c(u) andc(w) have to be decre-
mented.Whenever the valueof a counterc(v) becomes1,
we �nd the edgeincident to v that doesnot have a label
and insert it into the queue.This procedurehasto termi-
natewith all edgeslabeled(all unlabelededgesform a tree,
andleaf edgesof that treearesimple).Thetotal amountof
time spenton computingthelabelsis O(n), wheren is the
sizeof the treeT (TY hasto be smallersinceall its ver-
ticesmustbeverticesof T ).

The samealgorithmcanbe usedto label edgeswith n-
dimensionalvectorsrepresentingthenumberof connected
componentsatwhichcontoursintersectk simplyconnected
subdomainsY1; Y2; : : : ; Yk . Its runningtime (assumingthe
full contourtreeandcontourtreesof all restrictionsareal-
readycomputed)canbeboundedby O(nk), wheren is the
numberof verticesin thefull tree(augmentedwith all ver-
ticesof restrictedtrees).
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Figure 3. Example: a contour tree of a restricted scalar �eld (left) and the full contour tree (right) with
edge labels. The mapping j is indicated by the ver tex labels for the tree on the right. Edge labels count
connected components of the inter section of contour s with the subdomain that the left tree is based
upon. �( v) are sho wn in red, next to ver tices of the restricted tree . Note that we sho w here onl y the
par t of the full tree that is traversed by the edge paths; typicall y, many edges and ver tices of the full
tree are not visited by the edge paths at all. The edge labels can be computed in the follo wing order:
j (A)j (B ), j (B )j (E ), j (C)j (D ), j (D )j (E ), j (E )j (F ), j (F )j (G), j (G)j (H ).

5. Preprocessing

Wepreprocessthedatasetby computingcontourtreesof
restrictionsof thescalarinput �eld to severalsubdomains.
Assumethedomainof theinputscalar�eld is D � [T0; T1],
whereT0 andT1 areintegersandD is eithera rectangle(in
the2D case)or aparallelepiped(in the3D case).As in Sec-
tion 1, weassumethatthedatais representedasasequence
of T1 � T0 + 1 scalar�elds de�ned on D andcorrespond-
ing to integertime slices.We computecontourtreesfor re-
strictionsof the input scalar�eld to the following subsets,
shown in Figure4:

1. Timeslices,D � f tg for all integert 2 [T0; T1]

2. Thick time slices, D � [t; t + 1] for all integer t 2
[T0; T1 � 1]

3. Thick boundaryslices, (� D ) � [t; t + 1], where t 2
[T0; T1 � 1] is an integer; Note that thick boundary
slicesarehomeomorphicto the Cartesianproductof
the two-dimensionalsphereanda closedinterval and
hencesimply connectedin 3D. However, in the 2D
case,the thick boundaryslices are not simply con-
nected.In this case,we breakthem into simply con-
nectedparts,for exampleasshown in Figure4.

To computethe contourtrees,we usethe sweepalgo-
rithm describedin Section2). We keepthe precomputed
treeson a hard disk so that they can be convenientlyac-
cessedduringqueryexecution.

In orderto allow queriesto run moreef�ciently , we en-
surethat the contourtreescomputedduring preprocessing
stagehave the smallestpossiblenumberof verticesthat
would allow queriesto run without �a ws. We do that by

�rst computingthecontourtreesfor timeslicesandsimpli-
fying themby removing all their regularvertices.Let R t be
thesetof verticesof thetreecorrespondingto thetimeslice
for time t.

Then,we computecontourtreesfor the thick boundary
slices.For two consecutive thick boundaryslices(� D ) �
[s � 1; s] and(� D ) � [s; s + 1], we computeall verticesin
thes-timeslicethatarecritical in eitheroneof thetwo trees.
Let Bs bethesetof all suchvertices.We simplify thecon-
tour treefor thick boundaryslice(� D ) � [t; t + 1] (for all t)
by removingall verticesthatarenot in B t [ B t +1 (suchver-
ticeshave to beregular).

Finally, we proceedto computecontour treesfor the
thick time slices.Let H s be all verticesin thes-time slice
that are critical in the contour treesfor thick time slices
D � [s� 1; s] or D � [s; s+ 1]. Wesimplify thecontourtree
for a thick time sliceD � [t; t + 1] by removing all its ver-
ticesexceptfor thosein Rt [ Rt +1 [ B t [ B t +1 [ H t [ H t +1

(all suchverticeshave to beregular).
By obeying theaboverules,we canguaranteethat:

1. If two thick boundaryslicessharea vertex andthatver-
tex is critical in thecontourtreeof oneof thesethick
boundaryslices,thenit is presentin the contourtree
for theotherone.

2. If two thick time slicessharea vertex andthatvertex is
critical in the contourtreeof oneof thesethick time
slices,thenit is presentin thecontourtreefor theother
one.

3. If avertex is critical in acontourtreefor a timesliceor a
contourtreefor a thick boundaryslice,it is presentin
thecontourtreefor any thick timesliceit belongsto.
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Figure 4. Thic k slices, time slices and thic k boundar y slices for a time-dependent 2D scalar �eld. In the
2D case, thic k boundar y slices are not simpl y connected and theref ore cannot be used as subdomains
for subdomain aware contour trees. Theref ore , we break it into four simpl y connected par ts (right).

Theseconditionswill ensurethat certain key contour
treescanbederivedfrom theprecomputedoneswhenexe-
cutingqueries.

6. Queries

In this sectionwe discussthe queryalgorithmin more
detail.We focuson queriesallowing to �nd isosurfacesof
the scalar�eld restrictedto D � [t0; t1] (wheret0 and t1

are integerssuchthat T0 � t0 � t1 � T1) which inter-
sectthe time slicesat t0 at t1 at a user-speci�ed numbers
of connectedcomponentsn0 andn1. In addition,we allow
theuserto restrictsearchto isosurfaceswhich do not inter-
sectthe boundaryof the datasetin any time slice, i.e. are
disjointwith � D � [t0; t1].

6.1. Query execution

In order to executea query, we �rst computethe con-
tour treesof therestrictionof thescalar�eld to thefollow-
ing subsets:

(a) D � [t0; t1]

(b) � D � [t0; t1] (in the3D case;the2D caseis discussed
later).

Both contour treescan be obtainedby merging the trees
computedin the preprocessingstageusing the algorithm
of [14, 15]. This naturally leadsto a recursive procedure
which computesthe contourtreeof the restrictionto D �
[t0; t1] by recursively computingtreesfor restrictionsto
D � [t0; bt 0 + t 1

2 c] and D � [bt 0 + t 1
2 c; t1] and then merg-

ing the resultingtreesif t1 � t0 � 2 or just returningthe
precomputedcontourtreefor a thick slice if t1 � t0 = 1.
Thetreefor therestrictionto � D � [t0; t1] canbecomputed

in the sameway. Sincethe tree merging operationis lin-
eartime [14, 15], thetotal runningtime of this algorithmis
O(n(1 + log(t1 � t0))) , wheren is themaximumsizeof a
contourtreefor a thick boundaryslice or thick time slice.
Having computedthetwo trees,we labeleachedgee of the
treeT correspondingto D � [t0; t1] with connectedcom-
ponentcountsof intersectionsof the correspondingcon-
tourswith � D � [t0; t1] andthe time slicesD � f t0g and
D � f t1g (notethecontourtreescorrespondingto restric-
tionsto thetwo time sliceshave beencomputedin thepre-
processingstage).Before labeling the edges,the contour
tree for � D � [t0; t1] is simpli�ed by removing all regu-
lar vertices,leadingto T� andT is simpli�ed by removing
all verticesthatarenotpresentin T� or thetwo treesfor time
slicesat t0 or t1. Ultimately, onemightwantto runsimpli�-
cationaftereachcontourtreemergingoperationwhile com-
putingthetwo trees(a) and(b).

In the2D casethick boundaryslicesarenot simplycon-
nected,andthepreprocessingstagecomputesfour treesfor
partsof thick boundaryslicesshown in �gure 4. We can
use the contour trees for the parts to computethe con-
tour treesfor restrictionsof the scalar�eld to four faces
of � D � [t0; t1]. Then,we computefour edgelabelscorre-
spondingto thefour treesandsumthemupto gettheae la-
bel for everyedgee. In thiscase,ae is notequalto thenum-
ber of connectedcomponentsof the intersectionof a con-
tour in D � [t0; t1] with � D � [t0; t1]. However, it still can
beusedto determineif thecontourintersects� D � [t0; t1]
or not: ae is nonzeroif andonly if it does.

7. Experimental results

Wehavetestedouralgorithmontwo inputdatasets:sim-
ulation of 2D spiral waves[9] obtainedusingezspiral
code[1] anda 3D �uid mixing simulationfrom Lawrence



Figure 5. Example time slices for spiral waves dataset (top row) and 2D slices thr ough the �uid sim u-
lation dataset (bottom row).

LivermoreNationalLaboratorydescribedin [13]. Example
slicesthroughthesedatasetsareshown in Figure5.Theres-
olutionof the2D datasetis 512� 512with 700timeslices,
while the3D datasetis of resolution256� 256� 128with
165 time slices.Sincethe�uid simulationdatasetcontains
numeroushigh frequency features,which makesit hardto
visualizethe isosurfaces,we smoothedit by applying the
box �lter 5 timesbeforeusing it in our experiments.This
substantiallyreducedthenumberof contourtreeedgesre-
sulting from our queries,sincea numberof themresulted
from high frequency in thedataset.

Wepreprocessedbothdatasetsasdescribedin Section5.
Then,we ran the queryalgorithm to �nd isosurfacesthat
do not hit the boundaryandthat intersectthe �rst andthe
last sectionin a user-selectedtime rangeat one or more
connectedcomponents(i.e. all thosethat can be continue
throughoutthat time interval). Examplesof contoursfound
by oursystemfor thespiralwavesdatasetareshown in Fig-
ure6. Theexampleswerefoundby executingthequeryas
describedabove for time interval equivalentto 50 consecu-
tiveslices.Thenumberof edgesoutputwastypically small,
in fact for many time intervals no contoursconformingto
ourcriteriahavebeenfound.

Examplesof time-sectionsfoundin the�uid simulation
datasetusing the samecriteria are shown in Figure 7. In
this case,the outputconsistedof a large numberof edges
(around300). The exampleswe selectedto show hereare
contourswhosetime sectionshave a largesurfaceareaand
which arisefrom isovaluesin the middle of the dynamic
rangefor theinputscalar�eld.

The preprocessingtime was about twenty minutesper

slice for the �uid simulationdatasetand lessthan2 min-
utesper time slice for the spiral wavesdataset.The query
time (including �nding seedsfor isosurfacesbut without
isosurfaceextractiontime) is abouta minutefor time win-
dow equivalentto 50slicesfor thespiralwavesdatasetand
abouttwo minutesfor the�uid simulationdataset(for time
intervalequivalentto 10-20timeframes).All timemeasure-
mentshave beenmadeon a PentiumIII-850MHz worksta-
tion.

The sizeof the contourtreesfor eachof the thick time
slicesis about13000nodesfor thespiralwave datasetand
95000for the�uid simulationdataset.Thecontourtreesfor
time slicesweretypically slightly lessthanhalf thesizeof
thethick timeslices.Thecontourtreesfor thethick bound-
ary slicesweremuchsmaller. In bothcases,thetreeswere
considerablysmallerthanthenumberof nodesin onetime
slice,whichreducesthememoryfootprintandrunningtime
of the queryalgorithmwhencomparedto simply comput-
ing thecontourtreesfrom scratch.

8. Summary and futur e work

We describeda systemallowing to query large time-
dependentdatasetsfor time-spaceisosurfaceshaving apre-
scribednumberof connectedcomponentsin user-speci�ed
time sections.While the query times reportedin this pa-
per are not interactive, they are low enoughto make our
algorithma usefultool for exploring time-dependentdata.
Furthermore,they easyto implementef�ciently on paral-
lel architectures.We believe that the most importanttask
for futureresearchis to incorporaterobustnessmeasuresin



Figure 6. Examples of comple x contour evolution found by our algorithm in the spiral wave dataset.
Each picture sho ws several time sections of a space-time contour; the red and green cur ves are sec-
tions in the initial and �nal time sections (respectivel y).

our system,allowing to �lter out contours(or contoursec-
tions) that canbe removed by a small perturbationof the
data.In particular, we areinterestedin extendingthe con-
tour treesimpli�cation algorithmsin [5] to our setting.The
needfor such�lters hasbeendemonstratedby our experi-
ments:in somecaseswe examined,for the�uid simulation
datasetthe queryalgorithmreportedover 300 edgessatis-
fying the constraints.A numberof theseedgeswereshort
andexistedonly becauseof very small connectedcompo-
nentscreatedat the �rst or last frameof the time interval
of interest.Suchcomponentscanbe regardedastopologi-
cal noiseandshouldbe omittedfrom theoutput.We hope
thataneffectivesimpli�cation algorithmof this kind might
allow to visualizethe topologyof complex datasetsusing
contourtreeswith edgelabelsin acomprehensiblemanner.

Another interestingfuture researchtopic is to explore
the relationshipbetweenour work and[10]. For example,
givenall contourtreesthatwe computedin thepreprocess-
ing stage,is therea way to determinethesimplestway the
contourtreescanevolvein timewhile beingconsistentwith
theinformationcarriedby thesetrees?Thatwould leadto a
simpli�ed descriptionof contourtreechangesin timewhich
could be more comprehensiblethan the exact description
suggestedby [10].
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