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ABSTRA CT

We proposea simple method for reconstructing thin, low-contrast blood vesselsfrom three-dimensionalgreyscale
images. Our algorithm ¯rst extracts persistent maxima of the intensity on all axis-aligned two-dimensional
slicesthrough the input volume. Those maxima tend to concentrate along one-dimensionalintensity ridges, in
particular along blood vessels.Persistence(which can be viewed as a measureof robustnessof a local maximum
with respect to perturbations of the data) allows to ¯lter out the `unimportant' maxima dueto noiseor inaccuracy
in the input volume. We then build a minimum forest basedon the persistent maxima that usesedgesof length
smaller than a certain threshold. Becauseof the distribution of the robust maxima, the structure of this forest
already re°ects the structure of the blood vessels.We apply three simple geometric ¯lters to the forest in order
to improve its quality. The ¯rst ¯lter removes short branches from the forest's trees. The second¯lter adds
edges,longer than the edgelength threshold used earlier, that join what appears (based on geometric criteria)
to be piecesof the sameblood vesselto the forest. Such disconnectedpiecesoften result from non-uniformit y of
contrast along a blood vessel.Finally, we let the user select the tree of interest by clicking near its root (point
from which blood would °ow out into the tree). We compute the blood °ow direction assumingthat the tree is
of the correct structure and cut it in placeswhere the vessel'sgeometry would force the blood °ow direction to
changeabruptly .

Experiments on clinical CT scansshow that our technique can be a useful tool for segmentation of thin and
low contrast blood vessels.In particular, we successfullyapplied it to extract coronary arteries from heart CT
scans. Volumetric 3D models of blood vesselscan be obtained from the graph described above by adaptive
thresholding.

1. INTR ODUCTION

Medical datasets, including CT scans,are inherently noisy and inaccurate. Algorithms that processsuch data
need to distinguish features resulting from noise from those carrying useful information about the dataset's
structure. Topological tools are a natural choice for this task: one of the major goals of discrete topology is
¯nding and describing persistent features that cannot be removed by small perturbations of the data. Our goal
is to apply topological tools to segment thin blood vesselsfrom 3D greyscaleimagery. Although the main focus
of this paper is coronary arteries in CT scans,we believe our algorithm is generalenoughto be applied to other
typesof vascular trees and other kinds of datasets.

Vesselextraction algorithms are receiving signi¯cant amount of attention in recent years, as their structure
can yield important information for diagnosis and treatment of cardiovascular diseases,which are the most
frequent causeof death in the developed nations. An excellent overview of the ¯eld can be found in.1 The
algorithm described in this paper can be classi¯ed as a ridge-basedapproach. Contrary to most ridge based
approaches,we do not estimate the local characteristics of the vesseldirectly from the image. We extract a set
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Figure 1. Maxima in a slice through a CT scan found by our algorithm. The ¯gures show maxima of persistence0, 160,
640 and 2560 (respectively) as black dots (our CT image has dynamic range [0; 65535]). The last persistencethreshold is
the most suitable for use in our algorithm.

of sample points (robust intensity maxima in 2D slices) near the vesselcoresand use them to reconstruct the
vascular trees.

The structure of the paper is asfollows. In Sections2 and 3 we describe the two major stagesof our algorithm:
computing the set of robust maxima on 2D slicesthrough the data and reconstruction of blood vesseltrees from
those robust maxima. Section 4 describes how the trees can be turned into volumetric models using adaptive
thresholding. Experimental results obtained for clinical datasets are discussedin 5. Finally, we discussfuture
research directions in Section 6.

2. COMPUTING ROBUST MAXIMA

The purposeof this step is to generatepoints near the centerlines of blood vessels. Blood vesselshave larger
intensity than the surrounding tissue and are essentially one-dimensionalstructures. Therefore, a blood vessel
that intersects a 2D slice through the input data producesa local maximum of intensity on the slice near the
intersection point. The converseis generally not true becauseof noiseand presenceof other features: there are
several local maxima that do not correspond to blood vessels(Figure 1, left). In fact, noisemakesthe distribution
of the local maxima rather unstructured. We deal with this problem by ¯ltering out the unwanted local maxima
using persistence. This allows to reject local maxima due to noise while mostly preserving the onesde¯ned by
blood vessels.Persistent local maxima tend to be aligned with the blood vessels,as shown in Figures 1 and 2.
Our algorithm computessuch local maxima on all axis-oriented 2D slicesthrough the input volume.

Persistencecan be thought of as a measure indicating how robust a local maximum is with respect to
perturbations of the data. Low persistencemaxima can be removed by applying a smaller perturbation. This
makespersistencea natural tool for deciding which local maxima arisebecauseof noiseand which correspond to
true features of the input volume. Persistent maxima that can intuitiv ely be de¯ned using a °ooding metaphor
as follows. Treat the intensity as the depth of a terrain, i.e. make height equal to minus intensity. Start °ooding
the terrain by pouring water into a dip of the terrain x, corresponding to local maximum of intensity, until the
water depth above the dip reachesthe desiredpersistencethreshold M . We declarex as a persistent maximum
of the intensity if and only if the maximum depth of the pool obtained this way is no more than M , equivalently ,
no dips lower than x have been °ooded. The persistencethreshold M suitable for our approach should grow
together with the amplitude of noiseexpected to be encountered in the input datasets. It is currently one of the
user-speci¯ed parameters required by our procedure,although one could speculate that it should be possibleto
determine automatically basedon the statistics of the input data.

In order to e±ciently ¯nd robust maxima, we usea variant of the procedureof.2 Starting from the empty set,
wekeepinserting voxelsin order of decreasingintensity. As wedo that, wekeeptrack of the connectedcomponents
of the set of voxels inserted so far using the union-¯nd datastructure. With each connected component we
maintain a recordof attributes that includesthe location of the voxel of maximum intensity within the component



Figure 2. Distribution of all maxima (left) and robust maxima (righ t). The one on the right is obviously more structured
(some blood vesselscan be observed, although clutter is still present).

and (optionally) the sizeof the component. Whenever a new voxel of intensity I is inserted, the union-¯nd data
structure as well as the connected component attributes are updated. All connected components of vertex
neighbors of the new voxel brighter than I are merged to one. Its size is the sum of sizes of the merged
components plus one. Its brightest voxel is computed as the brightest voxel among the merged components'
maximum intensity voxels. If the intensity of the maximum intensity voxel v in one of the merged component
exceedsI + M (where M is the prescribed persistencethreshold), v is marked as a persistent maximum.

The above procedurecanbe augmented with additional heuristics allowing oneto reject someof the persistent
maxima. For example,onecan put a bound on the sizeof the connectedcomponent whosemaxima can possibly
be marked as persistent. Such a bound on sizecould be made proportional to the expected maximum width of
a blood vesselto be extracted.

The running time of the above procedureis O(n logn) wheren is the number of all voxels in the input volume.
The dominating cost is that of sorting all voxels in each of the slices.

3. VESSEL RECONSTR UCTION FR OM THE ROBUST MAXIMA

In this sectionwe discussthe procedurefor reconstructing the blood vesseltreesfrom the set A of robust maxima
on all axis aligned slices.

Points of A tend to be concentrated along the centerlines of blood vessels.There are numerousoutliers that
do not belong to any vessel,but their distribution tends to be structureless. The procedure described in this
section attempts to connect the neighboring points on the sameblood vesseltrees. We ¯rst compute a forest F
connecting the input points with short edges,which servesas a crude reconstruction of the blood vessels.This
forest is subsequently cleanedup and improved using three simple geometric ¯lters that:

(a) Trim short branchesof the trees in the forest.

(b) Fill `gaps' in the vesselsby ¯nding branches that seemto geometrically ¯t to each other and connecting
them with edges.

(c) Clean up the tree by removing edgesthat causesharp turns in the blood °ow direction predicted from our
reconstruction.

The whole processis illustrated in Figure 4. Below we describe each step in more detail.



3.1. Building the forest

To obtain a crude reconstruction, we usethe Kruskal's minimum spanning tree algorithm 3 to build a minimum
forest that usesedgesconnecting the points in A shorter than a certain threshold. We sort the edgesconnecting
the points of A whoselength is smaller than the threshold according to length. Then, we attempt to insert them
to the forest oneat a time in order of increasinglength. As wedo that, wekeeptrack of the connectedcomponents
of the forest using the union-¯nd data structure. Edgeswhoseendpoints belongto the sameconnectedcomponent
are not inserted into the tree (since this would causea loop in the graph).

In order to speedup this procedurewe useonly edgesof the Delaunay tetrahedralization of the input points
rather than all possible short edgesconnecting them to build the forest. While the worst-casebound on the
number of such edgesis quadratic, it tends to be linear in practice and e±cient Delaunay tetrahedralization
algorithms with free robust implementations exist.4

Let us note that the idea of using Euclidean minimum spanningtree for geometric reconstruction from points
is not new. The work5 contains an in-depth analysisof this approach to curve reconstruction in the planar case.

3.2. Forest trimming

The points in A are often somewhato®the axis of the blood vesselsor are outliers de¯ned by intensity maxima
at random places. This may lead to short branches of the trees in F . The purposeof forest simpli¯cation is
to remove such short branches. We do that by iterativ ely removing the shortest branch in the forest until the
length of all branches is above a certain threshold.

For the purposeof this procedure, we treat leaf vertices of the forest F as branch endpoints. The branch
de¯ned by a leaf vertex v is de¯ned as the simple path, i.e. path that usesno vertex more than once, in the
forest starting at v and ending at a vertex of degreeother than 2. Note that such a path is unique. To e±ciently
keeptrack of short branchesdue to be removed we usea priorit y queue. At startup, all leaf nodesof the forest
are inserted into the queue. The priorit y of a leaf node is equal to minus the length its branch.

The main loop takesa leaf vertex o®the priorit y queueand removesall edgesin its branch. Such a removal
may potentially change the length of someleaf vertices' branches (Figure 3). This happens whenever the last
vertex w of the branch has degree2 after the removal. In such cases,we trace the two paths starting at w until
they reach a vertex of degreeother than 2. Let the endpoints of thesepaths be w1 and w2 and their lengths be
l1 and l2. If the degreeof w1 or w2 is one, its priorit y should be updated to minus l1 + l2. We implement this
by simply inserting the endpoints with new priorities into the queue. This meansan endpoint can appear in the
priorit y queue more than once, and that someof these instancesmay have outdated priorities. However, the
priorities of branchescan only decreasein time (as their length can only increase)and therefore we can detect
whether a leaf taken o®the priorit y queueis valid or not by checking how many times it appearson the queue:
if it appears just once before it is taken o®, it meansthat its priorit y is valid. In order to be able to do that
e±ciently , for each vertex we maintain the number of times it appearson the queue.

The above procedure terminates when the length of the branch taken o® the priorit y queuebecomeslarger
than the threshold.

3.3. Gap ¯lling

In somecases,the points in A are not denseenoughalong a blood vesselfor the tree growing algorithm to obtain
its continuous reconstruction. This is typically causedby variations of contrast along the blood vessels:in the
low contrast parts the persistenceof the local maxima on 2D slicesdrops below the threshold and, consequently ,
they are not included in A. We attempt to ¯x this problem by adding edgesconnecting leaf vertices in the forest
that appear to belong to the sameblood vesselbasedon certain geometric criteria.

The heuristic we useto decidewhether two leaf nodesu and v should be connectedis basedon the following
assumptions:

(a) Sincegapstend to be small, u and v should not be too far from each other
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Figure 3. An example showing when a priorit y needsto be updated after a removal of a branch. The shortest branch of
the tree on the left (dotted line in the ¯gure on the right) is removed. The priorit y of the endpoint of the branch indicated
by the thick line needsto be changed, since its length increasesby the length of the path shown as the dashed line.
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Figure 4. Consecutive stagesof processingthe forest computed from the robust maxima.

(b) The newly inserted edgeshould blend well with the tree branchesstarting at u and v. This meansthat the
outward-pointing tangent vector to the vesselat u should point in a direction closeto the vector ~uv and
that the outward-pointing tangent vector at v should point in a direction closeto ~vu.

This naturally leadsto the following penalty function de¯ned for all pairs of leaf vertices:

f (u; v) = ®ju ¡ vj + j
Tu

jTu j
¡

~uv
juvj

j + j
Tv

jTv j
¡

~vu
jvuj

j:

where Tu and Tv are tangent vectors at u and v and ® is a scaling constant, determined experimentally . To
estimate the tangent vector Tu at u, we follow the path in the graph starting from u. The path is terminated
as it reachesa prescribed length or it hits a junction (vertex of degreegreater than 2), whichever happens¯rst.
We approximate Tu as the vector from the endpoint of the path to u. The tangent at v, Tv , is estimated in the
sameway.

Our algorithm greedily connects pairs of leaf vertices in order of increasing penalty, stopping when the
penalty exceedsa certain threshold. We reject edgesthat would causeloops to appear in the graph. This can be



implemented e±ciently by utilizing the union-¯nd data structure in the sameway as in the Kruskal's minimum
spanning tree algorithm.

3.4. Tree selection

So far we were operating on the entire forest, that typically includes all blood vesseltrees reconstructed by our
algorithm. Now, the user needsto select a blood vesseltree of interest from this forest. The selection is made
by clicking on a voxel near the root of the tree of interest. We ¯nd its nearestnode in the forest and output its
connectedcomponent. As illustrated in Figure 4, this tree may potentially contain spurious branchesthat need
to be cleanedup. Note that the root node selectedby the user should de¯ne the point from which the blood
°ows into the tree in order for the tree cleanup step (described in the next section) to work properly.

3.5. Tree cleanup

We use an automatic procedure that follows paths toward the user-selectedroot of the tree, detecting sharp
turns. The edgesleading into sharp curves are removed to produce a cleaner variant of the tree. Clearly, one
could leave an option of manually selectingcertain edgesof the tree for removal, possibly using the sharp turn
detection procedureas a sourceof hints provided to the user.

The cleanup procedure ¯rst directs the edgesof the tree so that they point toward the root (i.e. so that by
following the directed edgesfrom any vertex one can obtain a simple path leading to the root). The directions
can be thought as opposite to the blood °ow direction (computed assumingthat the tree perfectly reconstructs
the blood vesseltree) and henceshould not abruptly change. Building upon this observation, we detect and
remove edgesthat lead into sharp turns. Becauseof the noisy and discrete nature of the tree generatedby our
algorithm, a vector running along an edgecannot be treated as a reliable estimate of the blood °ow direction.
Therefore, as the estimate of the direction opposite to the blood °ow at v we usethe vector connecting a vertex
v of the tree with the vertex a certain distance along the path toward the root starting at v. We also need to
make sure that the branching points are treated correctly, i.e. that the `good' branches are not cut away from
the root together with the `bad' ones. Theseconsiderationsled us to the following algorithm.

For each vertex v of the directed tree, we follow its path toward the root until it gets longer than some
minimum length L . Let the endpoint of this path be F (v). Denote the vector from v to F (v) by D(v) (this is our
estimate of the direction opposite to the blood °ow). We ¯rst mark all vertices of the tree for which D(v) and
D(F (v)) are de¯ned and form angle greater than a certain threshold. Then, for each marked vertex we trace its
path until it reaches length L or reaches a vertex of degreeother than 2 (whichever happens ¯rst) and remove
its last edge. Finally, we compute the connectedcomponent of the resulting forest that contains the root vertex.
This is our ¯nal reconstruction of the blood vesseltree.

4. AD APTIVE THRESHOLDING

We now describe a method for converting the trees into volumetric models for the purposesof visualization.
There are have been several other techniques for doing this, e.g., codimension two active contours6 as well
as shape-basedBayesian methods.7 Here we employ simple adaptive thresholding technique, based on two
requirements:

(a) Threshold should be roughly proportional to the intensity at the nearestvoxel intersecting the tree

(b) The output volume must be con¯ned to a ball of a small (but slightly larger than the expected maximum
width of the blood vesselto be reconstructed) radius R, centered at the tree.

We start o® by approximating the discrete closestpoint transform for the tree. We scan-convert the tree onto
a regular grid of the sameresolution as the input volume. Let T be the set of voxels marked as belonging to
the tree during scan conversion. For each voxel v in T, we scan-convert a ball of radius R + 1 centered at v,
updating the distance and the information about the coordinates of the closestvoxel in T for each encountered
voxel. Let B be the set of all voxels for which the distance information is available (i.e. those for which there
exists a voxel in T less than R + 1 away). We then color all voxels in B in order of decreasingpriorit y. The



Figure 5. Examples of coronary trees obtained using our method.

Figure 6. Results of adaptiv e thresholding around the coronary trees shown in Figure 5.

priorit y of a voxel is de¯ned as the ratio of its intensity and the intensity of the closestvoxel in T. We keeptrack
of the connectedcomponents of the set of colored voxels using the union-¯nd datastructure. With each of the
connectedcomponents, we keep two binary °ags, one indicating whether the component contains a voxel in T
and one indicating whether it contains a voxel with distance value greater than R. Before a voxel is colored, we
make sure that the resulting connectedcomponent doesnot have both °ags set simultaneously (if it does,we do
not color the voxel), enforcing the requirement (b) . We also stop coloring voxels when the priorit y drops below
a certain threshold. The output volume consistsof all connectedcomponents of coloredvoxels that intersect the
tree (in most practical cases,this is going to be just one component).

For larger datasetsor larger valuesof R, it may be bene¯cial to usefast marching algorithm 8 or other closest
point transform algorithms9 to increasethe e±ciency. We also plan to use geodesic active contours10, 11 for
extracting the vesselsby using the results of the algorithm described above as the initial segmentation.

5. RESUL TS

Our algorithm has beentested on several heart CT scans. In most cases,we have beenable to obtain a correct
reconstruction of the coronary tree. The sizesof the test datasetswere betweenabout 10 and 15 million voxels.
The running times of our implementation (which is currently far from optimal) wereabout 6 minutes for each of
the datasetson a Pentium I I I-850MHz workstation. The coronary resulting coronary trees are shown in Figure
5. Solid models of the coronary trees obtained by adaptive thresholding are shown in Figure 6.

5.1. User-de¯ned parameters

Our algorithm requires ¯xing several parameters: the robustness threshold for local maxima, the maximum
edgelength for use in the forest growing phase,minimum length of a branch to be usedwhen trimming, the ®
parameter and the maximum allowable penalty function value for gap ¯lling purposes,the maximum allowed
turn angle for the cleanup stage and the minimum allowed priorit y for adaptive thresholding. We found out



that, although the number of these parameters is high, they are relatively easy to set and, once they are set,
they tend to work well for all datasetscoming from the samesource. In particular, all example outputs shown
in this section use the same parameters which we chose after a about half an hour of experiments on one of
the datasets. Perturbing the parameters induceseasily predictable changesto the output tree: lower maximum
penalty for gap ¯lling might make somebranchesshorter. Higher maximum turn angle for cleanup stagemight
causesomeof the spurious branchesto survive. The robustnessthreshold should be set so that enoughmaxima
are found near the centers or important blood vesselsand few of them are found in other places. In most cases,
the e®ectof suboptimal choiceof the parametersseemsto be easyto ¯x with a small amount of user interaction.
We believe that, ultimately , the automatic procedurediscussedin this paper should be augmented with a user
interface allowing to manually edit the trees for optimal results.

6. SUMMAR Y AND FUTURE W ORK

We presented a new, simple and e®ective method for segmenting blood vesselsfrom 3D imagesmotivated by
topological techniques. We have successfullyapplied our algorithm to segment coronary arteries from heart CT
scans.The method presented herecan be improved in numerousways aswell asapplied to other problemswhere
detecting thin tubular structures in noisy volume datasets is of importance.

We are investigating ways to unify the forest building, trimming, gap ¯lling and cleanup stagesinto one tree
construction procedureusing a more sophisticatedpriorit y for the edgesthat are to be inserted into the tree. We
believe a good way of selectingsuch edgesshould be basedon estimating the vesselproperties from the partially
constructed forest. Such estimatesshould play increasingly important role as the whole processprogressesand
longer and longer edgesare consideredfor inserting into the tree. Further interesting insights for this stagemay
comefrom work on reconstruction of curvesfrom unorganizedpoints.12{14

We also hope that the approach taken in this paper, i.e. generating point set describing an object of interest
and using reconstruction algorithm that take unorganizedpoints as the input, will prove useful in other segmen-
tation problems, including those where the object to be segmented doesnot have one-dimensionalstructure.

Finally, we would like to investigate how the trees obtained here could help improve results of deformable
surface-basedalgorithms, for exampleby providing ways to initialize them properly or prevent leakage.
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