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Abstract

We study the point-to-point shortest path problem in
a setting where preprocessing is allowed. We improve
the reach-based approach of Gutman [17] in several
ways. In particular, we introduce a bidirectional version
of the algorithm that uses implicit lower bounds and
we add shortcut arcs to reduce vertex reaches. Our
modifications greatly improve both preprocessing and
query times. The resulting algorithm is as fast as the
best previous method, due to Sanders and Schultes [28].
However, our algorithm is simpler and combines in a
natural way with A* search, which yields significantly
better query times.

1 Introduction

We study the following point-to-point shortest path
problem (P2P): given a directed graph G = (V, A)
with nonnegative arc lengths and two vertices, the
source s and the destination ¢, find a shortest path
from s to t. We are interested in exact shortest paths
only. We allow preprocessing, but limit the size of
the precomputed data to a (moderate) constant times
the input graph size. Preprocessing time is limited by
practical considerations. For example, in our motivating
application, driving directions on large road networks,
quadratic-time algorithms are impractical.

Finding shortest paths is a fundamental problem.
The single-source problem with nonnegative arc lengths
has been studied most extensively [1, 3, 4, 5, 9, 10, 11,
12, 15, 20, 25, 33, 37]. For this problem, near-optimal
algorithms are known both in theory, with near-linear
time bounds, and in practice, where running times are
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within a small constant factor of the breadth-first search
time.

The P2P problem with no preprocessing has been
addressed, for example, in [19, 27, 31, 38]. While no
nontrivial theoretical results are known for the general
P2P problem, there has been work on the special case
of undirected planar graphs with slightly super-linear
preprocessing space. The best bound in this context
appears in [8]. Algorithms for approximate shortest
paths that use preprocessing have been studied; see e.g.
[2, 21, 34]. Previous work on exact algorithms with
preprocessing includes those using geometric informa-
tion [24, 36], hierarchical decomposition [28, 29, 30], the
notion of reach [17], and A* search combined with land-
mark distances [13, 16].

In this paper we focus on road networks. However,
our algorithms do not use any domain-specific informa-
tion, such as geographical coordinates, and therefore
can be applied to any network. Their efficiency, how-
ever, needs to be verified experimentally for each par-
ticular application. In addition to road networks, we
briefly discuss their performance on grid graphs.

We now discuss the most relevant recent develop-
ments in preprocessing-based algorithms for road net-
works. Such methods have two components: a prepro-
cessing algorithm that computes auxiliary data and a
query algorithm that computes an answer for a given
s—t pair.

Gutman [17] defines the notion of vertex reach.
Informally, the reach of a vertex is a number that is
big if the vertex is in the middle of a long shortest path
and small otherwise. Gutman shows how to prune an
s-t search based on (upper bounds on) vertex reaches
and (lower bounds on) vertex distances from s and to
t. He uses Euclidean distances for lower bounds, and
observes that the idea of reach can be combined with
Euclidean-based A* search to improve efficiency.

Goldberg and Harrelson [13] (see also [16]) have
shown that the performance of A* search (without
reaches) can be significantly improved if landmark-
based lower bounds are used instead of Euclidean
bounds. This leads to the ALT (A* search, land-
marks, and triangle inequality) algorithm for the prob-



lem. In [13], it was noted that the ALT method could
be combined with reach pruning in a natural way. Not
only would the improved lower bounds direct the search
better, but they would also make reach pruning more ef-
fective.

Sanders and Schultes [28] (see also [29]) have re-
cently introduced an interesting algorithm based on
highway hierarchy; we call it the HH algorithm. They de-
scribe it for undirected graphs, and briefly discuss how
to extend it to directed graphs. However, at the time
our experiments have been completed and our techni-
cal report [14] published, there was no implementation
of the directed version of the highway hierarchy algo-
rithm. Assuming that the directed version of HH is not
much slower than the undirected version, HH is the most
practical of the previously published P2P algorithms for
road networks. It has fast queries, relatively small mem-
ory overhead, and reasonable preprocessing complexity.
Since the directed case is more general, if an algorithm
for directed graphs performs well compared to HH then
it follows that this algorithm performs well compared
to the current state of the art. We compare our new
algorithms to HH in Section 8.3.

The notions of reach and highway hierarchies have
different motivations: The former is aimed at pruning
the shortest path search, while the latter takes advan-
tage of inherent road hierarchy to restrict the search to
a smaller subgraph. However, as we shall see, the two
approaches are related. Vertices pruned by reach have
low reach values and as a result belong to a low level of
the highway hierarchy.

In this paper we study the reach method and its
relationship to the HH algorithm. We develop a shortest
path algorithm based on improved reach pruning that
is competitive with HH. Then we combine it with ALT
to make queries even faster.

The first contribution of our work is the introduc-
tion of several variants of the reach algorithm, includ-
ing bidirectional variants that do not need explicit lower
bounds. We also introduce the idea of adding shortcut
arcs to reduce vertex reaches. A small number of short-
cuts (less than n, the number of vertices) drastically
speeds up the preprocessing and the query of the reach-
based method. The performance of the algorithm that
implements these improvements (which we call RE) is
similar to that of HH. We then show that the techniques
behind RE and ALT can be combined in a natural way,
leading to a new algorithm, REAL. On road networks,
the time it takes for REAL to answer a query and the
number of vertices it scans are much lower than those
for RE and HH.

Furthermore, we suggest an interpretation of HH in
terms of reach, which explains the similarities between

the preprocessing algorithms of Gutman, HH, and RE.
It also shows why HH cannot be combined with ALT as
naturally as RE can.

In short, our results lead to a better understanding
of several recent P2P algorithms, leading to simplifi-
cation and improvement of the underlying techniques.
This, in turn, leads to practical algorithms. For the
graph of the road network of North America (which has
almost 30 million vertices), finding the fastest route be-
tween two random points takes less than 4 milliseconds
on a standard workstation, while scanning fewer than
2000 vertices on average. Local queries are even faster.

Due to the page limit, we omit some details, proofs, and
experimental results. A full version of the paper is available
as a technical report [14].

2 Preliminaries

The input to the preprocessing stage of a P2P algorithm
is a directed graph G = (V,A) with n vertices and
m arcs, and nonnegative lengths ¢(a) for every arc a.
The query stage also has as inputs a source s and a
sink ¢t. The goal is to find a shortest path from s to
t. We denote by dist(v,w) the shortest-path distance
from vertex v to vertex w with respect to £. In general,
dist(v, w) # dist(w, v).

The labeling method for the shortest path prob-
lem [22, 23] finds shortest paths from the source to
all vertices in the graph. The method works as fol-
lows (see e.g. [32]). It maintains for every vertex v
its distance label d(v), parent p(v), and status S(v) €
{unreached, labeled, scanned}. Initially d(v) = oo,
p(v) = nil, and S(v) = unreached for every ver-
tex v. The method starts by setting d(s) = 0 and
S(s) = labeled. While there are labeled vertices, the
method picks a labeled vertex v, relazes all arcs out of
v, and sets S(v) = scanned. To relax an arc (v, w),
one checks if d(w) > d(v) + £(v,w) and, if true, sets
d(w) = dv) + (v, w), p(w) = v, and S(w) = labeled.

If the length function is nonnegative, the labeling
method terminates with correct shortest path distances
and a shortest path tree. Its efficiency depends on the
rule to choose a vertex to scan next. We say that
d(v) is ezxact if it is equal to the distance from s to v.
Dijkstra [5] (and independently Dantzig [3]) observed
that if ¢ is nonnegative and v is a labeled vertex with
the smallest distance label, then d(v) is exact and each
vertex is scanned once. We refer to the labeling method
with the minimum label selection rule as Dijkstra’s
algorithm. If £ is nonnegative then Dijkstra’s algorithm
scans vertices in nondecreasing order of distance from s
and scans each vertex at most once.

For the P2P case, note that when the algorithm is
about to scan the sink ¢, we know that d(t) is exact and



the s-t path defined by the parent pointers is a shortest
path. We can terminate the algorithm at this point.
Intuitively, Dijkstra’s algorithm searches a ball with s
in the center and ¢ on the boundary.

One can also run Dijkstra’s algorithm on the reverse
graph (the graph with every arc reversed) from the sink.
The reverse of the t-s path found is a shortest s-t path
in the original graph.

The bidirectional algorithm [3, 7, 26] alternates
between running the forward and reverse versions of
Dijkstra’s algorithm, each maintaining its own set of
distance labels. We denote by d;(v) the distance label
of a vertex v maintained by the forward version of
Dijkstra’s algorithm, and by d,(v) the distance label
of a vertex v maintained by the reverse version. (We
will still use d(v) when the direction would not matter
or is clear from the context.) During initialization, the
forward search scans s and the reverse search scans
t. The algorithm also maintains the length of the
shortest path seen so far, u, and the corresponding
path. Initially, 4 = co. When an arc (v,w) is relaxed
by the forward search and w has already been scanned
by the reverse search, we know the shortest s-v and
w-t paths have lengths dy(v) and d,(w), respectively.
If p > dy(v) +€(v,w) + dr(w), we have found a path
shorter than those seen before, so we update p and its
path accordingly. We perform similar updates during
the reverse search. The algorithm terminates when the
search in one direction selects a vertex already scanned
in the other. A better criterion (see [16]) is to stop
the algorithm when the sum of the minimum labels of
labeled vertices for the forward and reverse searches
is at least u, the length of the shortest path seen so
far. Intuitively, the bidirectional algorithm searches two
touching balls centered at s and t.

Alternating between scanning a vertex by the for-
ward search and scanning a vertex by the reverse search
balances the number of scanned vertices between these
searches. Omne can, however, coordinate the progress
of the two searches in any other way and, as long as
we stop according to one of the rules mentioned above,
correctness is preserved. Balancing the work of the for-
ward and reverse searches is a strategy guaranteed to
be within a factor of two of the optimal strategy, which
is the one that splits the work between the searches to
minimize the total number of scanned vertices. Also
note that remembering pu is necessary, since there is no
guarantee that the shortest path will go through the
vertex at which the algorithm stops.

3 Reach-Based Pruning

The following definition of reach is due to Gutman [17].
Given a path P from s to ¢t and a vertex v on P, the reach

of v with respect to P is the minimum of the length of
the prefix of P (the subpath from s to v) and the length
of the suffix of P (the subpath from v to t). The reach
of v, r(v), is the maximum, over all shortest paths P
that contain v, of the reach of v with respect to P. (For
now, assume that the shortest path between any two
vertices is unique; Section 5 discusses this issue in more
detail.)

Let 7(v) be an upper bound on r(v), and let
dist(v, w) be a lower bound on dist(v, w). The following
fact allows the use of reaches to prune Dijkstra’s search:

Suppose 7(v) < dist(s,v) and 7(v) < dist(v, t).
Then v is not on the shortest path from s to
t, and therefore Dijkstra’s algorithm does not
need to label or scan v.

Note that this also holds for the bidirectional algorithm.

To compute reaches, it suffices to look at all shortest
paths in the graph and apply the definition of reach to
each vertex on each path. A more efficient algorithm
is as follows. Initialize r(v) = 0 for all vertices v. For
each vertex x, grow a complete shortest path tree T,
rooted at x. For every vertex v, determine its reach
r.(v) within the tree, given by the minimum between
its depth (the distance from the root) and its height (the
distance to its farthest descendant). If r,(v) > r(v),
update r(v). This algorithm runs in O(nm) time, which
is still impractical for large graphs. On the largest one
we tested, which has around 30 million vertices, this
computation would take years on existing workstations.

Note that, if one runs this algorithm from only a few
roots, one will obtain valid lower bounds for reaches.
Unfortunately, the query algorithm needs good upper
bounds to work correctly. Upper bounding algorithms
are considerably more complex, as Section 5 will show.

4 Queries Using Upper Bounds on Reaches

In this section, we describe how to make the bidirec-
tional Dijkstra’s algorithm more efficient assuming we
have upper bounds on the reaches of every vertex. As
described in Section 3, to prune the search based on
the reach of some vertex v, we need a lower bound on
the distance from the source to v and a lower bound on
the distance from v to the sink. We show how we can
use lower bounds implicit in the search itself to do the
pruning, thus obtaining a new algorithm.

During the bidirectional Dijkstra’s algorithm, con-
sider the search in the forward direction, and let v be
the smallest distance label of a labeled vertex in the
reverse direction (i.e., the topmost label in the reverse
heap). If a vertex v has not been scanned in the re-
verse direction, then v is a lower bound on the distance
from v to the destination ¢. (The same idea applies to



ds(s,v)

v = dist(v,t)

Figure 1: Bidirectional bound algorithm. Assume v is about to be scanned in the forward direction, has not yet been
scanned in the reverse direction, and that the smallest distance label of a vertex not yet scanned in the reverse direction

is 7. Then v can be pruned if 7(v) < ds(v) and 7(v) < 7.

the reverse search: we use the topmost label in the for-
ward heap as a lower bound on the distance from s for
unscanned vertices in the reverse direction.) When we
are about to scan v we know that d¢(v) is the distance
from the source to v. So we can prune the search at v
if all the following conditions hold: (1) v has not been
scanned in the reverse direction, (2) 7(v) < ds(v), and
(3) 7(v) < y. When using these bounds, the stopping
criterion is the same as for the standard bidirectional
algorithm (without pruning). We call the resulting pro-
cedure the bidirectional bound algorithm. See Figure 1.

An alternative is to use the distance label of the
vertex itself for pruning. Assume we are about to scan
a vertex v in the forward direction (the procedure in
the reverse direction is similar). If 7(v) < df(v), we
prune the vertex. Note that if the distance from v
to t is at most 7(v), the vertex will still be scanned
in the reverse direction, given the appropriate stopping
condition. More precisely, we stop the search in a given
direction when either there are no labeled vertices or
the minimum distance label of labeled vertices for the
corresponding search is at least half the length of the
shortest path seen so far. We call this the self-bounding
algorithm.

The reason why the self-bounding algorithm can
safely ignore the lower bound to the destination is that
it leaves to the other search to visit vertices that are
closer to it. Note, however, that when scanning an arc
(v,w), even if we end up pruning w, we must check if
w has been scanned in the opposite direction and, if
so, check whether the candidate path using (v, w) is the
shortest path seen so far.

The following natural algorithm falls into both of
the above categories. The algorithm balances the radius
of the forward and reverse search regions by picking the
labeled vertex with minimum distance label considering
both search directions. Note that the distance label of
this vertex is also a lower bound on the distance to the

target, as the search in the opposite direction has not
selected the vertex yet. We refer to this algorithm as
distance-balanced. Note that one could also use explicit
lower bounds in combination with the implicit bounds.

We call our implementation of the bidirectional
Dijkstra’s algorithm with reach-based pruning RE. The
query is distance-balanced and uses two optimizations:
early pruning and arc sorting. The former avoids
labeling unscanned vertices if reach and distance bounds
justify this. The latter uses adjacency lists sorted
in decreasing order by the reach of the head vertex,
which allows some vertices to be early-pruned without
explicitly looking at them. The resulting code is simple,
with just a few tests added to the implementation of the
bidirectional Dijkstra’s algorithm.

5 Preprocessing

In this section we present an algorithm for efficiently
computing upper bounds on vertex reaches. Our algo-
rithm combines three main ideas, two introduced in [17],
and the third implicit in [28].

The first idea is the use of partial trees. Instead
of running a full shortest path computation from each
vertex, which is expensive, we stop these computations
early and use the resulting partial shortest path trees,
which contain all shortest paths with length lower than a
certain threshold. These trees allow us to divide vertices
into two sets, those with small reaches and those with
large reaches. We obtain upper bounds on the reaches of
the former vertices. The second idea is to delete these
low-reach vertices from the graph, replacing them by
penalties used in the rest of the computation. Then
we recursively bound reaches of the remaining vertices.
The third idea is to introduce shortcuts arcs to reduce
the reach of some vertices. This speeds up both the
preprocessing (since the graph will shrink faster) and
the queries (since more vertices will be pruned).



The preprocessing algorithm works in two phases:
during the main phase, partial trees are grown and
shortcuts are added; this is followed by the refinement
phase, when high-reach vertices are re-evaluated in
order to improve their reach bounds.

The main phase uses two subroutines: one adds
shortcuts to the graph (shortcut step), and the other
runs the partial-trees algorithm and eliminates low-
reach vertices (partial-trees step). The main phase starts
by applying the shortcut step. Then it proceeds in
iterations, each associated with a threshold ¢; (which
increases with ¢, the iteration number). Each iteration
applies a partial-trees step followed by the shortcut step.
By the end of the i-th iteration, the algorithm eliminates
every vertex which it can prove has reach less than
€;. If there are still vertices left in the graph, we set
€41 = ae; (for some a > 1) and proceed to the next
iteration.

Approximate reach algorithms, including ours, need
the notion of a canonical path, which is a shortest
path with additional properties. In particular, between
every pair (s,t) there is a unique canonical path. We
implement canonical paths as follows. For each arc a, we
generate a length perturbation ¢'(a). When computing
the length of a path, we separately sum lengths and
perturbations along the path, and use the perturbation
to break ties in path lengths.

Next we briefly discuss the major components of
the algorithm. Due to space limitations, we discuss
a variant based on vertex reaches. We indeed use
vertex reaches for pruning the query, but our best
preprocessing algorithm uses arc reaches instead to gain
efficiency (see [14] for details). The main ideas behind
our arc-based preprocessing are the same as for the
vertex-based version that we describe.

5.1 Growing Partial Trees. To gain intuition on
the construction and use of partial trees, we consider
a graph such that all shortest paths are unique (and
therefore canonical) and a parameter e. We outline
an algorithm that partitions vertices into two groups,
those with high reach (e or more) and those with low
reach (less than €). For each vertex z in the graph, the
algorithm runs Dijkstra’s shortest path algorithm from
x with an early termination condition. Let 7" be the
current tentative shortest path tree maintained by the
algorithm, and let 7" be the subtree of T induced by the
scanned vertices. Note that any path in T” is a shortest
path. The tree construction stops when for every leaf y
of T", one of two conditions holds: (1) y is a leaf of T or
(2) the length of the z’-y path in T” is at least 2¢, where
z' is the vertex adjacent to z on the x-y path in T".
Let T}, the partial tree of z, denote T' at the time

the tree construction stops. The algorithm marks all
vertices that have reach at least € with respect to a path
in T, as high-reach vertices.

It is clear that the algorithm will never mark
a vertex whose reach is less than €, since its reach
restricted to the partial trees cannot be greater than
its actual reach. Therefore, to prove the correctness of
the algorithm, it is enough to show that every vertex
v with high reach is marked at the end. Consider a
minimal canonical path P such that the reach of v with
respect to P is high (at least €). Let « and y be the first
and the last vertices of P, respectively. Consider T.
By uniqueness of shortest paths, either P is a path in
T., or P contains a subpath of T, that starts at x and
ends at a leaf, z, of T},. In the former case v is marked.
For the latter case, note that z cannot be a leaf of T" as
z has been scanned and the shortest path P continues
past z. The distance from x to v is at least ¢ and the
distance from z’, the successor of x on P, to v is less
than e (otherwise P would not be minimal). By the
algorithm, the distance from z’ to z is at least 2¢ and
therefore the distance from v to z is at least €. Thus in
this case v is also marked.

Note that long arcs pose an efficiency problem for
this approach. For example, if x has an arc with
length 100e adjacent to it, the depth of T, is at least
102¢. Building T, will be expensive. All partial-tree-
based preprocessing algorithms, including ours, deal
with this problem by building smaller trees in such
cases and potentially classifying some low-reach vertices
as having high reach. This results in weaker upper
bounds on reaches and potentially slower query times,
but correctness is preserved.

Our algorithm builds the smaller trees as follows.
Consider a partial shortest path tree T, rooted at a
vertex z, and let v # x be a vertex in this tree. Let f(v)
be the vertex adjacent to x on the shortest path from x
tov. The inner circle of T, is the set containing the root
x and all vertices v € T, such that d(v) —{(z, f(v)) < e.
We call vertices in the inner circle inner vertices; all
other vertices in T, are outer vertices. The distance
from an outer vertex w to the inner circle is defined
in the obvious way, as the length of the path (in T,)
between the closest (to w) inner vertex and w itself.
The partial tree stops growing when all labeled vertices
are outer vertices and have distance to the inner circle
greater than e.

Our preprocessing runs the partial-trees algorithm
in iterations, multiplying the value of € by a constant «,
each time it starts a new iteration. Iteration i applies
the partial-trees algorithm to a graph G; = (V;, 4;).
This is the graph induced by all arcs that have not been
eliminated yet (considering not only the original arcs,



but also shortcuts added in previous iterations). All
vertices in V; have reach estimates above €;_1 (for ¢ > 1).
To compute valid upper bounds for them, the partial-
trees algorithm must take into account the vertices that
have been deleted. It does so by using the concept
of penalties, which implicitly increase the depths and
heights of vertices in the partial trees. This ensures the
algorithm will compute correct upper bounds.

Next we introduce arc reaches, which are similar to
vertex reaches but carry more information and lead to
faster preprocessing. They are useful for defining the
penalties as well.

5.2 Arc Reaches. Let (v, w) be an arc on the short-
est path P between s and ¢t. The reach of this arc with
respect to P is the minimum of the length of the prefix
of P (the distance between s and w) and the length of
the suffix of P (the distance between v and t). Note
that the arc belongs to both the prefix and the suffix
(a definition that excluded the arc from both would be
equivalent). The arc reach of (v, w) with respect to the
entire graph, denoted by r(v, w), is the maximum reach
of this arc with respect to all shortest paths P contain-
ing it.

During the partial-trees algorithm, we actually try
to bound arc reaches instead of vertex reaches—the
procedure is essentially the same as described before,
and arc reaches are more powerful (the reach of an arc
may be much smaller than the reaches of its endpoints).
Once all arc reaches are bounded, they are converted
into vertex reaches: a valid upper bound on the reach
of a vertex can be obtained from upper bounds on the
reaches of all incident arcs.

Penalties are computed as follows.
of a vertex v € V; is defined as

The in-penalty

m-penalty(v) = max 7(u,v)},

p y( ) (u7v)€A+:(u,v)€Ai{ ( )}
if v has at least one eliminated incoming arc, and zero
otherwise. In this expression, AT is the set of original
arcs augmented by the shortcuts added up to iteration
i. The out-penalty of v is defined similarly, considering

outgoing arcs instead of incoming arcs:

{r(v,w)}.

out-penalty(v) = (v,w)eﬂz}(}f},w)QAi
If there is no outgoing arc, the out-penalty is zero.

The partial-trees algorithm works as described
above, but increases the lengths of path suffixes and
prefixes by out- and in-penalties, respectively, for the
purpose of reach computation.

5.3 Shortcut Step. We call a vertex v bypassable
if it has exactly two neighbors (v and w) and one of

the following condition holds: (1) v has exactly one
incoming arc, (u,v), and one outgoing arc, (v,w); or
(2) v has exactly two outgoing arcs, (v,u) and (v, w),
and exactly two incoming arcs, (u,v) and (w,v). In the
first case, we say v is a candidate for a one-way bypass;
in the second, v is a candidate for a two-way bypass.
Shortcuts are used to go around bypassable vertices.

A line is a path in the graph containing at least
three vertices such that all vertices, except the first
and the last, are bypassable. Every bypassable vertex
belongs to exactly one line, which can either be one-
way or two-way. Once a line is identified, we may
bypass it. The simplest approach would be to do it
in a single step: if its first vertex is u and the last
one is w, we can simply add a shortcut (u,w) (and
(w,u), in case it is a two-way line). The length and
the perturbation associated with the shortcut is the
sum of the corresponding values of the arcs it bypasses.
We break the tie thus created by making the shortcut
preferred (i.e., implicitly shorter). If v is a bypassed
vertex, any shortest path that passes through u and
w will no longer contain v. This potentially reduces
the reach of v. If the line has more than two arcs, we
actually add “sub-lines” as well: we recursively process
the left half, then the right half, and finally bypass the
entire line. This reduces reaches even further, as the
example in Figure 2 shows.

Once a vertex is bypassed, we immediately delete
it from the graph to speed up the reach computation.
As long as the appropriate penalties are assigned to its
neighbors, the computation will still find valid upper
bounds on all reaches.

One issue with the addition of shortcuts is that they
may be very long, which can hurt the performance of
the partial-trees algorithm in future iterations. To avoid
this, we limit the length of shortcuts that may be added
in iteration ¢ to at most €;41/2.

5.4 The Refinement Phase. The fact that penal-
ties are used to help compute valid upper bounds tends
to make the upper bounds less tight (in absolute terms)
as the algorithm progresses, since penalties become
higher. Therefore, additive errors tend to be larger for
vertices that remain in the graph after several itera-
tions. Since they have high reach, they are visited by
more queries than other vertices. If we could make these
reaches more precise, the query would be able to prune
more vertices. This is the goal of the refinement phase
of our algorithm: it recomputes the reach estimates of
the é vertices with highest (upper bounds on) reaches
found during the main step, where ¢ is a user-defined
parameter (we used § = [104/n]).

Let Vs be this set of high-reach vertices of G. To
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Figure 2: In this graph, (s,u), (u,z), (z,v), (v,y), (y,w), and (w,t) are the original edges (for simplicity, the graph is
undirected). Without shortcuts, their reaches are r(s) = 0, r(u) = 20, r(z) = 30, r(v) = 36, r(y) = 29, r(w) = 18, and
r(t) = 0. If we add just shortcut (u,w), the reaches of three vertices are reduced: r(z) =19, r(v) = 12, and r(y) = 19. If
we also add shortcuts (u,v) and (v, w), the reaches of x and y are reduced even further, to r(x) = r(y) = 0.

recompute the reaches, we first determine the subgraph
Gs = (Vs,As) induced by Vs. This graph contains
not only original arcs, but also the shortcuts between
vertices in Vs added during the main phase. We
then run an exact vertex reach computation on Gs by
growing a complete shortest path tree from each vertex
in V5. Because these shortest path trees include vertices
in G only, we still have to use penalties to account for
the remaining vertices.

5.5 Additional Parameters. The choice of ¢; and
« is a tradeoff between preprocessing efficiency and the
quality of reaches and shortcuts. To choose €1, we first
pick k = min{500, | [/n]/3]} vertices at random. For
each vertex, we compute the radius of a partial shortest
path tree with exactly |n/k| scanned vertices. (This
radius is the distance label of the last scanned vertex.)
Then we set €1 to be twice the minimum of all k radii.
We use a = 3.0 until we reach an iteration in the
main phase where the number of vertices is smaller than
6, then we reduce it to 1.5. This change allows the
algorithm to add more shortcuts in the final iterations.
The refinement step ensures that the reach bounds of
the last 6§ vertices are still good.

6 Reach and the ALT Algorithm

6.1 A* Search and the ALT Algorithm. A poten-
tial function is a function from the vertices of a graph G
to reals. Given a potential function m, the reduced cost
of an arc is defined as £, (v, w) = £(v,w) — 7(v) + 7(w).
Suppose we replace the original distance function ¢ by
{;. Then for any two vertices x and y, the length of
every z-y path (including the shortest) changes by the
same amount, 7(y) — w(x). Thus the problem of find-
ing shortest paths in G is equivalent to the problem of
finding shortest paths in the transformed graph.

Now suppose we are interested in finding the short-
est path from s to ¢t. Let 7y be a (perhaps domain-
specific) potential function such that 7¢(v) gives an es-
timate on the distance from v to ¢t. In the context of

this paper, A* search [6, 18] is an algorithm that works
like Dijkstra’s algorithm, except that at each step it se-
lects a labeled vertex v with the smallest key, defined
as kg(v) = dy(v) + m¢(v), to scan next. It is easy to see
that A* search is equivalent to Dijkstra’s algorithm on
the graph with length function ¢, ,. If 7y is such that
{r, is nonnegative for all arcs (i.e., if m; is feasible), the
algorithm will find the correct shortest paths. We refer
to the class of A* search algorithms that use a feasi-
ble function 7y with 7¢(t) = 0 as lower-bounding algo-
rithms. As shown in [16], better estimates lead to fewer
vertices being scanned. In particular, a lower-bounding
algorithm with a nonnegative potential function visits
no more vertices than Dijkstra’s algorithm, which uses
the zero potential function.

We combine A* search and bidirectional search as
follows. Let 7y be the potential function used in the
forward search and let 7, be the one used in the reverse
search. Since the latter works in the reverse graph, each
original arc (v, w) appe