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Abstract. Given a textstring « of n symbols and an integer constant
d, we consider the problem of finding, for any pair (y,z) of subwords
of z the number of times that y and z occur in tandem (i.e., with no
intermediate occurrence of either one of them) within a distance of d
symbols of z. Although in principle there might be n* distinct subword
pairs in z, we show that it suffices to consider a family of only n® such
pairs, with the property that for any neglected pair (y',2'), there is a
corresponding pair (y, z) contained in our family and such that: (i) 3’ is
a prefix of y and 2z’ is a prefix of z, and (i) the tandem index of (y',2")
equals that of (y, z). We show that an algorithm for the construction of
the table of all such tandem indices can be built to run in optimal O(n?)
time and space.

Keywords: Pattern Matching, String Searching, Subword Tree, Sub-
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1 Introduction

The problem of characterizing and detecting unusual events such as recurrent
subsequences and other streams or over/under-represented words in sequences
arises ubiquitously in diverse applications and is the subject of much study and
interest in fields ranging from Computer and Network Security to Data Mining,

* Dipartimento di Ingegneria dell’ Informazione, Universita di Padova, Padova, Italy
and Department of Computer Sciences, Purdue University, Computer Sciences
Building, West Lafayette, IN 47907, USA. Work Supported in part by an IBM Fac-
ulty Partnership Award, by the Italian Ministry of University and Research under the
National Projects FIRB RBNEO1KNFP, and PRIN “Combinatorial and Algorithmic
Methods for Pattern Discovery in Biosequences”, and by the Research Program of
the University of Padova, by NSF Grant CCR-9700276 and by NATO Grant CRG
900293. axa@dei.unipd.it

Dipartimento di Ingegneria dell’ Informazione, Universita di Padova, Via Gradenigo
6/A, 35131 Padova, Italy. cinzia.pizzi@dei.unipd.it

Dipartimento di Ingegneria dell’ Informazione, Universita di Padova, Via Gradenigo
6/A, 35131 Padova, Italy. satta@dei.unipd.it

*

*



from Speech and Natural Language Processing to Computational Molecular Bi-
ology. It also gives rise to interesting modeling and algorithmic questions, some
of which have displayed independent interest.

Among the problems in this class we find, for instance, the detection of all
squares or palindromes in a string, for which optimal O(nlogn) algorithms have
long been known (refer, e.g., [3,7] and references therein). It is not difficult to
extend those treatments to germane problems such as the discovery of pairs of
occurrences, within a given distance, of a same string, or of a string and its
reverse, and so on.

In this paper, we concentrate on the problem of detecting repetitive phenom-
ena that consist of unusually frequent tandem occurrences, within a pre-assigned
distance in a string, of two distinct but otherwise unspecified substrings. By the
two strings occurring in tandem, we mean that there is no intermediate occur-
rence of either one in between.

Specifically, we consider the following problem. Let z be a string of n symbols
over some alphabet X and d some fixed non-negative integer. For any pair (y, 2)
of subwords of z, their tandem indez I(y, z) relative to x is the number of times
that z has a closest occurrence in z within a distance of d from a corresponding,
closest occurrence of y to its left. We are interested in finding pairs of subwords
with surprisingly high tandem index.

The problem can be cast in the emerging contexts of data mining and infor-
mation extraction. As is well known, while traditional data base queries aim at
retrieving records based on their isolated contents, these contexts focus on the
identification of patterns occurring across records, and aim at the retrieval of
information based on the discovery of interesting rules present in large collection
of data. Central to these developments is the notion of association rule, which is
an expression of the form S; — Sy where S; and S, are sets of data attributes
endowed with sufficient confidence and support. Sufficient support for a rule is
achieved if the number of records whose attributes include S; U Ss is at least
equal to some pre-set minimum value. Confidence is measured instead in terms
of the ratio of records having S; U .Sy over those having S;, and is considered
sufficient if this ratio meets or exceeds a pre-set minimum. Clearly, a statistic of
the number of records endowed with the given attributes must be computed as
a preliminary step, and this is often a bottleneck for the process of information
extraction. We refer to [1], [8] and [14] for a broader discussion of these concepts.

Back to our problem, we observe that, in principle, there might be n* dis-
tinct pairings of subwords of in x. We show, however, that it suffices to restrict
attention to a family containing only only n? pairs, after which for any neglected
pair (y',2’), there is a pair (y, z) in the family such that: (i) 3’ is a prefix of y
and 2’ is a prefix of z, and (i) the tandem index of (y’, 2') equals that of (y, 2).
We show that an algorithm for the construction of the table of all such tandem
indices can be built to run in optimal O(n?) time and space for a string x of n
symbols.

A generalization of the notion of tandem, called prozimity word-association
pattern, has been proposed in [4] with similar motivations. A proximity word-



association pattern is defined as a tuple of k string components, each matching
the input text at a distance smaller or equal than a given d from the matching
of the previous component.> Among several results, [4] implicitly defines an
algorithm for counting matches of such patterns in an input string of length n,
reporting a worst case time complexity of O(d*n*+!logn). A related algorithm
was also proposed in [18], running in time O(n**!) but requiring O(n*) scans
of the input string. In the present proposal we are therefore concerned with the
case k = 2, and offer an asymptotical improvement over the algorithm in [4]
with a worst case running time of O(n?) and a constant number of passes over
the input string.

As mentioned, a tandem statistics of the kind collected by our algorithm finds
application in many domains. In Section 4, we will briefly describe its uses in the
discovery of dyadic structures in genome analysis and Part-of-Speech Tagging in
Natural Language Processing.

2 Preliminaries

We begin by recalling an important “left-context” property from [5]. Given two
words = and ¥, the end-set of y in z is the set of ending positions of occurrences
of y in z, i.e., endpos,(y) = {i:y = z;_|y|41 ... 2;} for some i, |y| < i <n. Two
strings y and z are equivalent on z if endpos, (y) = endpos,(z). The equivalence
relation instituted in this way is denoted by =* and partitions the set of all
strings over X into equivalence classes. Thus, [y] is the set of all strings that
have occurrences in z ending at the same set of positions as y. In the example of
the string abaababaabaababaababa, for instance, {ba, aba} forms one such equiv-
alence class and so does {aa,baa,abaa}. A symmetric equivalence relation can
be defined in terms of start-set and denoted by =,, with obvious meaning. Recall
that the indez of an equivalence relation is the number of equivalence classes in
it.

Fact 1 The indezx k of the equivalence relation =* (alternatively, =,) obeys
k < 2n.

Fact 1 suggests that we might only need to look among O(n?) substring pairs
of a string of n symbols in order to find unusually frequent pairs. The following
considerations show that this statement can be made precise giving an indirect
proof of it. We recall the notion of the suffiz tree T, associated with x. This is
essentially a compact trie with n 4+ 1 leaves and at most n internal nodes that
collects all suffixes of z$, where $ a symbol not in X. We assume familiarity of
the reader with the structure and its clever O(nlog|X|) time and linear space
constructions such as in [12,16, 19]. The word ending precisely at vertex a of Ty,
is denoted by w(«). The vertex « is called the proper locus of w(a). The locus of

31In [4] a different notation is used, with d representing the number of string compo-
nents and k representing the maximum distance.



w is the unique vertex of T}, such that w is a prefix of w(a) and w(FATHER(«))
is a proper prefix of w.

Having built the tree, some simple additional manipulations make it possible
to count and locate the distinct (possibly overlapping) instances of any pattern w
in z in O(|w|) steps. For instance, listing all occurrences of w in  is done in time
proportional to |w| plus the total number of such occurrences, by reaching the
locus of w and then visiting the subtree of T, rooted at that locus. Alternatively,
a trivial bottom-up computation on T, can weigh each node of T, with the
number of leaves in the subtree rooted at that node. This weighted version
serves then as a statistical index for z, in the sense that, for any w, we can find
the frequency of w in z in O(|w|) time. Note that the counter associated with the
locus of a string reports its correct frequency even when the string terminates
in the middle of an arc. This is, indeed, nothing but a re-statement and a proof
of Fact 1, where the equivalence classes are represented by the nodes of the tree.
From now on, we assume that a tree with weighted nodes has been produced
and is available for our constructions.

3 Algorithms

For simplicity of exposition we assume that X is the binary alphabet X = {a, b},
but it should be clear that this assumption can be removed without penalty on
our constructions.

In view of Fact 1 we may restrict attention to the O(n) equivalence classes
of =, represented by strings that end precisely at the internal nodes and leaves
of T,. Even these latter, each being formed by some consecutive prefixes of a
singleton string, may be neglected as uninteresting.

As a warmup for the discussion, consider the problem of computing the fol-
lowing relaxed notion of a tandem index, which we denote by I(y, z) and consists
of the number of instances of z that fall within d positions of a closest occur-
rence of y to its left. The difference with respect to I(y, z) is that we still forbid
intervening occurrences of y, but now allow possibly intervening occurrences of
z.

It is easy to compute I(y, z) for a fixed word y and all z’s with a proper locus
in T, in overall linear time. This is done as follows. We can assume that, as a
trivial by-product of the construction of 7}, there is access from each leaf of T},
to the corresponding position of = and wice versa. Now, let v be the node of T,
such that w(v) = y. Visit the subtree of T, rooted at v and place a special mark
on the positions of = that correspond to leaves in this subtree. This marks all
the starting positions of occurrences of y in z. Next, scan the positions of x in
ascending order: tag those positions that fall within d positions of an occurrence
of y, and assign a weight of 1 to every leaf that corresponds to such a position.
Visit now T, bottom up, and assign to each node a weight equal to the sum of
the weights of its children. Clearly, this accomplishes computation of I(y, z) for
all z’s. Tterating the process for all s fills the table of I(y, z) values for all pairs



of words with a proper locus in 7T}, and this takes (optimal) O(n?) time and
space.

Consider now computing the I(y, z) values for a given y and all strings z. If,
in the bottom up computation above, we wanted to compute I(y, z) instead of

I(y, z), then we should prevent the weighting process from counting more than
one occurrence of z within the d-range of each closest occurrence of y.

Let £ be sorted list of positions of z, with occurrences of y suitably marked
and the positions falling within a distance of d from such occurrences tagged
as like above. Define a clump in £ as a maximal run of tagged positions falling
between two consecutive occurrences of y (or following the last occurrence of y).
Let us say further that a clump is represented at a node p of T, if at least one
element of the clump is found in the subtree of T, rooted at u. Clearly, we want
each clump to contribute precisely one unit weight at all nodes where the clump
itself is represented.

It is possible to achieve this by the following preprocessing of T,. With &
the total number of clumps, initialize k empty clump lists. Visit the (leaves of
the) tree from left to right. For each leaf encountered, check on its corresponding
entry in £ whether this leaf belongs to a clump. In this case, assign to the leaf a
rank equal to the ordinal number of arrival of the leaf in its clump according to
the visit. At the end, the concatenation of the clump lists constitutes a sorted
list of clumps such that leaves within each clump are met in order of ascending
rank. This means that scanning each clump list now meets the leaves in the
clump in the same order as they would be encountered when visiting 7T, from
left to right. At this point we invoke as a subroutine the following well known
Lowest Common Ancestor (l.c.a.) Algorithm (see, e.g., [15]): given a tree T with
n leaves, it is possible to preprocess T in time linear in the number of nodes and
in such a way that, after preprocessing, for any two leaves ¢ and j it is possible
to give in constant time the lowest common ancestor of ¢ and j.

For a given y, we pre-process all clumps in succession as follows. Singleton
clumps are not touched. With reference now to the generic non-singleton clump,
consider its leaves in order of ascending rank. For each leaf, find its l.c.a.’s relative
to the leaf and its successor and give the weight of this node a -1 handicap. At
the end of the process, weigh the tree by the bottom up weighting procedure as
before.

We claim that the weights thus assigned to any node p represent I(y,w(u))-
This is seen by induction on the sparsification T of T} intercepted by the leaves
of some arbitrary clump and the associated l.c.a. nodes. The assertion is true
on any deepest internal node of T. In fact, since T, is binary then so is T.
Considering any deepest internal node of T, the leftmost one of its two leaves
will have caused the algorithm to give the node a handicap of -1. This would
combine with the weight of 2 resulting from the bottom up weighting to yield
a weight of 1. Assume now the assertion true for all descendants of a node p of
T, we have that the two children o and § of p will be assigned a weight of 1 in
the bottom up process. Considering the rightmost leaf of the subtree rooted at
a and the leftmost one in the subtree rooted at 3, we have that u, their l.c.a.,



has been given a handicap of -1 during pre-processing of the clump. Therefore,
the sum of weights at u will again be 1. The following theorem summarizes our
discussion.

Theorem 2. Given a string x of n symbols, the tandem indices for all pairs of
subwords of x can be computed in O(n?) time and space.

3.1 Implementation

In the tasks at hand, briefly discussed in Section 4, it is reasonable to assume
that |y|,|z|, and d are much smaller than |z|. Therefore the algorithm was imple-
mented on a truncated [13] rather than standard suffix tree data structure. This
choice allows us to save a considerable amount of the working space at each run
of the experiments. Truncated suffix trees are suffix trees in which the maximum
length of a label from the root to a leaf is bounded [13] by some parameter
N. The algorithm described in the previous sections needs some adjustments
in order to work still correctly on a truncated suffix tree. The main problem is
due to the fact that in a truncated suffix tree we loose the suffix tree property
for which each leaf corresponds to one and only one string suffix. Therefore it
can happen that the same leaf maps to several marked positions in the input
string. To deal with this, we modify the algorithm as follows. Initially, each leaf
is weighted with the sum of the corresponding number of marked positions. If
these positions belong to different clumps, then no problem will arise in the
total weight calculation, since each position will be treated separately at each
clump analysis. On the other hand, if two (or more) positions belong to the same
clump, then their associated node appears two or more consecutive times in the
ordered clump list. In this case the LCA procedure is not executed. Instead, we
decrement the value of the weight of that leaf. Then we proceed by comparing
the next pair of nodes in the clump, and follow the above procedure if the nodes
are again the same, or the standard algorithm procedure otherwise.

4 Applications

Here we describe two example applications of our algorithm, the first one to
Bioinformatics, the second to Natural Language Processing.

4.1 Dyad Analysis

Dyad analysis for discovering cis-acting regulatory patterns in gene promoter
regions are based on statistics on co-occurrences of short solid patterns. The
method is based on the observation that many regulatory sites can be modeled by
a structure wynsws, where w; and wy are solid words of length 3, s the distance
between the two, and n a sequence of s unspecified nucleotides. We refer to [17]
for a detailed description and validation of the method. Although experimental
results proved the method to be efficient for the detection of sites bound by



CsZns binuclear cluster proteins and other transcription factors, the exhaustive
search through all the possible trinucleotides and all the possible pairs among
them is time consuming and prevents a more efficient use of the tool. Moreover,
especially for longer patterns, reasoning in terms of the equivalence classes of =,
instead of fixed length words is more meaningful in so far as the dyads detected
in this way are mazimal in an obvious sense.

4.2 Part-of-Speech Tagging

Another target applications of the algorithms developed in this paper is compu-
tational learning for natural language processing. More specifically, we focus on
the task of part-of-speech tagging [10], where words in the text must be classified
for their lexical category (Noun, Verb, Adjective, etc.).

A common solution in the design of part-of-speech taggers is to exploit sets or
cascades of rules that are automatically induced from examples of correct classi-
fications. Usually, these rules classify words on the basis of finite size contextual
windows, centered around the word of interest, as described for instance in [6].
However, such systems do not achieve 100% accuracy in classification, as com-
pared with classifications provided by human experts. One of the reasons for such
a gap is due to the limited size of the adjacency windows that are used by the
rule schemata described above. It has been shown in [9] that certain contextual
patterns called barriers, that are highly effective in classification, can appear at
variable distances from the word of interest, demanding for more powerful rule
patterns than those described above.

The tandem patterns that are discovered by the algorithm of Section 3 can be
applied to the task of automatic extraction of contextual rules for part-of-speech
tagging, by simply modifying the algorithm to count the end-to-start distance
instead than the previously described start-to-start distance between tandem
components. Preliminary results on the CommonNoun/Adjective confusion class
showed that this method could be helpful when a set of fixed single window rules
fail to give a clear classification.

5 Conclusions

We have investigated the problem of collecting counts on the number of times
any pair of strings occur in tandem (i.e., with no intermediate occurrence of
either one of them) in a given input text and within a given distance. We have
provided an algorithm for the construction of the table of all such tandem counts,
running in optimal O(n?) time and space. This improves on previous results that
are found in the literature. We have also discussed two possible application of
the algorithm: dyad analysis in bioinformatics, and part-of-speech tagging in
natural language processing.
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