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Abstract

As memory access times grow larger relative to processor cycle times, the cache performance of al-
gorithms has an increasingly large impact on overal performance. Unfortunately, most commonly used
algorithmswere not designed with cache performance in mind. This paper investigates the cache perfor-
mance of implicit heaps. We present optimizationswhich significantly reduce the cache misses that heaps
incur andimprovetheir overal performance. We present an analytical model called collective anal ysisthat
allows cache performance to be predicted as afunction of both cache configuration and algorithm config-
uration. As part of our investigation, we perform an approximate analysis of the cache performance of
both traditional heaps and our improved heaps in our model. In addition empirical datais given for five
architecturesto show theimpact our optimizationshave on overall performance. We aso revisit apriority
queue study originaly performed by Jones [25]. Due to the increases in cache miss penalties, the rela-
tive performance resultswe obtain on today’s machines differ greatly from the machines of only ten years
ago. We compare the performance of implicit heaps, skew heaps and splay treesand discussthe difference
between our results and Jones's.

1 Introduction

Thetimeto service acache missto memory hasgrownfrom 6 cyclesfor theVax 11/780to 120 for the AlphaServer 8400
[10, 18]. Cache miss penalties have grown to the point where good overall performance cannot be achieved without
good cache performance. Unfortunately, many fundamental algorithms were devel oped without considering caching.
In this paper, we investigate and optimize the cache performance of implicit heaps. As part of this study, we introduce
collective analysis, aframework we have devel oped that alows an agorithm’s cache performance to be predicted for
direct mapped caches. Our hopeisthat algorithm designerswill use modelslikecollectiveanaysisin conjunctionwith
traditional analysistechniquesin order to better understand how their algorithms perform on real machines.

1.1 Methodology

This paper is a study of the performance of agorithms. We examine the way programs are anayzed and optimized
for performance. In this section we present the methodology we use in our performance study and contrast it with
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approaches that have been used in the past.

The true test of performance is execution time and numerous researchers investigate algorithm performance by
comparing execution times. The drawback of simply implementing an agorithm and measuring its execution time,
however, isthat very littleintuitionis provided as to why the performance was either good or bad. Aswe will show
in thispaper, it ispossiblefor one algorithmto exhibit good cache locality with high instruction counts while asimilar
algorithm exhibitsjust the opposite. While execution timeisthe final measure of performance, it istoo coarse-grained
ametric to use in the intermediate stages of anaysis and optimization of agorithms.

The mgjority of researchers in the algorithm community compare a gorithm performance using analysesin a unit-
cost model. The RAM modd [4, 12] is used most commonly, and in this abstract architecture all basic operations,
including reads and writesto memory, have unit cost. Unit-cost model s havethe advantage that they are simple, easy to
use, and produce resultsthat are easily compared. The big drawback isthat unit-cost model s do not reflect the memory
hierarchies present in modern computers. In the past, they may have been fair indicators of performance, but that isno
longer true.

It is also common for the analyses of algorithmsin a specific area to only count particular expensive operations.
Analyses of searching agorithms, for example, typically only count the number of comparisons performed. The mo-
tivation behind only counting expensive operationsisa sound one. It simplifiesthe analysisyet retains accuracy since
the bulk of the costs are captured. The problem with this approach is that shiftsin technology can render the expen-
sive operationsinexpensive and vice versa. Such is the case with comparisons performed in searching algorithms. On
modern machines comparing two registersis no more expensive than copying or adding them. In Section 4.1, we show
how thistype of analysis can lead to incorrect conclusions regarding performance.

In this paper, we empl oy an incremental approach to eval uating a gorithm performance. Rather than discard exist-
ing analyses and perform them again in anew comprehensive model, we leverage as much as we can off existing anal -
ysesand fill inwherethey are weak. An evolutionary approach shouldinvolveless work than acomplete re-eva uation
and it offers an easy transition for those interested in a more accurate anaysis.

Oneweakness of existing unit-cost analysisisthat it failsto measure the cost of cache missesthat algorithmsincur.
For this reason, we divide total execution time into two parts. The first part is the time the agorithm would spend
executing in a system where cache misses do not occur. We refer to this as the instruction cost of the agorithm. The
second part is the time spent servicing the cache misses that do occur and we call thisthe memory overhead.

We measure instruction cost with both analyses in a unit-cost model and with dynamic instruction counts from
executions. In this paper we employ both existing unit-cost analyses and some simple analyses of our own. Details of
our technique for instrumenting programs to produce dynamic instruction counts are described in Section 4.4. Neither
of these techniqueswill model instruction cost perfectly. Execution delays such as branch delay stallsand Trandlation
LookasideBuffer (TLB) misses are not measured with either of thesemethods. Nor do they capture varianceinthecycle
times of different types of instructions. Despite these shortcomings, however, they both provide a good indication of
relative execution time ignoring cache misses.

In this study we focus on the memory overhead caused by data references and we do not attempt to measure the
overhead due to instruction cache misses. In this paper, our experimental cache performance data is gathered using
trace-driven cache ssimulation. Cache simulations have the benefit that they are easy to run and the results are accu-
rate. In addition, we use collective analyses to explore ways in which the memory behavior of an algorithm might
be predicted without address traces or implementations. When both anaytical predictionsand simulation results are
available, we compare them to validate the accuracy of the predictions.

1.2 Implicit Heaps

In this paper, we perform a study of the cache performance of implicit heaps [42]. The main goa of our study isto
understand and improve the memory system performance of heaps using both experimental and analytica tools. We
evaluate the performance of heapsasboth atool for sortingaswell asthe event queuein adiscrete event simulation. We
collect performance data from execution times on various machines, from trace-driven simulations, and from analysis
in our new framework. Usingthis performance dataas aguide, we develop an improved implicit heap which has better
memory system and overall performance. In our experiments, our improved heap incurs as much as 65% fewer cache
misses running in the hold model [25], a benchmark that measures how well a priority queue serves as the event set
for asimulation. The reduction in cache misses trandates to speedups as high as 75% for a heap running in the hold
model, and performing heapsort with our optimized heaps improved performance by as much as a factor of two.



In this paper we a so reproduce a subset of the experiments performed by Jones comparing the performance of
variouspriority queues[25]. Inour experiments, we comparethe performance of traditiona heaps, our improved heaps,
top-down skew heaps and both top-down and bottom-up splay trees. Our comparison of priority queues yielded very
different results from Jones's origina experiments. Caches have changed architectures to the point that a bottom-up
splay tree, the structurewhich performed best in Jones' sexperiments, now performsmany timesworsethan atraditional

heap.

1.3 Redated Work

There has been alarge amount of research on analyzing and improving cache performance. Most cache performance
analysis is currently done with hardware monitoring [39] or with trace-driven simulation [17, 41]. Neither of these
solutions offers the benefits of an analytical cache model, namely the ability to quickly obtain estimates of cache per-
formance for varying cache and algorithm configurations. An analytical cache model a so has the inherent advantage
that it hel ps a designer understand the algorithm and hel ps uncover possible optimizations.

A number of researchers have employed hybrid modeling techniquesin which a combination of trace-driven sim-
ulation and anaytical modelsis used [1, 35]. These techniques compress an address trace into afew key parameters
describing an application’s behavior, and these are then used to drive an andytical cache moddl. The difference be-
tween the collective analysis framework we present and these techniques is that collective anaysis does not involve
any trace data. The behavior of an algorithmisexplicitly stated, and thisserves asinput to our model. Whilethismakes
the analysis more difficult to perform, it offers the advantage that our model can provide fast predictionsfor a variety
of algorithm configurations and cache configurations. Temam, Fricker and Jalby [38] provide a purely anaytical ap-
proach for predicting conflict misses in loop nests of numerical codes. In their model, the memory reference patterns
are examined, and cache performance is predicted by determining when each dataitem is reused and how often this
reuse is disrupted. Our work differs from theirs in that they work with agorithms whose exact reference pattern is
known, while ours is intended for agorithms whose general behavior is known but whose exact reference pattern is
not predictable across iterations.

Martonos et al. augment trace-driven cache simulation by categorizing the cache misses by the type of miss and
by the name of the data structureincurringthe miss[31]. Systemswith similar features includeinclude Cprof [30] and
SHMAP[16].

A study by Rao [33] examinesthe performance of page replacement policies using theindependent reference model
[11] to predict miss behavior. In collective analysis, we make assumptions similar to Rao’s about the distribution of
references within cache regions. The result isthat our formulas for cache performance are very similar to Rao’s.

There are many examples of case studies of the cache performance of specific applications. In most cases, the
memory system behavior of the piece of code is investigated using profiling tools. Typicaly, thisinvestigation leads
to optimizationsthat speed up the application by a factor of two or more. Agarwal et al. optimized alibrary of linear
algebra routines by tuning its memory behavior to the Power2 architecture [2]. Lebeck and Wood improved the per-
formance of the SPEC benchmarks with cache optimizations[30]. LaMarca and Ladner use empirical and analytical
techniques to investigate and improve the performance of sorting algorithms[28, 29].

A number of abstract architecturesfor sequential machines have been introduced that takeinto account the memory
hierarchies present in modern machines. The uniform memory hierarchy [5] models the memory system as a series of
increasingly large memory modules. Aswell asthe computation that isto occur, an agorithmfor the uniform memory
hierarchy describes when blocksof data should be moved between modules. Another exampleisthehierarchica mem-
ory model [3] with asingle address space in which an access to location ¢ takestime [log ¢]. Efficient programmingin
thismodel requires commonly used data items to be copied from high addresses to low addresses during their periods
of high use.

The compiler community has produced many optimizationsfor improving the cache locality of code[9, 6, 43] and
algorithmsfor deciding when these optimizations should be applied [26, 8, 20]. The vast mgority of these compiler
optimizationsfocus on loop nests and offer littleimprovement to pointer-based structures and al gorithmswhose refer-
ence patterns are difficult to predict. The reference patterns of the priority queue algorithms we examine in the paper
are complicated enough that these compiler optimizations offer no benefit.

Priority queuesand heapsin particular have been well studied. Improved a gorithmshave been developed for build-
ing, adding and removing from heaps [27, 13, 7, 21, 19]. A number of pointer-based, self-balancing priority queues,
including splay trees and skew heaps [36], have been devel oped since the heap was introduced. The main difference



between the work in this paper and previous work is that we focus on cache performance as well as instruction cost.
This different approach raises opportunitiesnot previously considered and allows us to improve performance beyond
existing results. Evaluations of priority queue performance include Jones's study using various architectures and data
distributions[25], and a study by Naor et al. which examines instruction counts as well as page fault behavior [32].

14 Overview

In Section 2 we describe a typical memory system and motivate the analysis of the cache performance of agorithms.
In Section 3 we introduce collective analysis, a framework for predicting the cache performance of agorithms. We
provide a definition of our model as well as a simple example analysis. In Section 4 we describe the heap we use
as the base of our performance study and we introduce two optimizations to this heap. We then perform a collective
analysis of heaps and explore the impact our optimizations have on cache performance. In Section 5 we present data
from trace-driven simulations and executions on various architectures to show theimpact of our optimizationson both
cache performance and overal performance of heaps. In Section 6 we revisit Jones's priority queue study [25]. We
compare the performance of atraditional heap, an improved heap, skew heaps and splay treesin the hold model using
exponentially distributed keys. In Section 7 we present our conclusions.

2 Motivation

While machines have varying memory system configurations, amost all share some characteristics. As an example,
one design characteristic of caches is the associativity, which indicates the number of different locationsin the cache
where a particular block can be loaded. While associativity might, in principle, vary widely from cache to cache, the
current state of technology leads the vast mgjority of architects to implement direct-mapped caches which have an
associativity of one, and can load a particular block only in asingle location. A safe generalization is that most new
machines have a multi-level cache architecture where the cache closest to memory istypically direct-mapped and hasa
high miss penalty [23]. Thethird-level cacheinthe DEC AlphaServer 8400, for exampl e, has afour megabyte capacity
and and a miss penalty of 120 cycles[18]. Accordingly, the techniques we present in this paper are primarily targeted
for agorithms running on architectures with large direct-mapped caches.

2.1 Why Look at Cache Performance?

Traditional algorithm design and analysis has, for the most part, ignored caches. Unfortunately, as the following ex-
ample about heaps will show, ignoring cache behavior can result in misleading conclusions regarding an agorithm’'s
performance. Details about the definition and implementation of implicit heapsis givenin Section 4, and can be con-
sulted for those unfamiliar with heaps.

Building a heap from a set of unordered keysistypically done using one of two agorithms. The first dgorithmis
the obviousand naive way, namely to start with an empty heap and repeatedly perform adds until the heap isbuilt. We
call this the Repeated-Adds a gorithm.

The second a gorithmfor buildingaheap isdueto Floyd [19] and buildsaheap in fewer instructionsthan Repeated-
Adds. Floyd's method begins by treating the array of unordered keys asif it were a heap. It then starts haf way into
the heap and re-heapifies subtrees from the middle up until the entire heap isvalid. The general consensusisthat, due
toitslow operation count and linear worst case behavior, Floyd' smethod isthe preferred a gorithm for building aheap
from a set of keys[34, 40, 12].

In our experiments, we executed both build-heap algorithms on a set of uniformly distributed keys. Asthelitera-
ture suggests, Floyd's method executes far fewer instructions per key than does Repeated-Adds. Our runson a DEC
Alphastation 250 showed that for uniformly distributed keys, both agorithms executed a number of instructionslin-
ear in the number of elements in the heap. Floyd's algorithm executed on average 22 instructions per element while
Repeated-Adds averaged 33 instructions per element. Thiswould seem to indicate that Floyd's method would be the
algorithm of choice. When we consider cache performance, however, we see avery different picture.

First consider the locality of the Repeated-Adds agorithm. An add operation can only touch a chain of e ements
from the new node at the bottom up to the root. Given that we have just added an element, the expected number of
uncached elements touched onthe next add islikely to bevery small. Thereisa50% chance that the previously added
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element and the new element have the same parent, a 75% chance that they have the same grand-parent and so on. Thus,
the number of new heap elements that needs to be brought into the cache for each add should be small on average.

Now consider the cache locdlity of Floyd's method. Recll, that Floyd's method works its way up the heap, re-
heapifying subtrees until it reaches the root. For ¢ > 1, the subtree rooted at ¢ does not share a single heap e ement
with the subtree rooted at ¢ — 1. Thus, as the algorithm progresses re-heapifying successive subtrees, we expect the
algorithm to exhibit poor temporal locality and to incur alarge number of cache misses.

To test this, we performed a trace-driven cache simulation of these two algorithmsfor building a heap. Figure 1
showsa graph of the cache misses per element for atwo megabyte direct-mapped cache with a32 byteblock size using
8 byte heap elements and varying the heap size from 8,000 to 4,096,000. This graph shows that up to a heap size of
262,144, the entireheap fitsin the cache, and the only missesincurred are compul sory misses. Oncethe heap doesn’t fit
inthe cache, however, we see that Floyd'smethod incurs significantly more misses per element than Repeated-Addsas
our intuition suggested. We expect the execution time of an agorithm to represent amix of the number of instructions
executed and missesincurred. Figure 2 shows the execution times of these two a gorithmson a DEC Alphastation 250
using 8 byte heap elements and varying the heap size from 8,000 to 4,096,000. When the heap fitsin the cache, Floyd's
method is the clear choice. Surprisingly, however, if the heap is larger than the cache, the difference in cache misses
outweighsthe difference in instruction count and the naive Repeated-Adds a gorithm prevails.

This example serves as a strong indicator that more accurate analyses and better performing agorithms can be
produced by design and analysis techniques that are conscious of the effects of caching.

3 Coallective Analysis

Whilesimpleand accurate, trace-driven simul ation does not offer the benefits of an analytical cache model, namely the
ability to quickly obtain estimates of cache performance for varying cache and a gorithm configurations. Inthissection,
wepresent collectiveanalysis, aframework for predicting cache performance of algorithms, aswell asasampleanalysis
showing its use.

3.1 Our Memory Model

We assume that there is a single cache with atota capacity of C bytes, where C' isa power of two. In our model, the
cacheisdividedinto blocksof size B byteseach, where B < C' andisalso apower of two. Inorder to simplify analysis,
weonly model direct mapped caches [23], that isto say, we assume that any given block of memory can be loaded into
only onelocation inthe cache. Another simplificationin our model isthat we do not distinguishreads from writes. We
also assume that items that are contiguousin the virtua address space map to contiguous cache | ocations, which means
that we are modeling avirtually indexed cache [23]. Our model does not includea TLB, nor does it attempt to capture
page faults due to physical memory limitations.

3.2 Applyingthe Modél

Thegoa of collectiveanalysisisto approximatethe memory behavior of an a gorithmand predict its cache performance
characteristics from thisapproximation. Thefirst step isto partitionthe cacheintoaset R of regions, whereregionsare
non-overlapping, but not necessarily contiguous, sectionsin the cache. All cache blocksmust belongto asingleregion,
and a cache block cannot be split across regions. The intuition behind the decompositionisto group cache blocksinto
sets of blocksthat are logically used in the same way. In collective analysis, the cache should be divided into regions
in such away that the accesses to a particular region are uniformly distributed across that region. If the accesses are
not uniformly distributed, the region should be subdivided into multipleregions. Oncethe accesses withinaregion are
uniformly distributed, further subdivision should be avoided in order to minimize the complexity of the anaysis.

Thenext step isto break the system of algorithmsto beanalyzed into aset P of independent memoryless processes,
whereaprocessisintended to characterize the memory behavior of an agorithmor part of an a gorithmfromthesystem.
The behavior of the system need not be represented exactly by the processes, and simplifying approximationsare made
at the expense of corresponding inaccuracies in the results. Areas of the virtual address space accessed in a uniform
way should be represented with a single process. Collectively, al of the processes represent the accesses to the entire
virtual address space and hence represent the system’s overall memory behavior.



For purposesof theanalysiswe assume that thereferences to memory satisfy theindependent reference assumption
[11]. Inthismodel each access isindependent of al previous accesses, that is, the system is memoryless. Algorithms
which exhibit very regular access patternssuch as sequential traversalswill not be accurately model ed in our framework
because we make the independent reference assumption. A formal approach uses finite state Markov chains in the
model. In the following we take an informal intuitive approach.

Define the access intensity of aprocess or set of processes to be the rate of accesses per instruction by the process
or set of processes. Let A;; be the access intensity of process j in cache region :. Let A; be the access intensity of the
set of al processes in cache region i. Let A be the access intensity of all the processesin al theregions. Given our
assumption about uniformaccess, if acache block « isin regioni and theregion contains m cache blocks, then process
J accesses block « withintensity A;; /m. Oncethe system has been decomposed into processes and the intensitieshave
been expressed, the calculations to predict cache performance are fairly smple.

Thetota access intensity by the system for cache region ¢ is

A= A

JjEP

Thetotal access intensity of the systemis

B

iER IERjEP

In an execution of the system a hit isan access to ablock by a process where the previous access to the block was
by the same process. An access isamissif it isnot ahit. The following theorem is a reformulation of the results of
Rao [33]. Our formulation differs from Rao’s only in that we group together blocks into a region if the accesses are
uniformly distributed in the region. This, however, simplifiesthe analysis considerably.

Theorem 1 The expected total hit intensity of the systemis

1= N @

ieR "' jepP

Proof: Definen to bethe expected tota hit intensity of the system and »); to be the expected hit intensity for region :.
Thetotal hitintensity of the system isthe sum of the hit intensitiesfor each region. The hit intensity for aregionisthe
sum across al processes of the hit intensity of each processin that region.

An access to ablock in adirect mapped cache by process j will be ahit if no other process has accessed the block
since the last access by process j. We say that a cache block is owned by process j at access ¢ if process j performed
the last access before access ¢ on the block. Since accesses to region i by process j are uniform throughout the region,

the fraction of accesses that process j ownsof any block inregioni is AAJ . Hence the expected hit intensity for region
. LA 1 1
zbyprocess;lskj.Hence,m:/\—iE /\fjandnzi /\—ZE X

JjEP IER JjEP

Corollary 1 The expected overall missintensity isA — #.

Corollary 2 The expected overall hitratiois %.



3.3 A Simple Example

In order to illustrate the use of collective analysis, we introduce a simple agorithm which uses two data-structures:
one array the size of the cache, and another array one-third the size of the cache. The algorithm loopsforever, and each
time through the loop it reads two values at random from the large array, adds them together and storesthe result in a
randomly selected element of the small array.

We begin by decomposing the cache into two regions. Region 0 istwo-thirdsthe size of the cache and only holds
blocks from the large array. Region 1 is one-third the size of the cache, and holds blocks from both the large and the
small array.

We divide the system into two processes. process 0 for the reads from the large array and process 1 for the writes
tothe small array. First consider the accesses performed by process 1. Since process 1 hever makes accesses outside
of thesmall array, weknow that Ao, is0. Let 4 betheloop’srate of execution. Process 1 accesses thesmall array once
every time around the loop, so A11 is . Since there are twice as many reads from the big array as writes to the small
array, thetota accessintensity for process 0 is2u. Sincethereads are evenly distributed acrossthebig array, we expect
that two-thirds of the reads go to region 0 and one-third go to region 1, thus Ao is %ﬂ and Ay is %u. The overadl hit
ratioiseasily computed:

Xoo = 24,01 =0, A0 = 2p, A1 = p

Xo=3p+0=3u

H HP— _ asH 11 ~
Overall cache hitratio = 1 = e = = 73%
Whilethisexampleissimple, the next section showshow collective analysis can beused to predict the performance
of more complex systems.

4 An Analytical Evaluation of Heaps

In this section, wefirst describe the basic implicit heap and our optimizationsto thisheap. We then present a collective
analysis of both the unoptimized and optimized heaps. Sincewe are modeling the memory behavior of heapsusing aset
of independent processes, out collective analysis only approximatesthe heap’s actual cache performance. Accordingly,
we validate our analysis by comparing the predictions of collective analysiswith trace-driven cache simulation results.

We use aimplicit binary heap as our base. Throughout the paper we refer to this as a traditiona heap. It isan
array representation of acomplete binary treewith V elements. All levels of thetree are completely full except for the
lowest, which isfilled from I €ft to right. Thetree hasdepth [log, (N + 1)]. Each element ¢ in the heap has akey value
Keyl[i] and optionaly some associated data. The NV heap elements are stored in array elements0 - - - N — 1, therootis
in position 0, and the el ements have the foll owing rel ationships

Parent(i) = L%J, ifi >0,
LeftChild(i) = 2i + 1,

RightChild(i) = 2i + 2.
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Figure 3: This typical layout of a 2-heap is not cache  Figure 4: Starting this 2-heap on the last element of a
block aligned and siblings span cache blocks. cache block guarantees that siblings do not span cache
blocks.

A heap must satisfy the heap property, which says that for al elements ¢ except the root, Key[Parent(i)] <
Keyld]. It followsthat the minimum key in the data structure must be at the root.

In this paper, we use heaps as priority queues that provide the add and remove-min operations. In our implemen-
tation of add, the element is added to the end of the array and is then percolated up the tree until the heap property is
restored. In our remove-min, theroot isreplaced with thelast element inthearray whichis percolated down thetree by
swapping it with the minimum of its children until the heap property isrestored. In this paper, we do not consider the
implication nor the optimization of other priority queue operations such as reduce-min or the merging of two priority
gueues. Heaps have been well studied and there are numerous extensi ons and more sophisticated al gorithmsfor adding
and removing [27, 13, 7, 21, 19].

4.1 Optimizing Remove-min

For astream of operationson aheap wherethe number of adds and the number of removes are roughly equal, the work
performed will be dominated by the cost of the removes. Doberkat [14] showed that independent of v, if thekeysare
uniformly distributed, add operations percol ate the new item up only 1.6 level son average. Doberkat [15] also studied
the cost of the remove-min operation on a heap chosen a random from the set of lega heaps. He showed that after
remove-min swaps the last element to the root, the swapped element is percolated down more that (depth — 1) levels
on average. Accordingly, we focus on reducing the cost of the remove-min operation.

Our first observation about the memory behavior of remove-min isthat we do not want siblingsto span cache blocks.
Recall that remove-min moves down the tree by finding the minimum of a pair of unsorted siblingsand swapping that
childwiththeparent. Since both childrenneed to beloaded intothe cache, wewouldliketo guaranteethat both children
are in the same cache block.

Figure 3 shows the way a heap will lay in the cache if four heap elements fit in a cache block and the heap starts
at the beginning of a cache block. Unfortunately, in this configuration, half of the sets of siblings span a cache block.
Similar behavior occursfor other cache configurationswhere the cache block size isan even multiple of heap element
size and the memory allocated for the heap starts a cache block.

There isa straightforward solution to this problem, namely to pad the array so that the heap does not start a cache
block. Figure 4 showsthis padding and its effect on the layout of the heap in the cache. We expect this optimization to
have itsbiggest impact when number of heap elements per cache lineistwo. Asthisrepresentsa changein datalayout
only, the optimization will not change the number of instruction executed by the heap.

Our second observation about remove-min isthat we want to fully utilizethe cache blocksthat are brought in from
memory. Consider aremove-min operation that is at element 3 and istrying to decide between element 7 and element
8 asits minimum child. If a cache miss occurs whilelooking at element 7, we will have to bring the block containing
elements 5-8into the cache. Unfortunately, wewill only look at two of the four elementsin this cache block to find the
minimum child. We are only using two el ements even though we paid to bring in four.

Asbefore, thereis a straightforward solution to the problem, and the inefficiency can be eliminated by increasing
thefanout of theheap so that aset of siblingsfillsacache block. Theremove-min operationwill nolonger load e ements
into the cache and not ook at them. A d-heap isthe generalization of a heap with fanout d rather than two. The d-heap
wasfirst introduced by Johnson as away to reduce the cost of the Reduce-Min operation[24]. Naor et al. suggest using
d-heaps with large d as a way to reduce the number of page faults that heaps incur in a virtual memory environment
[32]. Figure 5 shows a 4-heap and the way it laysin the cache when four e ements fit per cache block.

Unlike our previous optimization, this change will definitely have an impact on the dynamic instruction count of
our heap operations. The add operation should strictly benefit from an increased fanout. Adds percolate an el ement



from the bottom up and only look at one element per heap level. Therefore the shorter tree that results from a larger
fanout will cause the add operation to execute fewer instructions. The instruction count of the remove-min operation,
on the other hand, can be increased by thischange. Inthelimit, as d growslarge, the heap turnsinto an unsorted array
that requires alinear number of comparisons. Recall that the remove-min operation movesthe last element of the array
to theroot and then for each level finds the minimum of the d children and swaps this smallest element with its parent.
Since the children are stored in an unsorted manner, d comparisons must be performed to find the minimum child and
compare it to the parent. The cost of a swap can vary depending on how much data is stored with each element. We
givethe swap acost of « relativeto the cost of acomparison. Thus, thetotal cost at each level isd + a. We calculate
thetota cost as d + « multiplied by the number of levelstraversed. In our anaysis, we assume that thetail element is
always percolated back down to the lowest level in the heap. The total expected cost for remove-min counting swaps
and comparisonsis

(d+a)logs((d—1)N + 1) = (d+ a)logy(dN) =

(d+a)logy N + (d+a) = lél;ac)l logoa N +d+a

We can see that for large V, the remove-min cost is proportional to log, N by afactor of (d + a)/log, d. This
expression showsthat increasing d will increase thetime spent searching for the minimum child (d/ log,, d). Increasing
d also reduces thetotal cost of the swaps («/ log,, d). Figure 6 showsagraph of (d + «)/ log,, d for various values of a.
For remove-min operationswith a swap cost of at least one comparison, we see that increasing fanout actually reduces
thetotal cost initialy. For a swap cost of two comparisons, the remove-min cost is reduced by a quarter by changing
the fanout from two to four and does not grow toitsinitial level until the fanout islarger than twelve. Thuswe expect
that as long as fanouts are kept small, instruction counts should be the same or better than for heaps with fanout two.

This graph aso helps to point out the dangers of an analysis that only counts one type of operation. This graph
clearly showsthat even if we do not consider caching, a heap with fanout four should perform better than a heap with
fanout two. Thiswould not be evident however, if we were only to consider the number of comparisons performed, as
iscommonly done. The curve on the graph which has swap cost of zero isthe equiva ent of only counting comparisons.
This curve does not show amortization of swap costs and suggests the mid eading conclusion that larger fanoutsare not
beneficial *.

4.2 Collective Analysis of Cache-Aligned d-heaps

We first perform collective analysis on d-heaps whose sets of siblings are cache aligned. A d-heap with N elements
has depth [log,;((d — 1)N + 1)]. Parent(i) = L%J and Children(i) = di+ 1,di+2,---,di + d. Let e bethe
size in bytes of each heap element.

Inthisanaysis, werestrict fanout d to beapositive power of 2 and element size e tobeapower of 2. Wea so restrict
our heap configurationsto those in which al of a parent’s children fit in a single cache block (where de < B). This
limitsthe values of d that we are looking at; for atypical cache block size of 32 bytes, fanout islimited to 4 for 8 byte
heap el ements, and fanout islimited to 8 for 4 byte heap e ements. We al so restrict our analysisto heap configurations
in which the bottom layer of the heap is completely full (where [log;((d — 1)N + 1)] =log,((d — 1)N + 1)).

Heaps are often used in discrete event simulations as a priority queue to store the events. In order to measure the
performance of heaps operating as an event queue, we analyze our heaps in the hold modd [25]. In the hold modédl,

11t has been noticed previously that increasing a heap’s fanout can reduce the instruction count of its operations[27, Ex. 28 Pg.
158][12, Ex. 7-2 Pg. 152].

0

%\ block 0 block 1 block 2 block 3
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Figure5: Thelayout of a4-heap when four elementsfit per cache line and the array is padded to cache-align the heap.
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Figure 7: The division of the cache into regionsfor the d-heap.

the heap is initidly seeded with some number of keys. The system then loops repeatedly, each time removing the
minimum key from the heap, optionally performing some other work, and finally adding a random positive value to
the element’s key and inserting it back into to the heap. A random increment chosen from a distribution such as the
uniform or exponential assures a proper mixing of the elementsin the heap. Thisuse of heapsis called the hold model
because the size of the heap holds constant over the course of therun. Inthisanaysis, thework performed between the
remove-min and the add consists of w random uniformly distributed accesses to an array of size C'. Whilethisprobably
does not model the typical simulation event handler, it is a reasonabl e approximation of awork process and helps to
show the cache interference between independent algorithms.

Thefirst step of our analysisisto divide the cache into regions based on the heap’s structure. Recall that we have
acache with asize of C bytes, a cache block size of B bytes, and aheap with V elements, fanout d and element size
e.LetS = % be the size of the cache in heap el ements.

Giventhehegp’s structure, » = [log,((d — 1)S + 1)] wholelevels of the hesp will fit in the cache. That isto say,
heap levels0 - - -» — 1 fit in the cache and heap leve r isthefirst level to spill over and wrap around in the cache. We
dividethe cache into r + 1 regions, whereregions0 - - - » — 1 are the same size asthefirst » heap levelsand region r
takes up the remaining space in the cache. Regioni, 0 < i < r, isof sized’ and region r isof size S — =% In our
analysis of d-heaps, theregionsare all contiguous; Figure 7 shows the division. Let S; be the size of cache region s.

The next step isto partition the system into processes which approximate its memory access behavior. It isat this
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point that we make three simplifying assumptionsabout the behavior of the remove-min operation. Wefirst simplify the
percol ating down of thetail element by assuming that al level sof theheap are accessed independently, once per remove-
minon average. We a so assume that when aheap level isaccessed by remove-min, al setsof siblingsare equally likely
to be searched through for the minimum. These simplifications enable a collective analysis to be performed on a data-
structure with abehavior considerable more complex than our simple example. At the same time, these simplifications
were carefully chosen to retain accuracy. While much of the remove-min algorithm’sbehavior has been logt, the rates
of accesses and overall access distributionsshould still be reasonably accurate.

To further simplify the heap’s behavior, we make a final assumption regarding the caching of elements. In the
event that a set of siblingsare brought into the cache on amiss, other sets of siblingsmay be read in at the same time
(if de < B). Theresult isthat areference to aset of siblingsmay not incur afault even though the set has never before
been accessed. In our analysis, we ignorethis effect and assume that neighboring sets of siblings are never faulted in.
We again believe that this assumption will not significantly affect the accuracy of the analysisin practice.

Thebasic structure of our decompositionisto create one or more processes for each level inthe heap. Given atota
of N elements, therearet = log;((d — 1) N + 1) levelsintheheap. Let N; bethe size in elements of heap level i. We
begin by dividing the ¢t heap levelsinto two groups. The first group contains thefirst » levels0 - - -» — 1 of the heap
that will fit in the cache without any overlap. The second group contains theremaining levels of theheap » - - - ¢ — 1.
For0 <i<t, N;=d.

Lemmal Thesizeof heap level ¢, » < i < ¢,isa multipleof S.

Proof: Since N; = d', itis sufficient to prove that d* mod S = 0. Sinced is apositive power of 2,and C'and e are
powersof 2, ande < B < C, both d* and S are also powers of 2. It issufficient to show that &* > S. Let d = 2*
wherez > 0and S = 2Y.

d' = d="d" > d" = dUes(d=1S+1)] > glloga ()] —

zty—1_ z—1

gz |logoe (21| _ oo TR > (T —v = 9.

For each heap level ¢ in thefirst group, we create aprocess, giving us processes 0 - - - » — 1. For the second group
we create afamily of processes for each heap level, and each family will have one process for each cache-sized piece
of the hesp level. For heaplevel i, r < i < ¢, we create £+ processes caled (7,0) - - - (i, & — 1).

Finally, we create a process to model the random reads that occur between the remove-min and the add. We call
this process o.

If remove-min is performed on the heap at an intensity of 1 our access intensitiesare

1 if0<j<randi=j, (2)
Sep ifj=(e,y)andr <z <tand0 <y < i, (3)
i Swp ifj=oand0<i<r, (4)
0 otherwise. (5)

In our simplified remove-min operation, heap levels are accessed once per remove-min on average, and each access
to a heap level touches one cache block. An access by process j, 0 < j < r, represents an access to heap level j. We
know that all accesses by process j will bein cache region j, and process j; makes no accesses outside of cache region
J. Thus, with aremove-min intensity of 4, process j, 0 < j < r, will access region ¢ with an intensity of pif i = j
and 0 otherwise (Equations 2 and 5).

Next, consider aprocess (#, y) wherer < x < t. Thisprocess represents one of % cache-sized pieces from heap
level 2. We expect that one cache block will be accessed from heap level = per remove-min. The chance that the block
accessed belongs to the processin question is N% The total access intensity of the process is the access intensity of

the level multiplied by the chance that an access bel ongsto the process, or N%ﬂ- Since the process maps a piece of the
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heap exactly the size of the cache, it is easy to calculate the access intensities for each region. Since the accesses of
process (, y) are uniformly distributed across the cache, the access intensitiesfor each region will be proportional to
itssize. Given that the procees’s access intensity is N%u, the access intensity of process (z,y) wherer < < tin
cache region |sN pix =+ = N 1 (Equation 3).

Given that the system iterates at arate of 1, the total access intensity of process o iswy. Since process o accesses
an array of size C' uniformly, we expect the acceeea; to spread over each cache region proportional to itssize. Thus,
the access intensity of process o in cache region i is 3¢ <wp (Equation 4).

Theregion intensities A; and the overal intensi ty are easily calculated:

P+ St—r+w)p if0<i<r,
A=

%(t—r—l—w)u ifi =r,
A= (t+ w)p.

Anexpressionfor thehitintensity » can bederived from Equation 1. Thesum acrossregionsisbrokeninto0 - - - r—
1 and r, and the sum across processes is broken up based on the two groups of heap levels. Plugging in our access
intensities and reducing gives us

v o= SN
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4.3 Collective Analysisof Unaligned d-heaps

The cache performance of a d-heap inwhich sets of siblingsare not cache block aigned can be predicted withasimple
changetothecache-aligned analysis. Inour cache-aligned analysis, wecorrectly assumethat examining aset of siblings
will touch one cache block. In the unaligned case thisis not necessari Iy true. A set of siblingsuses de bytesof memory.
On average, the chance that a set of siblings spans a cache block is . In the event that the siblings do span a cache
block, asecond block will need to betouched. Thuson average, we expect 1+ cache bl ocksto betouched examining
aset of siblings. This simple change yieldsthe following new intensities
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(1+ L) ifo<j<randi=j

S+ L) ifj=(v,y)andr <z <tand0<y< i,

W if j = o,

|2

o

otherwise.

{ (L+ St F =+ Fp+ Fop if0<i<r,
A=

F =)+ Fhn+ Fup ifi=r

A= 11+ %)+ wp

Similar to the derivation of Equation 6, an expression for 1 can be derived by substituting these intensitiesinto
Equation 1 and reducing.

4.4 Experimental Apparatus

Throughout this paper, both our dynamicinstruction countsand our cache simul ationresultswere measured using Atom
[37]. Atomisaflexibletoolkit devel oped by DEC for instrumenting codes on Alphaworkstations. Dynamicinstruction
countswere obtained by using Atom to insert an increment to an instruction counter after each instruction executed by
the algorithm. We also used Atom to generate address traces and simul ate the cache performance of our test programs.
Cache performance was measured by using Atom to insert calls after every load and store to compute statistics and
maintain the state of the simulated cache. The execution times for our test programs were measured using the Alpha
processor’s cycle timer. For al of the execution times reported in the paper, data points represent the median of 15
executions.

45 Validation of Collective Analysis

In order to validate our analysis, we compared the analytical results with the output of cache simulations of programs
that exercise the appropriate heap implementations. When testing heaps in the hold model we used a uniform random
increment and varying amounts of outside work. In each run, the mean of the uniform increment distribution was 40
timesthenumber of el ementsin theheap. Choosingamean proportional to the number of eventsinthe queue caused the
simulation timeto flow at the same expected ratein al runs, regardless of the number of events. Thisboth kept events
sufficiently spaced in simulationswith alarge number of events and prevented time-code overflow in simulationswith
asmall number of event. Our simulationswere run for 1,000,000 iterations and were then measured for the 200,000
iterationsin order to measure the steady state behavior. In both the analysisand the traced executions, we set the cache
size equal to 2 megabytes, the cache block size to 32 bytes and the heap element size to 4 bytes. In this configuration,
a cache block holds 8 heap elements.

The quantity we compare is missintensity (A — n). Missintensity isan interesting measure, asit tell us how many
times an operation must service cache misses. We compare the model’s predictions with the number of misses per
iteration observed by the cache simulator. Figure 8 shows this comparison for an unaligned 2-hesp and an aligned 2,
4 and 8-heap with w = 0 and arange of N between 1,000 and 8,192,000. Since we do not consider startup costs and
since no work is performed between the remove-min and the add, we do not predict or measure any cache misses until
the size of the heap grows larger than the cache. This graph shows that the miss intensity predicted by the collective
analysis agrees with the results of the cache simulations surprisingly well considering the simplicity of our modd. For
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Figure8: Cache misses per iteration for the hold model with w = 0 predicted by collective analysis and measured with
trace-driven simulation. Caches are direct-mapped with 2048K capacity and a 32 byte block size. Heap element size
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Figure 9: Cache misses per iteration for the hold model with w = 25 predicted by collective analysis and measured
with trace-driven simulation. Caches are direct-mapped with 2048K capacity and a 32 byte block size. Heap element
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Figure 10: Dynamic instruction count for a variety of heaps running in the hold model (w = 25).

now we focus on the accuracy of our predictions and comments regarding the effects our optimizations have on cache
misses are reserved for the next section.

We next compare our model predictions against simulationsfor a system in which 25 random memory accesses
are performed each iteration. Figure 9 shows the miss intensities for an unaligned 2-heap and an digned 2, 4 and 8-
heap with w = 25 and arange of N between 1,000 and 8,192,000. Again, we see that the predictions of the collective
analysis closely match the simulation results. Unlike the heap operating aone, this system incurs cache misses even
when the heap is smaller than the cache due to interactions with the work process.

5 An Experimental Evaluation of Heaps

In this section we present performance data collected for our improved hegps. Our executions were run on a DEC
Alphastation 250. Dynamic instruction counts and cache performance data was collected using Atom [37] (see Sec-
tion 4.4). In al cases, the simulated cache was configured as direct-mapped with atotal capacity of two megabytes
with a 32 byte block size, the same as the second-level cache of the Alphastation 250.

5.1 HeapsintheHold Model

Figures 10-12 show the dynamicinstruction count, cache misses, and execution time (incycles) for an unaligned 2-heap
and aigned 2,4 and 8-heap runningin the hold mode! with uniform random increment and outsidework consisting of 25
random accesses to memory (w = 25). Our simulationswere run for 1,000,000 iterations and were then measured for
the 200,000 iterations. In these experiments, the heap size is varied from 1,000 to 8,192,000, and eight heap elements
fit per cache block.

Figure 10 shows that the traditional heap and aligned 2-heap execute the same number of instructions, since the
only difference is the layout of data. Changing the fanout of the heap from two to four provides a sizable reduction
in instruction count as Figure 6 predicted. Also as predicted, changing the fanout from four to eight increased the
instruction count, but not higher than the heaps with fanout two.

16



Machine Processor Clock Rate | L1 Cache Size | L2 Cache Size
Alphastation 250 | Alpha21064A | 266 Mhz 8K/8K 2048K
Pentium 90 Pentium 90 Mhz 8K/8K 256K

DEC 3000/400 Alpha 21064 133 Mhz 8K/8K 512K

Power PC MPC601 80 Mhz 32K 512K

Sparc 20 SuperSparc 60 Mhz 20K/16K 1024K

Table 1: Clock rate and cache sizes of the machines on which we tested our heaps.

Figure 11 showsthe number of cache missesincurred per iterationinthe hold model for our heaps when eight heap
elements fit in a cache block. This graph shows that cache aligning the traditiona heap reduces the cache misses by
around 15% for this cache configuration. Increasing the heap fanout from two to four provides a large reduction in
cache misses, and increasing from four to eight reduces the misses further till. This graph serves as agood indication
that our optimizations provide a significant improvement in the memory system performance of heaps.

Figure 12 shows the execution time for the heaps in the hold model when eight heap e ements fit in a cache block
and w = 25. Thisgraphlooksvery much likeasimplecombination of the previoustwo graphs. Aligningthetraditional
heap providesasmall reduction in execution time. Increasing the fanout from two to four providesalarge reductionin
execution time dueto both lower instruction count and fewer cache misses. The 8-heap executes moreinstructionsthat
the 4-heap and consequently executes slower initially. Eventually, however, the reduction in cache misses overcomes
the difference in instruction count, and the 8-heap performs best for large data sets.

5.2 Heapsort

We next examine the effects our improvements have on heapsort [42]. We compare heapsort built from traditional
heaps and our aligned d-heaps. The traditional heaps were built using Floyd's method. Our aligned heaps are built
using either Floyd’'smethod or Repeated-Adds; the choice is made dynamically at runtime depending on the heap size
and fanout in order to maximize performance.

Figure 13 shows the execution time of our four hegpsorts running on an DEC Alphastation 250 sorting uniformly
distributed 32 hit integers. In our heapsort executions, al three of the cache-aligned heaps outperform the traditional
heap and the mgjority of the speedup occursinthe remove-min operation. Asbefore, we seethat increasing fanout from
2 to 4 provides alarge performance gain. Again we see that the instruction count overhead of the 8-heap is overcome
by the reduced cache misses and the 8-heap performs best for larger heap sizes. The 8-heap sorting 8,192,000 numbers
nearly doubles the performance of the traditional binary heap.

5.3 Generality of Results

So far al our data has been presented for the DEC Alphastation 250, and all of our simulations have been run for two
megabyte caches. In order to demonstrate the genera applicability of our optimizations across modern architectures,
we now present data for our heaps running in the hold model on four machines other than the Alphastation. As before,
our heaps were warmed up for 1,000,000 iterations and were measured for 200,000. Figure 14 shows the speedup of
our 4-heap over the traditional heap running in the hold model with «w» = 0 with 8 byte heap elements. As our four
additiona machines we chose the Sparc 20, the IBM Power PC, the DEC Alpha 3000/400 and a Pentium 90 PC. The
clock rates of the machines tested ranged from 60 to 266 megahertz, and the cache sizes ranged from 256K to 2024K.
The second-level caches on al of these machines are direct mapped, as are most of thefirst-level caches. Table 1 shows
the processor, clock rate and cache sizes for the machines we tested. Figure 14 shows that despite the differences in
architecture, our 4-heaps consistently achieve good speedups that increase with the size of the heap.

Both the Power PC and the Pentium speedup curves begin to climb earlier than we might expect. Sincenowork is
performed between iterations, we expect few second-level cache misses to occur until the heap islarger than the cache.
Recall, however, that this expectation is based on the assumption that data contiguousin the virtual address space is
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Figure 11: Cache misses per iteration for avariety of heaps running in the hold model (w = 25). Simulated cache was
2048K in capacity with a 32 byteblock size. Heap element size is4 bytes.
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always contiguousin the cache. Thisassumption is not true for any of these five machines, al of whose second-level
caches are physically indexed. Itislikely that for the Power PC and the Pentium, the operating systems (A1X and Linux
respectively) are allocating pages that conflict in the cache and that thisis causing second-level cache missesto occur
earlier than we expect. These cache misses provide an earlier opportunity for the 4-heap to reduce misses and account
for the increased speedup. These differences might also be duein part to differences in the number of first-level cache
misses. Thiswould not explain al of the difference however, asthefirst level miss penaltiesin these cases are small.

6 A Comparison of Priority Queues

Inthissection, we compare anumber of priority queuesrunninginthehold model. Our experimentsareintendedto bea
reproduction of asubset of the priority queue study comparison performed by Jonesin 1986 [25]. Theresultsof Jones's
experimentsindicated that for the architecture of that time, pointer-based, self-balancing priority queues such as splay
trees and skew heaps performed better than the ssmpleimplicit heaps. The changes that have occurred in architecture
since then, however, have shifted the prioritiesin agorithm design, and our conclusions are somewhat different than
those drawn by Jones.

6.1 The Experiment

We examined the performance of five priority queueimplementationsoperating inthe hold modd . Inthese experiments
we use an exponentia random increment rather than a uniform increment in order to match the distribution used by
Jones[25]. Ashefore, the mean of theincrement distributionwas set to 40 times the number of eventsin the queue (see
Section 4.5). In our experiments we compared a traditional heap, a cache-aligned 4-heap, a top-down skew heap and
both atop-down and a bottom-up splay tree. The implementations of the traditional heap and the aligned 4-heap were
those described earlier in this paper. The implementations of the skew heap and the bottom-up splay tree were taken
from an archive of the code used in Jones's study. The top-down splay tree implementation is an adoption of Sleator
and Tarjan’s code [36]. As Jonesdid in his study, the queues were run in the hold model, and no work was performed
between the remove-min and the add of each iteration (w = 0). In our experiments, a queue element consisted of an
8 byte key and no data. This varies dightly from Jones's experiments where he used 4 byte keys. A larger key value
was chosen to allow extended runs without the keys overflowing.

In our runs, the priority queues were initially seeded with exponentialy distributed keys and the priority queues
were runin the hold model for 3,000,000 iterationsto allow the queue to reach steady state. The queue was then mea
sured for 200,000 iterations. As before, executions were run on a DEC Alphastation 250, and cache simulationswere
configured for a two megabyte direct-mapped cache and a 32 byte block size. Dynamic instruction counts and cache
performance data was collected using Atom [37] (see Section 4.4). Execution times were collected with the Alpha's
cycle timer and represent the median of 15 executions.

In our experiments, the queue size was varied from 1,000 to 1,024,000. (The bottom-up splay tree was only run
up to asize of 512,000 elements due to physical memory pressure.) Thisdiffers from Jones study where he used con-
siderably smaller queues, ranging from size 1 to 11,000.

6.2 Results

Figure 15 shows a graph of the dynamic instruction count of the five priority queues. Aswe expect, the number of
instructionsexecuted per iteration growswith thelog of the number of elementsfor al five of the priority queues. The
4-heap executed around 25% fewer instructions than the traditional heap as Figure 6 predicts for a swap cost of two
comparisons. The bottom-up splay tree performed almost exactly the same number of instructions as the traditional
heap. Thissomewhat contradicts Jones sfindingsin which the splay tree far outperformed the heap. Thisdifferenceis
not surprising since Jones's experiments were run on a Cl SC machine offering a host of memory-memory instructions
while ourswere run on aload-store RISC machine. Splay trees and skew heaps are extremely memory intensive. The
bottom-up splay tree and the traditional heap executed roughly the same number of instructionsin our study, yet the
splay tree executed almost threetimesas many loads and storesastheheap. The pointer mani pul ationsperformed by the
self-balancing queues were fairly inexpensive on the architectures that Jones used. On our load-store RISC machine,
however, these pointer manipulationstrangate into a larger instruction count, slowing down the bottom-up splay tree
relative to the heaps.
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Figure 15: Instruction count per iteration of five priority queues running in the hold model withw = 0 and 8 byte keys.
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Figure 16: Cache misses per iteration of five priority queues running in the hold model with w = 0 and 8 byte keys.
Simulated cache is2048K in capacity with a 32 byte block size.
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Figure 17: Cycles per iteration of five priority queues running in the hold model with w = 0 and 8 byte keys.

The top-down splay tree performed the most instructionsby awide margin. To be fair, we must say that whilethe
top-down splay trees were coded for efficiency, they did not receive the heavy optimization that Jones gave his codes
or that we gave our heaps.

The cache performance of the priority queues is compared in Figure 16. As the experiments were run in the hold
model with no work between iterations, cache misses do not occur after warmup unless the queue is larger than the
cache. Itisat thispoint that an important difference in the priority queuesis reveaed. Depending on their algorithms
for adding and removing e ements, the queues have different sized elements and this has a huge impact on cache per-
formance. Adding pointersto a queue el ement increases its size reducing the number of el ements that fit in the cache
which in turn reduces locality.

Theimplicit heap elements require no pointers and the eements only contain the keys. The top-down skew heap
and top-down splay tree, onthe other hand, both requirealeft and right pointer per el ement, adding 16 bytes of overhead
to each queue e ement. In addition, queue elementsfor the pointer-based queues are alocated from the system memory
pool, and 8 bytes of overhead are incurred each time an element is allocated®. The pointer overhead combined with
the overhead of the system memory pool resultsin an element size of 8 (key) + 8 (Ieft) + 8 (right) + 8 (memory pool)
= 32 bytes, four times larger than a heap element. As a result, the top-down skew heaps and top-down splay trees
start incurring cache misses at one-quarter the queue size of the heaps. The queue requiring the most overhead is the
bottom-up splay tree with three pointers per element (left, right and parent). The result is that the splay tree has the
largest footprint in memory and isthefirst to incur cache misses as the queue size isincreased.

The execution times for the five queues executing on an Alphastation 250 are shown in Figure 17. Due to their
low instruction count and small cache miss count, our aligned 4-heap performs best, with the traditional heap finishing
second. Thisvaries significantly from Jones's findingsin which theimplicit heaps finished worse than splay trees and
skew heaps. While there are many architectural differences between the Vax used by Jones and the Alphastation we
used, our resultsstrongly suggest that cache performanceisresponsiblefor thebulk of thedifferencein executiontimes.
Figure 17 initially shows a small performance spread across queues when they al fit in the cache, as well as showing
that when cache misses increase significantly execution times also follow suit.

2There are memory pool implementations that do not incur per-allocation overhead for small objects [22]. In OSF/1, however,
the default mal | oc incurs an 8 byte overhead per allocation.
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Another interesting difference between our results and Jones's is that in our study, the skew heap outperformed
the bottom-up splay tree. With only dlightly higher instruction count than the traditional heap and moderate cache
performance, the skew heap outperforms both of the splay trees and finishes third overall in our comparison.

Our two splay tree implementationsturned in similar execution timeswith the higher instruction count for the top-
down splay tree offsetting the higher cache miss count for the bottom-up splay tree. Despite the locality benefits splay
trees afford, their large footprint in memory caused them to perform poorly in our study.

6.3 Impressons

These experimentsillustratetheimportance of adesign that i sconscious of memory overhead and the effects of caching,
and strongly suggest that future designs will need to pay close attention to memory performance if good overal per-
formance isto be achieved. The goal of thissection is not to convince the reader that heaps are the best priority queue.
There are obviousoptimizationsthat could be applied to the splay trees and skew heapswhich would reducetheir cache
misses and improve their performance. One good starting point would be to allocate queue nodesin large bundles to
minimizethe overhead incurred in the system memory pool. By alocating elements 1000 at atime, overhead could be
reduced from 8 bytes per queue element to 8 bytes per 1000 queue el ements.

An additional optimizationwould be to store queue nodes in an array and represent references to the left and right
elements as offsetsin the array rather than using 64 bit pointers. If the queue sizewas limited to 232, the 8 byte pointers
could be replaced with 4 byte integersinstead. These two optimizationsa one would reduce the total overhead for the
top-down skew heap to 4 (left) + 4 (right) = 8 bytesrather than 8 (1ft) + 8 (right) + 8 (memory pool) = 24 bytes. These
simple changes would have a significant impact on the performance of al of the pointer-based priority queues used in
thisstudy. It isunlikely, however, that the splay trees or skew heaps could be made to perform as well as the implicit
heapsfor the applicationswelooked at, since the heaps have such low instruction countsand have no memory overhead
dueto their implicit structure.

7 Conclusions

The main conclusion of our work is that the effects of caching need to be taken into account in the design and anal-
ysis of algorithms. We presented examples that show how agorithm anaysis that does not include memory system
performance can lead to incorrect conclusions about performance.

We presented a study of the cache behavior of heaps and showed simple optimizations that significantly reduce
cache misses, which in turn improve overal performance. For the DEC Alphastation 250, our optimizations sped up
heaps running in the hold model by as much as 75% and heapsort by a factor of two. In order to demonstrate the
generality of our results, we also provided empirical performance data for four additiona architectures showing the
impact our optimizationshave on overall performance.

We a so introduced collectiveanalysis, an analytical model for predicting the cache performance of asystem of al-
gorithms. Collectiveanaysisisintended for applicationswhose genera behavior isknown, but whose exact reference
pattern isnot. Asthe model does not perform analysis on address traces, it offers the advantage that algorithm config-
uration can bevaried aswell as cache configuration. In our framework, we performed a cache anaysisof d-heaps, and
our performance predictions closely match the results of atrace-driven simulation.

Finally, we reproduced a subset of Jones's experiments [25] examining the performance of a number of priority
gueues. Our experiments showed that the low memory overhead of implicit heaps makes them an excellent choice as
apriority queue, somewhat contradicting Jones's results. We observed that the high memory overhead of the pointer-
based, self-bal ancing queuestrang ated into poor memory system and overall performance. We al so discussed potential
optimizationsto these pointer-based queues to reduce their memory overhead and reduce cache misses.
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