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Abstract

Conventional implementations of iterative numerical algorithms, especially multigrid methods, merely reach

a disappointing small percentage of the theoretically available CPU performance when applied to representative

large problems. One of the most important reasons for this phenomenon is that the need for data locality due to

poor main memory latency and limited bandwidth is entirely neglected by many developers designing numerical

software. Only when most of the data to be accessed during the computation are found in the system cache

(or in one of the caches if the machine architecture comprises a cache hierarchy) fast program execution can

be expected. Otherwise, i.e. in case of a signi�cant rate of cache misses, the processor must stay idle until the

necessary operands are fetched from main memory, whose cycle time is in general extremely large compared

to the time needed to execute a 
oating point instruction. In this paper, we describe program transformation

techniques developed to improve the cache performance of two{dimensional multigrid algorithms. Although we

merely consider the solution of Poisson's equation on the unit square using structured grids, our techniques

provide valuable hints towards the eÆcient treatment of more general problems.

Key words. multigrid, cache memories, iterative methods, high performance computing, code optimization

AMS subject classi�cations. 68{04, 65F10

1 Introduction

Current semiconductor technology is capable of producing microprocessors operating with more than 500 MHz

clock rate and a peak performance of beyond 1 GFlop (109 
oating point operations) per second. The high

performance of these chips is based on sophisticated hardware techniques like instruction pipelining, superscalar

execution, out{of{order execution and dynamic branch prediction.

However, there is a serious bottleneck due to main memory access times. Current DRAM technology is not able

to transfer data between processor and main memory as fast as necessary to avoid idle periods of the processor.
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Figure 1: Memory hierarchy of the Digital Alpha PWS 500au A21164.

There is a rule of thumb saying that, in general, processor performance doubles every 18 months, whereas memory

performance doubles every seven years [11]. Therefore, this problem is tending to become even worse in the near

future, as for example prognosed in [15].

In order to mitigate these diÆculties arising from slow main memory accesses, modern computers are equipped

with a hierarchy of memories using one to three levels of comparatively fast SRAM caches, DRAM main memory

and virtual memory, which is stored on external media such as hard disks or kept on other machines belonging

to the same network. Cache memories contain copies of frequently used main memory blocks and provide low

latencies whenever a cached data item is referred by the processor.

The use of these fast but rather small SRAM cache modules can be seen as a trade{o� between price and

performance: building the whole main memory using SRAM chips would be too expensive and, moreover, raise

serious technical problems, especially concerning cooling techniques. Therefore, one will continue composing main

memory out of DRAM modules, which are cheap, but unfortunately rather slow.

Most of our results presented in this paper are based on experiments using a Digital Workstation PWS 500au

based on a 500 MHz Alpha 21164 processor. The theoretically available peak performance of this machine is

about 1 GFlop/sec. Its memory hierarchy, the corresponding performance, bandwidth and capacity information

are shown in Figure 1. The L1 cache and the L2 cache are integrated into the processor chip, whereas the large

L3 cache is realized as a separate module, which is located on the board. This is the reason why fetching a data

item from the L3 cache into the processor is signi�cantly slower than fetching it from a higher level of the memory

hierarchy.

It is evident that eÆcient program execution can only be expected if the algorithm respects the underlying

memory architecture by exploiting the cache1: data in the cache must be reused before it is replaced. The

e�ectiveness of data locality optimizations has been examined for various kinds of algorithms (see the examples in

Section 3). However, research into the optimization of more advanced iterative methods has recently begun and is

still far from being understood in detail [4, 9, 17].

1For reasons of simplicity we often use the singular form of the term cache to denote the whole hierarchy of caches that a machine

may possess.
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In this paper, we focus on a simple model problem and show that signi�cant speedups can be achieved by

introducing involved program restructuring techniques. These techniques are applied manually, since | generally

speaking| optimizing compilers are not smart enough to perform such kinds of code transformations automatically.

We consider the two{dimensional Poisson equation

�u = f in 
 = (0; 1)2;

u = � on @
;

de�ne a uniform grid and choose a second{order �nite{di�erence discretization yielding the well{known 5{point

stencil. We solve the problem numerically using multigrid V{cycles based on standard coarsening [6, 13]. We

perform Gauss{Seidel iterations with a red{black ordering of the unknowns in order to smooth the approximate

solutions on each level of the grid hierarchy.

We are aware that our model problem only represents a very special case. Our results should therefore be

understood as indicators for what can be achieved by making e�orts towards cache{aware implementations of

these algorithms. In the case of more general situations, e.g. involving unstructured meshes, the situation is much

more complicated. Nevertheless, signi�cant speedups can also be gained by applying such acceleration techniques

[10].

In Section 2 we consider the cache behavior of our relaxation procedure, which can be shown to be the com-

putationally most intensive part of a multigrid cycle. We describe our data locality optimization techniques in

Section 3 and present our results. In Section 4 we draw several �nal conclusions.

2 Cache behavior of the red{black Gauss{Seidel smoother

The eÆciency of multigrid algorithms has been shown theoretically and in numerous practical applications. In

terms of the number of arithmetic operations, multigrid methods are asymptotically optimal, i.e. the number of

operations is only proportional to the number of unknowns. Pro�ling experiments con�rm the smoother to be

the computationally most expensive part of a multigrid algorithm. Therefore, improving the performance of this

rather small code module can cause a signi�cant speedup of the whole multigrid method.

The standard Gauss{Seidel relaxation algorithm for our model problem based on a red{black ordering of the

unknowns is shown in Figure 2. Such a straightforward implementation of the red{black Gauss{Seidel algorithm

iteratively passes once through the whole grid (for example from bottom to top) and updates all of the red points,

then passes a second time through the entire grid and touches all of the black points. Usually, three to �ve red{

black Gauss{Seidel sweeps (noIter) are performed before and after each grid transfer operation in the multigrid

context.

The runtime behavior of our standard red{black Gauss{Seidel program on a DEC PWS 500au is summarized

in Table 1. For the smallest grid size, the MFlop rate reaches less than one third of the theoretically available

peak performance of 1 GFlop/sec. With the grids becoming larger the performance slightly increases to roughly

450 MFlops/sec. However, when reaching a grid size of 128�128, the performance dramatically drops down to less

than 200 MFlops/sec, which is merely one �fth of the peak MFlop rate. For even larger grids (� 512� 512) the

performance continues diminishing to poor 60 MFlops/sec.

To detect why those performance drops occur, we pro�led our program using a tool named DCPI (Digital

Continuous Pro�ling Infrastructure [2]). The result of this analysis was a breakdown of the total number of CPU
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double u(0:n,0:n),f(0:n,0:n)

do it = 1 , noIter

// red nodes:

do i = 1 , n-1

do j = 1+(i+1)%2 , n-1 , 2

Relax( u(i,j) )

enddo

enddo

// black nodes:

do i = 1 , n-1

do j = 1+i%2 , n-1 , 2

Relax( u(i,j) )

enddo

enddo

enddo

Figure 2: Standard implementation of the red{black Gauss{Seidel method.

Grid Size 16 32 64 128 256 512 1024 2048

MFlops/sec 306.4 365.1 444.6 188.8 180.0 66.4 58.5 56.2

Table 1: Performance of Gauss{Seidel with red{black ordering on a DEC PWS 500au.
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cycles in cycles spent for execution, nops and various kinds of stalls like for example data cache miss stalls and

register dependency stalls. It turned out that, for the smaller grids, the limiting factors are dynamic branch

misprediction and register dependency stalls. However, with growing grid sizes the cache behavior of the algorithm

has an enormous impact on the runtime: for the three largest grids data cache miss stalls consume more than 80%

of all the CPU cycles. This means that less than one �fth of the total program running time is spent for doing

useful computations!

Since data cache misses are responsible for the poor performance of our straightforward red{black Gauss{Seidel

algorithm on larger grids, it seems reasonable to take a closer look at its cache behavior. Therefore, we counted the

number of array references in the algorithm and measured the number of cache misses for each level of the memory

hierarchy, again using the DCPI pro�ling tool. In order to reduce the e�ects of unavoidable compulsory cache

misses2, we performed a large number of Gauss{Seidel iterations, i.e. we assigned a large value to the parameter

noIter. Thus, we may assume that we measured almost only the occurrence of capacity and con
ict misses3.

Table 2 shows how many percent of all the array references are satis�ed by each level of the memory hierarchy.

The \�" column contains the di�erences of the percentages of manually counted and measured load operations.

Small values in this column can be interpreted as measurement errors. Higher values, however, indicate that some

of the array references are not implemented as loads or stores, but as register accesses.

The analysis clearly shows that for the 32� 32 and 64� 64 grids, which both �t completely into the L2 cache

of the memory hierarchy (see Figure 1, [8]), the algorithm can access all of the data from L1 and L2. But as

soon as the data does no longer �t into L2, a high fraction of the data must be retrieved from L3. An analogous

e�ect can be observed for problems which are too large to �t entirely into L3 (grid size � 512 � 512). In this

case, a certain percentage of the array elements has to be fetched from main memory. Thus, we conclude that the

memory hierarchy cannot hold all of the repeatedly needed data close enough to the CPU as soon as the problem

size increases.

Caches are designed to make use of the principle of locality of data references [14]. Iterative methods like Gauss{

Seidel, however, perform successive global sweeps through typically very large data structures. As mentioned above,

the standard red{black Gauss{Seidel method repeatedly performs one complete sweep through the grid updating

all of the red nodes (from the bottom to the top of the grid) and then another entire sweep updating all of the

black nodes (again passing from the bottom to the top). Assuming that the grid is too large to �t entirely into

the cache, the data of the lower part of the grid is no longer in the cache after the update sweep for the red nodes,

since they have been replaced by the data corresponding to the nodes in the upper part of the grid. Hence, the

data must be reloaded from the slower main memory into the cache again. In this process newly accessed nodes

replace the data corresponding to the upper part of the grid points in the cache and, as a consequence, they have

to be reloaded from main memory themselves.

Although these kinds of iterative methods perform global passes through the whole data set, caches are nev-

ertheless able to exploit at least some temporal and spatial locality [19]. For example, if we want to compute a

new value for the black point located in the middle of Figure 3, we need the data from all of the red nodes in

its neighborhood, the previous approximation of the black node itself and �nally the corresponding value of the

2Whenever a data item is referred for the �rst time, it has to be fetched from main memory and brought into the cache. Hence,

these types of cache misses are inevitable.
3Capacity misses occur when the cache is not large enough to hold all the data needed in the course of the computation. A con
ict

miss occurs when several data items are mapped to the same cache location (cache line) by the hardware and thus mutually force each

other to be discarded.
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Figure 3: Data dependencies for Gauss{Seidel algorithm with red{black ordering.

right{hand side of the equation. The values of the red points in line i � 1 and i � 2 should still be in the cache

because the black points in row i� 2 have been updated recently. Moreover, the updated black node in line i� 1

might be in the cache if the black node and the red node on its left side belong to the same cache line. The same

argument applies to the red node in line i and the value of the right{hand side. Hence, the red node in line i, the

value of the right{hand side and the black node in line i� 1 have to be loaded from memory whenever the border

of a cache line is crossed.

Looking at Table 2 one can derive two goals of locality optimization strategies for iterative methods. The �rst

goal is to reduce the number of values which are fetched from the deepest level of the memory hierarchy into which

the data set �ts completely. In the case of a 512� 512 grid this is the main memory for example. The second goal

is to fetch a higher fraction of the data out of one of the higher levels of the hierarchy, including the CPU registers

and the L1 cache.

The usual techniques to improve the cache utilization are compiler or hardware controlled prefetching [7],

data access transformations [3], and data layout transformations [16]. Those techniques are well{known and

implemented in many compilers (see for example [19]). But, in the case of iterative numerical methods, these

automatic techniques do not even apply for simple program codes.

In the next section, we describe how the common data access transformations loop fusion and loop blocking as

well as the data layout transformation array padding can be applied to our problem and what e�ects they have

on the performance of our implementation. In this article, we will focus on the red{black Gauss{Seidel algorithm.

However, we believe that similar data locality optimizations can be applied to other iterative methods.

3 Data Locality Optimizations

The e�ectiveness of data locality optimizations has already been demonstrated for matrix multiplication algorithms

[5], for linear algebra algorithms for dense matrices [1], and for FFT algorithms [12], for instance. However, little

work in that direction has been done for iterative techniques, and research into more advanced iterative methods

such as multigrid has only just begun [4, 9, 17].

In the following we will describe how the well{known techniques loop fusion and loop blocking can be applied

to the red{black Gauss{Seidel method. Afterwards, we will introduce a more involved transformation for this

algorithm, which we call windshield wiper technique for reasons of clearness. The application of suchlike techniques

to other kinds of smoothers like row or column Gauss{Seidel is part of our ongoing research. In the end of this

section, we will focus on the problem of the elimination of cache con
ict misses.
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3.1 Fusion Technique

When implementing the standard red{black Gauss{Seidel algorithm, the usual practice is to perform one complete

sweep through the grid from bottom to top updating all of the red nodes and then one sweep through the whole

grid updating all of the black nodes. If a 5{point stencil is placed over one of the black nodes (see Figure 3), all

of the red grid points that are needed for relaxing the black one are up to date, provided the red node above the

black one is up to date, too. Consequently, we may update the red nodes in row i and the black nodes in row i� 1

in pairs. It is evident that the red nodes in the �rst row of the grid and the black nodes in the last row require

some special handling.

There are two ways to implement this idea. The �rst is to update each black node as soon as possible. This

means that a red node in row i and the black node in row i � 1 directly underneath the red one are touched in

a pairwise manner. The second possibility is to �rst update a certain number of red nodes, which �t into the

cache, and then compute the new values for all of the black nodes that are located underneath these red ones. For

example, this can be done linewise.

Instead of doing an entire grid sweep touching all of the red points and then doing another full sweep updating

all of the black points, we now perform a single sweep through the grid and touch the red and the black nodes

alternatingly. Thus, the grid must be transferred from main memory to cache only once per update sweep instead

of twice, as long as the rows needed for this pairwise update technique �t into the cache.

For the �rst implementation at least four rows of the grid must �t completely into the cache: three rows must

�t into the cache to provide the data needed for updating the black points in the current row, and one additional

grid row is necessary for updating the red points in the row above these three rows. For the second alternative it

has to be guaranteed that the chosen number of grid rows plus three additional ones �t into the cache.

Analyzing the memory behavior of the �rst implementation variant for a 1024 � 1024 grid, we expect that

this technique can halve the number of main memory accesses. The experimental results given in Table 3 indeed

con�rm our expectations: comparing the entries in the \Memory" column, one notices that the value belonging to

the \Standard" row is twice as large as the entry in the \Fusion" row.

An additional e�ect which can improve the data locality of the �rst variant is that the compiler might keep the

values corresponding to the current pair of nodes in processor registers, so that the update of the black node in

row i � 1 saves two load operations (see again Figure 3). Since 14 memory operations are required for the two

update operations (six loads and one store operation for each update), roughly 15% of all the memory operations

can be saved by a better register usage. In our case the Digital Fortran compiler in fact manages to reuse the data

kept in registers. In the \�"{column of Table 3 we show how many of the memory operations are saved. One can

observe that the number of register accesses has increased from 5.1% to 20.9% by introducing the fusion technique.

3.2 Blocking Technique

The technique described in the previous section optimizes the cache behavior of one single red{black Gauss{Seidel

sweep. However, if several successive red{black Gauss{Seidel iterations have to be performed, the data in the cache

is not reused from one iteration to the next, if the grid is too large to �t entirely into the cache.

A common data locality optimization technique, which is widely used in the �eld of array computations, is loop

blocking (also called loop tiling). The loop is transformed in such a way, that the computations are performed

successively on blocks (or tiles) of the array, rather than on the whole array at once. The size of the blocks is
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Grid Data Set % of all accesses which are satis�ed by

Size Size � L1 Cache L2 Cache L3 Cache Memory

32 17 KByte 4.5 63.6 32.0 0.0 0.0

64 66 KByte 0.5 75.7 23.6 0.2 0.0

128 260 KByte -0.2 76.1 9.3 14.8 0.0

256 1 MByte 5.3 55.1 25.0 14.5 0.0

512 4 MByte 4.9 29.9 50.7 7.3 7.2

1024 16 MByte 5.1 27.8 50.0 9.9 7.2

2048 64 MByte 4.5 30.3 45.0 13.0 7.2

Table 2: Memory access behavior of red{black Gauss{Seidel.

Relaxation % of all accesses which are satis�ed by

Method � L1 Cache L2 Cache L3 Cache Memory

Standard 5.1 27.8 50.0 9.9 7.2

Fusion 20.9 28.9 43.1 3.4 3.6

Blocking (2) 21.1 29.1 43.6 4.4 1.8

Blocking (3) 21.0 28.4 42.4 7.0 1.2

Wiper (4) 36.7 25.1 6.7 10.6 20.9

Wiper/p (4) 37.7 54.0 5.5 1.9 1.0

Table 3: Memory access behavior of di�erent red{black Gauss{Seidel implementations using a 1024� 1024 grid.
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Figure 4: Example of blocking two red{black Gauss{Seidel sweeps. The circles around a node denote how often it

has already been touched.

adapted to the size of the cache, and the data within a block is reused as often as possible before the process of

computation moves on to the next block of the array.

Unfortunately, the loop blocking technique is not directly applicable to iterative methods because of data

dependencies between neighboring nodes of the grid. In the case of the standard red{black Gauss{Seidel method

based on a 5{point discretization of the Laplacian, a node of the grid cannot be touched for the second time before

all of its four direct neighbors have been updated for the �rst time. Hence, if the nodes belonging to a certain

block are to be updated several times, the block must necessarily shrink by two rows (one row with red points and

one with black points) after each iteration. In order to keep a constant sized block, it must slide through the grid.

After a red node in row i has been updated for the �rst time (see left side of Figure 4) the black node in row

i � 1 directly underneath the red one can also be updated for the �rst time. As a consequence, the red node in

row i� 2 and the black node in row i� 3 belonging to the same column of the grid can be updated for the second

time, and so on. Eventually, the red node in row i �m � 2 + 2 and the black node in row i �m � 2 + 1 will be

updated for the mth time. This may be done for all of the red nodes in row i (see right side of Figure 4). In the

next step, the whole block is moved up to row i+1. Of course, some border handling is required in the lower and

in the upper part of the grid.

Instead of successively passing m times through the whole grid and updating each node once per sweep, we

now move only once through the grid and touch each node m times. Hence, in the case of a size of 1024� 1024

the grid is transferred from main memory to the cache once instead of m times. However, this is only correct

if m � 2 + 2 rows of the grid �t into the cache. Therefore, the percentage of main memory accesses needed for

red{black Gauss{Seidel using the blocking technique should be roughly the percentage of main memory accesses

needed for the fusion technique divided by the number m of blocked iterations. The \Blocked (2)" row and the

\Blocked (3)" row of Table 3 show that the blocking technique can indeed halve resp. third the number of memory

accesses needed for the red{black Gauss{Seidel method.

An overview of the 
oating point performance of standard, fused and blocked red{black Gauss{Seidel is presented

in Figure 5. Both optimization techniques can improve the performance for all grid sizes. For the small grids,

which �t entirely into the L2 cache, the speedup is marginal. Nevertheless, the rate of 600 MFlops/sec for a 64�64

grid is quite impressive. The greatest speedup is achieved for the grids which do not �t into the L2 cache and for

the 512�512 grid which is the �rst grid that does not even �t into L3. For the 512�512 grid we obtain a speedup

9



0

100

200

300

400

500

600

700

16 32 64 128 256 512 1024 2048

Grid Size

Standard

Fusion

Blocking (2)

Blocking (3)

Figure 5: MFlops/sec for di�erent red{black Gauss{Seidel implementations.

factor of 3.6. However, none of the techniques can signi�cantly increase the performance of the algorithm for the

very large grids. This is due to the fact, that all techniques assume a certain number of grid rows to �t into the

cache. For the 2048� 2048 grid, however, less than six rows �t into L2. Therefore, the blocking technique is not

working well anymore. Besides, the goal of a high L1 cache utilization is not yet reached.

3.3 Windshield Wiper Technique

Both techniques described in the previous sections reduce the number of references to the highest level of the

memory hierarchy into which the whole grid �ts. In the case of a 1024� 1024 grid on a DEC Alpha PWS 500au

this is the main memory. Thus, both techniques mainly optimize for L3. However, they fail to utilize the higher

levels of the memory hierarchy eÆciently | particularly the registers and the L1 cache. We believe that a high

reuse of the contents of the registers and L1 is crucial for the performance of iterative methods. Our windshield

wiper technique straightly addresses this issue.

The main idea behind the windshield wiper technique is to use a special two-dimensional blocking strategy. A

tiny two-dimensional block is moved through the grid updating all the nodes which it covers. The high utilization

of the registers and the L1 cache is achieved by overlapping these blocks as much as possible, still respecting all

data dependencies. The principle of the technique will be described in the following by an example which updates

all the nodes in the grid twice during one global sweep.

For exposition, consider the situation shown in Figure 6. Assume that a correct initial situation has already

been set up. The red and the black points on the lower two diagonals of the left parallelogram have already

been updated for the �rst time, whereas its upper two diagonals are not yet touched. Note that | due to the

5{point discretization of the Laplacian | the nodes belonging to the same diagonal may be updated independently

from each other. This reduces the number of data dependencies the compiler has to consider. Firstly, the upper

two diagonals of the left parallelogram are processed: as soon as the red points in the uppermost diagonal are

all updated for the �rst time, the black points in the diagonal below may also be updated for the �rst time.
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Figure 6: Windshield wiper technique for red{black Gauss{Seidel.
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Figure 7: Data region classi�cation for the windshield wiper technique.
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Figure 8: MFlops/sec for windshield wiper red-black Gauss-Seidel.

Consequently, the red nodes and the black nodes on the lower two diagonals may be updated for the second time.

Now, the situation in the right parallelogram is as has been before in the left one: the nodes on the two lower

diagonals are already updated once, the two upper diagonals are still untouched. Consequently, we switch to the

right parallelogram and start updating the grid nodes which it covers analogously. In that fashion, the parallelogram

is moved through the grid until it reaches the right boundary. There, we do some boundary handling and move

the parallelogram four rows up. After that, some boundary handling on the left side is necessary, before we begin

anew with moving the block from left to right. By this means, we move through the whole grid | similar to the

motion of a windshield wiper | updating all the nodes twice.

The grid points needed for updating all the nodes belonging to one parallelogram are characterized by the

outermost dotted line in Figure 6. The nodes within the overlapping region of two adjacent dotted lines (area 1)

are those which are directly reused when switching from one parallelogram to the next. The size of this overlap

region depends on the number of blocked update sweeps (in the sense of 3.2). In standard multigrid algorithms,

only few (typically e.g. four) smoothing steps are applied on each level. Thus, the size of that data should be small

enough to �t at least into the L1 cache. In our example, 128 Bytes are suÆcient4. Area 2 can be reused from a

previous lateral move through the grid, as long as enough grid rows can be kept in one of the levels of the memory

hierarchy. Typically, the data for area 2 is stored in one of the deeper (and slower) levels of the memory hierarchy.

The rest of the data (area 3), however, must be fetched from main memory if the whole grid does not �t entirely

into one of the caches.

The performance of the windshield wiper algorithm with four blocked iterations is shown in Figure 8. It is

compared to the standard implementation and to the best implementation achieved by applying the fusion and

the blocking technique (abbreviated by the \Tuned" predicate). Unfortunately, the approach does not work very

well. For the small grids and for the larger grids the 
oating point performance is equal to or even worse than the

4There are 16 nodes (unknowns) within the overlap region, and a double precision 
oating point number occupies 8 Bytes of memory

on the DEC machine.
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Figure 9: Alpha 21164 L1 cache mapping for a 1024� 1024 grid.

performance of the standard implementation!

An analysis of the memory behavior with DCPI | summarized in the \Wiper (4)" row of Table 3 | revealed

that, although the utilization of the registers has improved, the L2 cache utilization has decreased dramatically.

As a consequence, more than 20% of all array references cannot be cached and thus cause main memory accesses.

The reason for this is a very high number of cache con
ict misses. Applying the cache visualization tool CVT [18]

one can observe that throughout the whole runtime of the program only four (out of 256!) cache lines of the direct

mapped L1 cache are used simultaneously. Surprisingly, even the L2 cache, which is 3{way set associative in the

case of the Digital Alpha 21164, is not able to resolve the con
ict misses5.

The mapping of the nodes covered by a parallelogram onto the cache lines of the DEC Alpha 21164 L1 cache is

presented in Figure 9 for a grid size of 1024� 1024. All the elements of the uppermost diagonal are mapped to the

same cache line (cache line #1). Hence, the data of the uppermost diagonal is not reused during the update of the

four diagonal elements below. Furthermore, the data needed for the update of a single node is con
icting in the L1

cache. For example, when updating the red node (1,7), the nodes (0,7), (1,8), (2,7), (1,6), and (1,7) are needed.

Thus, references to the nodes (0,7) and (1,6), (1,8) and (2,7), as well as (1,8) and (1,7) imply con
ict misses in L1.

One of the common techniques to reduce the e�ect of con
ict misses is array padding. Hence, we apply this

technique to the two two{dimensional arrays (unknown vector and right{hand side vector) of our windshield wiper

Gauss{Seidel algorithm: we introduce additional array elements that are never referred during the process of

computation. As the darker shaded columns in Figure 8 illustrate, we obtain a remarkable speedup. Especially for

the large grids the technique achieves a speedup factor of 4.6 compared to our standard implementation, yielding

a 
oating point performance of about 267 MFlops/sec for a grid size of 1024� 1024. The \Wiper/p (4)" Row of

Table 3 shows indeed that the padded windshield wiper technique utilizes the registers and the L1 cache much

better than all the other techniques. With this code, more than 90% of all accesses are satis�ed by the L1 cache

5In an n{way set associative cache, there are n cache locations (cache lines) where a data item may be stored.
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Figure 10: MFlops/sec for a multigrid method based on standard V{cycles for solving Poisson's equation on a

DEC PWS 500au.

or the processor registers.

Integrating our fast relaxation methods into a multigrid code that iteratively performs V{cycles to solve Poisson's

equation on the unit square we obtain the results presented in Figure 10. The most impressive observation is that

for a grid size of 1024�1024 the code runs roughly four times faster than before by applying the padded windshield

wiper transformation to the relaxation procedure.

Table 4 aÆrms that our e�orts are not restricted to the DEC architecture at all. We also obtain remarkable

speedups for the red{black Gauss{Seidel relaxation on a SUN Ultra 60 and on an SGI Origin 2000 node by applying

our program transformation techniques. For each machine and each grid size, we compare the MFlop rate of a

standard implementation (according to Figure 2) with the best one obtained by making use of the data locality

optimizations we described above. Of course, the speedups depend on the memory architecture of the machine

and on the ratio of memory speed to 
oating point peak performance. For example, the DEC memory architecture

comprises three cache levels, whereas the memory subsystems of the SUN and the SGI machines only use two

levels of cache memories. Therefore, the speedup values in the \DEC" part of Table 4 show two signi�cant jumps,

while the speedup values in the \SUN" part and the \SGI" part merely show one noticeable performance jump.

Generally speaking, the gap between 
oating point peak performance and memory speed is larger for the DEC

machine than for the other two architectures. This is the reason for the higher speedups that can be achieved on

the DEC workstation by cache{aware programming.

3.4 Problems in 3D

In general, when working with three{dimensional arrays the problem of the occurrence of con
ict misses tends to

become more serious than in the two{dimensional case.

Consider a square grid that is implemented as a two{dimensional array of double precision values. Thus,

two array elements which are adjacent in the leading array dimension are also adjacent in virtual address space,
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Grid SUN SGI DEC

Size MFlops/sec Speedup MFlops/sec Speedup MFlops/sec Speedup

16 132.17 173.16 1.3 187.02 252.33 1.3 306.40 385.51 1.3

32 152.22 185.24 1.2 207.26 287.30 1.4 365.10 507.65 1.4

64 99.28 169.73 1.7 146.96 260.58 1.8 444.64 584.52 1.3

128 102.43 154.09 1.5 151.92 261.62 1.7 188.76 440.43 2.3

256 102.05 143.20 1.4 173.57 250.32 1.4 179.96 426.15 2.4

512 51.62 113.60 2.2 141.55 195.32 1.4 66.35 263.76 4.0

1024 45.60 113.40 2.5 66.90 163.21 2.4 58.50 267.91 4.6

2048 42.23 112.68 2.7 66.79 150.50 2.3 56.22 250.92 4.5

Table 4: Speedups for red{black Gauss{Seidel on a SUN Ultra 60 (296 MHz), an SGI Origin 2000 Node (195 MHz)

and a DEC PWS 500au.

whereas the distance in the virtual address space between two array elements that are neighbored in the trailing

array dimension is determined by the number of points per grid row (= number of elements per array dimension).

For a cubic grid that is implemented as a three{dimensional array, two array elements which are neighbors in

the trailing array dimension are quite far away from each other in virtual address space and therefore more likely

to cause cache con
icts.

The following example is to illustrate this problem. Consider a cubic grid containing 643 points that is realized as

a three{dimensional array of double precision values, each of which is assumed to occupy 8 Bytes of memory. Let x

be the leading and z be the trailing array dimension. Moreover, our machine is assumed to have an 8 KByte direct{

mapped cache memory (e.g. the Digital Alpha 21164 processor again). Then, array elements that are adjacent in

x{direction are also adjacent in virtual address space; array elements that are adjacent in y{direction are 64 � 8

Bytes away from each other. However, the worst e�ect is that the distance in address space of z{neighbored array

elements is 215 Bytes, which is exactly four times the size of the cache memory! This means, that every pair of

array elements that are adjacent in direction z map to the same cache location and therefore mutually throw each

other out of the cache. Of course, this e�ect signi�cantly decreases the performance of stencil operations that are

performed within the grid.

There are several approaches to avoid this e�ect. It might be possible to use sophisticated padding strategies that

are based on individually placing the grid rows in main memory. This seems to be a signi�cant implementational

overhead. Alternatively, there is the possibility to use non{standard (wrapped) data types to store the grid, that

are di�erent from three{dimensional arrays.

4 Conclusions

In this paper we have outlined cache optimization techniques that are useful for iterative methods applied to

systems of linear equations that arise in the context of numerical PDE solution. Our focus was explicitly on

multigrid methods, since these are the fastest known algorithms for these kinds of problems in terms of 
oating

point operations per unknown. However, our coding techniques can be used in other iterative solvers, since the
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computational kernels are similar in many iterative methods.

Repeated Gauss{Seidel relaxations, as they are used as smoothers in multigrid algorithms, can be restructured

to obtain a good reuse out of quite small working sets. Our windshield wiper technique is optimized for caches

as small as the 8 KByte L1 cache, e.g. found in the DEC Alpha 21164 chip and the primary working set size is

independent of the grid size. This is accomplished by carefully designed reorganization of the processing order,

combined with array padding to avoid cache associativity con
icts.

The e�ectiveness of this technique is demonstrated by extensive pro�ling. More than 250 MFlops/sec and thus

25% of the machine peak performance can be maintained independently of the grid size. This applies to a code

that implements four successive relaxation steps in just a single pass through the grid. We consider this to be a

quite good result, since the sparse matrix operations in an iterative method have much less potential for data reuse

than full matrix algorithms.

The multigrid method based on the optimized relaxation performs a full multigrid algorithm [13] at approxi-

mately 0.5 microseconds per unknown on the DEC Alpha 21164, and can thus solve a Poisson problem with a

million unknowns up to truncation error accuracy in about 0.5 seconds. Compared to a non cache{optimized

version of the code, this is an improvement by a factor 4. Though the code has been developed speci�cally for

the Alpha 21164 cache architecture, similar performance results and improvements are obtained for other high

performance architectures, as for example SUN Ultra and SGI Origin machines.

The optimization of three{dimensional grid codes turns out to be signi�cantly more complicated since any

straightforward blocking strategy seems to dramatically increase the number of con
ict misses. Other than in two{

dimensional case, these associativity con
icts cannot be avoided by array padding. Alternative memory layouts are

currently being investigated and the extension of our techniques to more general problems, involving more general

problem types and grid structures, is also planned for the near future.
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