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Abstract. Finding sparse cuts is an important tool for analyzing lang@hs that
arise in practice, such as the web graph, online social canities, and VLSI cir-
cuits. When dealing with such graphs having billions of rdtels often hard to
visualize global partitions. While studies on sparse catettraditionally looked

at cuts with respect to all the nodes in the graph, some reaaks analyze graph
properties projected onto a small subset of vertices that meeof interest in a
given context, e.g., relevant documents to a query in a keargine. In this pa-
per, we study how sparse cuts in a graph partition a certdiseswf nodes. We
call this partition acut projection We study the problem of finding cut projec-
tions in the streaming model that is appropriate in this exinas the input graph
is too large to store in main memory. Specifically, fod-aegular graph= onn
nodes with a cut of conductandeand constant balance, we show how to parti-
tion a randomly chosen set #fnodes inO(\/%) passes over the graph stream
n3/4p1/4
Vad19/1
is the projection of a cut of conductance of at méXt/®). We note that for
k < na®®°W this can be done id)(1/v/ad) passes and spac¥na) that is
sublinear in the number of nodes.

and SpaC@(nOc + ), for any choice ofx < 1. The resulting partition

1 Introduction

The problem of finding sparse cuts on graphs has been stuxtiedsesely [6, 5, 13, 4,
22,20]. Sparse cuts form an important tool for analyzingffianing real world graphs,
such as the web graph, click graphs from search engine gogsyand online social
communities [8]. While traditionally studies on sparseschiave looked at cuts with
respect to all the nodes in the graph, more recent works gl &tlidy graph properties
projected onto a small subset of nodes that may be of intdfesexample, while the
web graph may consist of several billions of nodes, in a ga@mtext, one may only
be interested in the most important nodes such as those igithHageRank or those
nodes (representing web pages) relevant to a specific sgaecih Specifically, we may
be interested in finding how connected components of thehgpaptition these nodes,
or we may wish to compute the diameter of the graph with rdspeihiese nodes, or
perhaps compute the distance between these nodes witlctrésplee original graph.
Such operations not only enable us to understand the steucta facet of the graph,
but also make it feasible to visualize the graph using a mawdller set of nodes. This
approach has been taken in several studies including HIZIS$ALSA [15], and web
projections [16], where they study the properties of the yetph restricted to a set of
documents that match a given query.



A well developed framework for studying large graphs undenmary constraints is
the streaming model wherein the input graph is assumed to bisk, and the algorithm
is allowed to make few sequential passes over the input wkileg a small amount of
space in main memory. Our approach works on the streaminghvath sub-linear
space. The space and pass requirements on streaminglatgodan vary significantly
depending on the problem. Demetrescu et. al. [10] give aslkxtt exposition on the
space-passes trade off in graph streaming problems. Hggrzh al. [12] showed linear
lower bounds on the “space passes” product for several graph problems including
connectivity and shortest path problems. In this work, vespnt a streaming algorithm
for finding how a sparse cut partitions a small random set afesovhen the graph
is presented as a stream of edges in no particular order.t@ansng algorithm uses
space sublinear in the number of nodes. We also provide amithig for finding a
sparse cut on the entire graph. We now introduce some definibielow.

Definition 1 (Conductance and Sparsity)The conductance of a gragh= (V, E) of
nnodesl,2,...,nis defined a®(G) = ming.g(s)<e(v) /2 E(g’(‘g}s) whereE(S, V' \
S) is the number of edges crossing the g8itV \ S) and E(S) is the number of edges

with atleast one end pointincident ¢h For d-regular graphs@(G) = ming.|s<|v|/2

BG5S Further, this is within a factor two afing %305 We also note that the

sparsity of ad-regular graph is related to the conductance by a factor

Definition 2 (Balance).The balance of a cutS, V' \ 9) is defined asnin{%, %}.
Definition 3 (Cut Projections).Given a cu(.S, V'\ S), we will say tha{ SNU, V'\ SN
U) is a projection of the cutS, V'\ S) onU. Further, we will say that a cutC, U \ C),
whereC' C U, is a projected cut of conductangdf it is a projection of a cufS, V'\ .S)

with conductance.

1.1 Contributions of this study

Our approach builds on the streaming algorithms presentd for performing a large
number of random walks efficiently on a graph stream. Thaseéma walks are used to
estimate the probability distribution of the random walk&ttts in turn be used to find a
sparse cut by adapting the method of Lovasz and Simonowdt2p1.

One of the main contributions of this paper is an algorithregtmate the proba-
bility distributions on an arbitrarily chosen subsetkohodes in ai-regular graph. To
obtain the probability of reaching destinatiorirom sources after a walk of length
1, the algorithm runs multiple walks (starting with lendft2) from source-destination
pairs, and recursively estimates probability distribngi@mf mid-points, by looking at
the “collisions” of these walks. A similar idea has been useg@roperty testing for
expander graphs in [11]. However, in their case, they justlrie run walks of length
/2 and investigate the collisions. Since we need a good egtiofdhe probability dis-
tribution att, the algorithm needs to run walks recursively of shortegths. All our
techniques depend on the reversibility of the random waikl, lsence only work for
d-regular, unweighted graphs. We now describe our resugimbing with a definition
of some notation.



Definition 4. Let P,[st] denote the probability of landing at nodafter a random walk
of lengthl starting froms. Further, letp; (i) = P;[si]. We drop the subscrigtwhen it is
clear from context.

The following theorem, proved in Section 3, shows how to cotaphe approximate
distribution on a arbitrarily chosen subdétof k£ nodes.

Theorem 1. Given an arbitrarily chosen subsét of £ nodes, one can compute an
estimatep(i) for p(7) (the probability distribution after a walk of lengthfor all i € K

in O(\/g) passes and (na + 1/ ™) space for any choice ef < 1, such that the
error in the estimatép (i) — p(i)| is at mostO(l % + Lt (1/e)p(i)).

Our main results for computing projected cuts (describeggiction 4) with sparsity
at mostO (/@) are stated below.

Theorem 2. For anyd-regular graphG that has a cut of balandeand conductance at
most®, given a seti of randomly choseh nodes, we show that there is an algorithm
that achieves the following on a graph stream (for any chofoe < 1).

(a) PartitionsK into two sets such that the partitioning is a projected cudafductance

atmostO(v/®), in O(—L=) passes an@(na + %) space.
(b) Outputsk candidate partitions such that at least one of them is a piteje cut of

3 inO(—L_ 5 Vnk
conductance at mog?(v/®), in O(@) passes and(na + roas] ) space.

Corollary 1. Given a set of randomly chosén< naSb?@“() nodes, there is an al-
gorithm that partitions them, iﬁ)(\/%) passes and(n«) space, into a projected cut

of conductance at mo§}(v/®) w.h.p.

Observe that the space required is sublinear in the numimaxdsfs ifk satisfies the
bound in the above corollary. Our algorithms can also benebdd to partition all the
n nodes in the graph; that is, find the entire (approximatesg)aut. The following
theorem shows how find an approximate sparse cut in (po¥sibhtinear space. The
proof is detailed in the full version of the paper.

Theorem 3. For any d-regular graphG that has a cut of conductance at masand
balanceb, there is an algorithm that perfom@(, / ﬁ) passes over the graph stream
and using spacé(min{na + (% - W) (na+ o1 /2 + 13), for

any choice oty < 1. and outputs, with high probability, a cut of conductancenatst

O(VD).

1.2 Related Work

A well-known approach for graph partitioning is to comptite second eigenvector that
can be used to compute a sparse cut by ordering the nodeséasing order of coor-
dinate value in the eigenvector. The second eigenvectonigaee has been analyzed in
a series of results [2, 7, 21] relating the gap between thesfitd second eigenvalue.



The best known approximation algorithm to compute the gsarsut in a graph
is due to Arora, Rao, and Vazirani [4]. They provi@¢,/log n)-approximation algo-
rithm using semi-definite programming techniques. Whikeirtlalgorithm guarantees
good approximation ratios, it is slower than algorithmsdubsn spectral methods and
random walks.

Lovasz and Simonovits [18, 19] proposed another approafihding cuts of small
conductance. They showed how random walks can be used tgofimslescuts. Specifi-
cally, they show that if you start a random walk from a certeode and order the nodes
by the probability of reaching them, then this ordering edmg a sparse cut. They prove
that if the sparsest cut has conductanc¢hen their method can be used to find a cut
with conductance at mo§ (/).

Spielman and Teng [22] build upon the work of Lovasz and Siovits and show
how it can be implemented more efficiently by sparsifyingdreph. They show that for
a dense graph, it is possible to look at a near linear numbedg@és and only compute
the sparse cuts on the sampled set of vertices. Given a gragh(V, E') with a cut
(S, V'\ S) with sparsity¢ and balancé(S) = |e(S)|/2|E| > 1/2 wheree(.) denotes
the set of edges incident on nodesdntheir algorithm finds a cutD, V' \ D) with
sparsityO(¢*/3 log®) n) and balance of the ¢, V \ D), b(D) > b(S)/2.

Andersen, Chung, and Lang [3] proposed a local partitioalggrithm to find cuts
near a specified vertex and global cuts. The running timeedf #igorithm was propor-
tional to the size of small side of the cut. Their results ioyerupon those in [22];

In a more recent work [9], the authors proposed algorithnpetéorm several ran-
dom walks efficiently on graphs presented as edge streamg assmall number of
passes. A recent study [1] shows how to find- e-approximate sparse cuts {(n)
space by making use of graph sparsifiers. In contrast, ooritigh requires sublinear
space for a certain range of parameters, but provides muaaker approximation to
the sparsest cut.

2 Cuts from approximate probability distributions of rando m
walks

In this section we will show how one can compute candidatesspeuts from approxi-
mate probability distributions of random walks. We staoinfra random sourcefrom
the smaller side of the best cut with conductadi@nd perform a random walk of length
aboutl/®. We extend the algorithm of Lovasz and Simonovits [18] to Bpdrse cuts
using approximate distributions. This is similar to the by Spielman and Teng [22]
that also works with estimates pfi). But the magnitude of error allowed in our work
is larger than in theirs. We adapt a set of lemmas from therkwm prove Theorem 4
below. The proof is detailed in the full version of this paper

Definition 5. For a probability distributionp(i) on nodes, lep,, (i) = p(i)/d(i). Letm,
denote the ordering of nodes in decreasing ordes,ofthat is, p, (7,(7)) > pp(mp(i +

1)).

Recall thatp(i) denotes the probability of ending at nodafter a random walk of
lengthi. The following theorem shows how one can find candidate spauts using



approximate valueg(i) of p(i). It looks at then candidate cuts obtained by ordering
the nodes in the order;.

Theorem 4. Let (U, V \ U) (with |[U| < |V'|/2) be a cut of conductance at maBt
Letp(i) denote an estimate for the probabiljiyi) of a random walk of lengthfrom a
sources fromU. Assume thap(:) — p(4)| < e(p(i) + 1/n), wheree < o(®). Consider
then candidate cuts obtained by ordering the vertices in dedrepsrder ofp;(7); each
candidate cutS, V'\ S) is obtained by setting equal to a prefixs; = m;{1,2,...,j}.

If the source node is chosen randomly frorty and the length is chosen randomly
inthe range{1,...,0(1/®)}, then with constant probability, one of theseandidate
cuts has conductane(S;) < O(V/®)

Note that the source nodeneeds to be sampled frof, the smaller side of the
cut. To obtain such a source, we have to sample several souorel’, sincel is not
known, and execute the algorithmin parallel (so as not teemees the number of passes
required). Given a cut of balanée this increases the number of walks required by a
factor of()(%), and therefore the space required accordingly; in all oacsgounds,
the first term ofnc, however, does not depend on the number of walks performed.

In section 4 we will show how Theorem 4 in conjunction with dhem 1 is used
to prove Theorem 2. The essential idea is to look atitleandidate cuts obtained by
arranging the nodes in decreasing ordex p&nd then estimate the conductance across
these candidate cuts to pick the best one.

In proving these theorems, we use the techniques presenfeffor performing a
large number of random walks efficiently on a graph streareyBmow how to perform

O(n/1) independent random walks usiiig(na) space ancD(\/g) passes over the
graph stream. Their main result is stated below.

Theorem 5 ([9]).One can perfornk: independent random walks from a given source
distribution, on a graph stream, i@(,/1/«) passes an® (min{na + kla + k\/1/a,
no/l1/a+ky/1/a+1}) space, for any choice of < 1. For k = 2 walk, this requires
O(y/1/«) passes and(n«) space forl /I < a < 1.

Next we will show how performing random walks can be used taate the prob-
ability distribution approximately so that we may applydhem 4. To get good approx-
imations, we need to perform random walks recursively ag/aho the next section.

3 Estimating probability distribution p; on a small set of nodes

In this section we show how to estimate the probability distion on a small set of
nodes resulting in Theorem 1. The distribution is requigdlie endpoint of a random
walk of lengthl from a specific source nodgor more generally a source distribution).
The naive approach would be to perform several random vadllength! from s and
look at the end points of these walks to see how many timesafdabk & nodes occurs.
This can be inefficient as may be much smaller thanand most of the random walks
may end up at nodes other than thenodes we are interested. So we seek a more



efficient approach tailored towards estimating the distidn of a specific small set of
nodes.

We will begin by stating the following technical lemma. Tleerima is later used to
approximate distributions. It bounds the error in estimgi;; for a matrix A, where;
andj are drawn from two different probability distributions. & guarantee is stated as
a trade-off with the number of samples drawnfand forj.

Lemma 1. Let A = {a;; } mxn denote a matrix of non-negative entries. Letuxy =
Eicx jey|aij] denote the expected valuedyf wherei and;j are drawn independently
from probability distributionsX = {z;, 22, ..., 2y} andY = {y1,y2,...,y,} On the
rows and columns respectively. Assumiptf || < O(5i-) and||Ay|| < O(Z-),
one can obtain an estimaieg; for pxy by drawing O(n,) samples fromX and
O(n,) samples fronY. Here X andY are the distributions induced by tti¢(n,,) and

O(n,)) samples respectively. The erfprg ¢ — puxy | is at mostO( [ 5 + Enrln )
w.h.p.

Proof. Let up = Eieple;]. For a distributionD and a vector: with non-negative

entries betweef?, 1], O(n) samples are drawn fro to estimate., w.h.p such that
lup —kp| < /% + 5 by Chemnoff bounds. More generally,;, — up| < y/ % +

lellee
"We need to boundiixy — pigy| < |uxy — iyl + lugy — pgyl- Sete
Ejeylaij), i.e.,c = Ay. This gives|uxy — pgy| < 1/“”'7';:1’”” + ”A,fllx
Ve *
Further, setting; = E,_ ¢ [a;;] orc = A'Z gives|u gy —pi 3| < \/%4‘
% w.h.p. But, note that|A'Z||. < [|A%2||e + O(y/ Atuz”” + At','fi””)
O(=2) as||Atz]|o < O(ZL). And sincepigy < pxy + O, [ 4 )

IN

<
<

. . - + L)1 ens
(1xy + 7). the difference is at mo@(\/(“” ey )1/en L)<

O
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(/&% + L_). Combining the two, the lemma follows.
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We first describe the main idea in estimating the probabdiifter a random walk
for a subset of nodes as AlgorithmeERURSIVERANDOMWALK . The algorithm uses
a parametern that controls the accuracy of error in estimation. Giventao$@odes
K, with |K| = k, and a source nodg we wish to estimate?,[st]| for all nodes in
t € K up to an additive accuracy of abalf/ F;[st]/m). Rather than performing
walks of lengthl from s, O(v/mk) walks are performed from and é(\/%) walks
from each node i, all of lengthl/2. Note that the product of the number of walks
performed isn. We then use collisions in the end points of these walks aftlely2 to
estimate the probabilities (since it is a reversible ranaa@ik). The key insight is that
PBilst] = 3, Pyja[suil.Poltus] = Y, viy; wherex; = Pyjo[su;] andy; = Py ja[tus).



Thatis, one can break all paths fromno ¢ at half way, and sum over dlf2 length paths
from s to u; andw; to t. Any nodeu; may either have amall or alarge probability
of being reached from after a random walk of lengtly2; the same observation holds
for for ¢ as well. Roughly, a node has a small probability for sourceif P, /;[su] is

o(1/v/mk), and large probability otherwise. In the formal descriptid the algorithm
we denote these sets of nodeshyand.S;, respectively. Notice that(1/v/mk) is less
than the reciprocal of the number of walks run frenWe denote the number of walks
of lengthi /2 performed froms by n,. Similarly, a node: has small probability estimate
fromtif P, ;[tu] iso(/m/k), and a large probability otherwise. In the algorithm, these
sets of nodes are denoted’Byandt, respectively. The total number of walks of length
/2 performed from each nodds denoted by:;. Now, four cases arise for eveuny.

o z;y;is 2(1/m) andz; is Q(ﬁ) andy; is 2(y/ ).

e x;y;iso(l/m) andx; is o(ﬁ) andy; iso(y/ ).
e x;y; s 2(1/m) butz; is 0(\/117%) andy; is 2(,/ £).
e x;y; s 2(1/m) butz; is Q(ﬁ) andy; is o( %)

The first case is when; has largeP, ;[su;| and P, [tu;], and therefore, it will
be seen in walks from both ends and gives us a good estimatgsafontribution to
> i Pijalsuil.Pyjo[tus]. The second case is whephas small probability for botkh and
t. In this case, w.h.py; will not be seen in either set of walks. Therefaugs contribu-
tionto ), P/o[su;i]. Py /o[tus] cannot be estimated. However, sinke,[su;]. P o [tu]
itself iso(1/m), u;’s contribution to the estimate df[st] is negligible

The difficulty arises in estimating the product fey in the third and fourth cases.
In both these scenarios, just the walks described abové atdficient to estimate the
product and yet the contribution may be significant. Thissisduse:; has a large prob-
ability from one end, but a small probability from the othedeThe small probability
cannot be estimated with just these walks, but the produdtidze significant, in partic-
ular the product could b&(1/m). Hence one needs to resort to a recursive estimation
algorithm where the small estimate is captured by perfogrfunther walks.

For any node; with a large value o/, [su;] and a small value oF, /, [tu;], we
adopt a recursive approach betwagrand¢ by performing random walks of length
1/4 from all suchu, and fromt. Similarly, for all nodes.; that have a large value of
Py)5[tu;] and a small value oF; /5[su;], we perform random walks of lengtii4 from
s and all theseu; to get better estimates df,[su;] and consequently the product
P,[st]. These probabilities may themselves be estimated by ramndaliks of length
1/8, in another depth of the recursion, and so on. Eventualipkining all of these
carefully gives us the probability distribution tfrom s after a random walk of length
[ (notice that we use the reversibility of the random walk)e Exact details are stated
in Algorithm 1.

We now state and prove the guarantee BERRSIVERANDOMWALK in estimating
probabilities by making use of Lemma 1.

Lemma 2. Algorithm RECURSIVERANDOMWALK gives an estimate qf = P[st]
within an additive error oD (Iv/ep + 1/ + L.



Algorithm 1 RECURSIVERANDOMWALK (s, K, 1)

1: Input: Starting node/distribution, lengthl, and chosen set df nodesK. Set K need not
necessarily be chosen at random.

2: Output: p(t) = P[st] for eacht € K, an estimate oP,[st] with explicit bound on additive
error.

3: Performn, = O(v/mk) walks froms andn, = ©(y/m/k) walks from each € K, all of
lengthi/2.

4: Denote byS, the set of nodes seen at mdis(t%) times (small number of times) as endpoints
of the ns walks from s and denote the remaining nodes (seen large number of tinges) b
Sp. Similarly, for each, partition the nodes inta,(seen small number of times frothand
ty(seen large number of times frofh Denote byz andy the distributions of nodes in the
end points of the walks from andt respectively. Thusg; is the fraction of walks froms
that end up at node

5: Letw(S) = >, & @andw(ts) = > ,c,, 7i. Denote byDs, the distribution of end
points of walks over the nodes #),, i.e., the probability of in Ds, is Z;/w(Sy) if i € S
and0 otherwise. Similarly, denote bip,, the distribution of end points of walks over the
nodes int.

6: Foreaclt € K, setP[st] = >, g . Ti¥i + w(Se)Pry2[Ds,t] + w(ty) Pya[sDe,] —
Ziesbmtb iy

7: In the above expressiott) ,,[Ds,t] and P,/»[sD;,] are estimated recursively for all the
t € K. Note that if length id, P:[st] can be computed exactly in one pass.

Proof. P[st] = Y " | ;y;. If all z;; are smaller thaﬂ)(é\/i_m) andy; is smaller than

= 1 . . . . .

O(e\/m_/k), then by Lemma 1, the algorithm estimates= P,[st| within error of

O(y/ 24+ %). More generally,P,[st] can be computed as a sum over four sets as
Pfst] = Ziesamta Tiyi + Eietb TiYi + ZiESb TilYi — Zz‘esmtb iyi; herei € S, if

x; 1S O(e\/lzfm) andi € S, otherwise — Ziesbﬂtb x,;y; 1S required as it is counted once

ineachofy_, ., =y and)_, g wiy:. Similarly j € t, if y; is O(ﬁ), andj €t
€ m

otherwise. We will argue that step 6 of the algorithrBAURSIVERANDOMWALK is
summing the estimates of each term.

Let ftaa, fxbs fox, Loy TESPECTivEly denotEiGSama TiYs, Zietb T Ziesb T
andziesbmb x;y;. Note that it is not known which af;’s or y;'s are small or large.
The number of walks performed, however, are sufficient taiotihe right classification
to small or large, by standard Chernoff bounds.

Let z and y denote the distributions induced by the end points of/thevalks
andn,; walks respectively. Note that by Lemma}l,, ¢ -, z;y; can be estimated as
Ziesama Z,;9; with error at mosf)( Baa %). Also note that ifi € S, thenz;
is within (1 &+ v/€)Z; w.h.p. from Chernoff bounds. Thug;, can be estimated with
error at most/e/u,,. Again, 1., can be estimated as; = Zietb x;7; where the error
o — 5l < Vepsp. Similarly, pp. can be estimated ag;, = >, g, Ziy; with
additive error at mos{/e ..

Observe that the, ; = Zietb z;; = w(Sy) P2 Ds,t] anduyz = Ziesb Ty =
w(ty) Py2[sDy,] are estimated recursively by computifyy,[Ds,t| and Py ja[s Dy, |.



Letd; (P [st]) denote the error in estimating the probabilyst]. Thend; (i) = /22« +

L Vepn + Ve + ey + w(Sy)81/2(Pry2[Ds,t]) + w(t)d; 2 (Pij2[sDy,]) <
VE+ L +3/en+ w(Ss) 012 (s ) + wits) /2 (5l5y)-

The branching factor of the recursiorziand has deptlog [ with [ leaves. Also note
that at the leafy, (P;[st]) = 0. It follows from standard methods for solving recursion
thatd;(u) = O(ly/ep + 1 /= + L). |

We now use the approach in [9] to bound the number of passespane required
in performing RECURSIVERANDOMWALK . The analysis is simple and only requires a
careful calculation of the number of walks performed fortelsmgthi /2,1/4,1/8, . . ..

Lemma 3. Algorithm RECURSIVERANDOMWALK can be implemented on a graph
stream inO(\/g) passes and (na + ,/ ™k space for any choice of < 1.

Proof. Notice that in the first phase ofERURSIVERANDOMWALK, O(v/mk) walks
are performed frony of lengthl/2 andO(y/m/k) walks from each of lengthi/2.
Whenever recursively calculating the distributioh/mk) walks are required for any
source distribution to destination distribution pair. &rthe length of the walks halve
with every recursive depth, the number of level$ifog ) before the length of the
walks required becomes a constant. However, the pairs fmhvthe distributions need
to be estimated keeps doubling. So after, sahases, we perfor®(2tv/mk) walks
of lengthi /2.

From [9], the space required farwalks isO(no + kla + k+/1/a). Although [9]
assumes that the source distribution was the same for athtradks, it is easy to extend
their result to perform a specific number of walks from difiersource distributions (to
a total of k walks), with only a logarithmic factor increase in the spéog Chernoff
bounds).

Summing this over phases, the first term remaid¥no). The second term of
O(kla) is alwaysO(v/mkla), as only dog [ factor increases. The third termio{/1/a
is dominated by the last phase (since this term dependsliriea: but only as square-
root in the length of the walks), whete¢/mk walks of lengthO(1) are performed. The
dominating term therefore i8(v/mkla), completing the proof. |

Remark 1.If algorithm RECURSIVERANDOMWALK is to be performed from differ-
ent sources, this would increase the space requiremékitta+r 1/ WT’”). This follows

from the fact that the first term (@(na) in the space requirement does not depend on
the number of walks performed.

Notice that combining Lemmas 2, 3, and choosing- 7z immediately gives The-
orem 1. Observe that by settiag= o(®?/1?) we satisfy the conditions of Theorem 4
and can thus compute candidate cuts.



Algorithm 2 CUTPROJECTIONCANDIDATES(G, K, s)

1: Input: GraphG, setK of k randomly sampled nodes, and a source node

2: Output: k partitions on thesé nodes.

3: Estimate probabilities on thie nodes using RCURSIVERANDOMWALK for sources and
walk of lengthi, wherel is chosen at random betwegmndO(1/6?).

4: Order thek nodes in decreasing order of the probability estimatesurRehek candidate
cuts implied by taking prefixes of this ordering.

Algorithm 3 CUTPROJECTION

1: Input: GraphG with cut of conductance at mogtand source from the smaller side of this

cut; setK of k randomly sampled nodes.

2: Output: Partition of thesé: nodes such that this is a projected cut of conductance is stt mo

¢ = O(v/®) with constant probability.

3: Sample additional nodes randomly and add it to theiSeb that the resulting sdt” is of

sizek’ = \/%.

4: Call CUTPROJECTIONCANDIDATES With G’ K’ s.

5: Consider all of the:’ cuts returned by GTPROJECTIONCANDIDATES that have at Ieas‘;—/
nodes on either side of the cut. Notice that each of thesehastat least one of tHenodes
in K on either side, with constant probability.

. For each of these cuts, compute the conductance on thesddubgraph over thegénodes.

7: Output the cut induced on thenodes by the cut on the’ nodes that has the minimum

conductance in the induced subgraph.

(o]

4 Finding sparse cut projections on a small set of nodes

In this section, we prove Theorem 2. Approximate valueg(of are known from The-
orem 1. By setting = O(f—;) in theorem 4, we find probability estimatg§) that
satisfy the condition required in theorem 1. Notice that flay of Theorem 2 follows
directly by using walks of length= O(%). If we order all then vertices by the proba-
bility estimates at least one cut has conductance at @um‘@). Naturally this ordering
induces an ordering on thHevertices that results ik candidate cuts. Note that in our
algorithm we need to sample(1/b) sources so that at least one falls on the smaller
side of the optimal cut with high probability. The factbfb is not applied to theix
term as we can perform all the random walks concurrentlyatedin remark 1.

We now prove Theorem 2 part (a). We need to estimate the pedjetit conduc-
tance for each of thé candidate cuts from the ordering of approximate probadsslit
This is done by boosting the number of random nodes fkotm &’. It turns out that
one can estimate the projected cut conductance value ofcifisprit on thek nodes
by looking at the conductance on the induced subgraph asdauhek’ nodes (for an
appropriate choice df’), as stated in Lemma 4. The formal description is in algatith
CUTPROJECTIONCANDIDATES and algorithm @TPROJECTION Let Py (U, K'\ U)
denote the conductance of the €Ut K’ \ U) on the induced subgraph on nodedsin



Lemma 4. For a setK’ of randomly chosen nodes witR'| = &’ > %” and|U| >

K and|K’\ U| > ¥, and let(U, K’ \ U) be a projected cut of conductance of be
Thendk/ (U, K'\ U) gives a constant factor approximation#owith high probability.

Proof (sketch)The essential idea is that considering the conductanceeohtiuced
cuton,/ %” nodes, is identical to estimating ; ;)< nai;z;y; /(| X|[Y]) by sampling
eachz; with probabilityk’| X | /n and eacly; with probability’|Y| /n anda;; is & for
an edg€i, j). The proof is then completed using Lemma 1. A more detail@dsition
is presented in the full version of the paper. |

This lemma automatically gives a method for estimating ttogegeted cut conduc-
tance for a partition of a subset bfnodes. We are now ready to prove the main theo-
rem 2 part (b).

Proof (Proof of Theorem 2(b)By settinge = O(‘f—;) in theorem 4, we find probability
estimate$ (i) that satisfy the condition required in theorem 1. So if weeomll then
vertices by the probability estimates at least one cut haducance at mo:s’f)(\/@).
Naturally this ordering induces an ordering on fHevertices that contain the séf.

We are simply estimating the conductance of all the cuts i; dihdering that has at
least one vertex fronk’ in the smaller side. If none of these cuts give the required
conductance of)(v/®), then allk nodes are put on the same side of the cut and output.
Note that in our algorithm we need to samgi}¢1 /b) sources so that at least one falls

on the smaller side of the optimal cut with high probabilitiiis gives, / # passes and

O(na+31,/%) = O(na+ %) space. The factalr/b is not applied to thea

term as the we can perform all the random walks concurresttated in remark 11

5 Conclusions

In this work, we present an approach for finding cuts thataxprate the conductance
of a graph presented as a stream of edges. In particular,avetsiat this problem can
be solved more efficiently if we are only required to partiteo small set of: random
nodes with respect to a sparse cut. The streaming algoritlenwesent require space
that is sublinear in the number of nodes for a certain rangameters.

Acknowledgments:We thank D. Sivakumar, S. Vempala, and K. Munagala for com-
ments on the paper.
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