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Abstract

We present an experimental study of parallel biconnected components algorithms employ-
ing several fundamental parallel primitives, e.g., prefix sum, list ranking, sorting, connec-
tivity, spanning tree, and tree computations. Previous experimental studies of these primi-
tives demonstrate reasonable parallel speedups. However, when these algorithms are used
as subroutines to solve higher-level problems, there are two factors that hinder fast paral-
lel implementations. One is parallel overhead, i.e., the large hidden constant factors buried
in the asymptotic notations; the other is the discrepancy among the data structures used in
the primitives that brings non-negligible conversion cost. We present various optimization
technigues and a new parallel algorithm that significantly improve the performance of finding
biconnected components of a graph on symmetric multiprocessors (SMPs). Finding bicon-
nected components has application in fault-tolerant network design, and is also used in graph
planarity testing. Our parallel implementation achieves speedups upto 4 at 12 processors on
SUN E4500 for large, sparse graphs, and the source code is freely-available at our web site
http://www.ece.unm.edu/"dbader
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1 Introduction

A connected graph is said to lseparabléf there exists a vertex such that removal of results

in two or more connected components of the graph. Given a connected, undirectedsgtaph
(V,E) with |V| = nand|E| = m, the biconnected components problem finds the maximal induced
subgraphs ofs that are noseparable Tarjan [19] presents an optimal(®+ m) algorithm that

finds the biconnected components of a graph based on depth-first search (DFS). Eckstein [7] gave
the first parallel algorithm that takes(d)log2 n) time with O((n+m)/d) processors on CREW
PRAM, whered is the diameter of the graph. Savage aa#iJ17] designed two parallel algorithms

on CREW PRAM. The first one takes(dg?n) time with O(n®/logn) processors. The second

one is suitable for sparse graphs, and requir@e@nlog k) time and C(mn+ n?log n) processors
wherek is the number of biconnected components in the graph. Tsin and Chin [21] developed an
algorithm on CREW PRAM that takes(@g? n) time with O(n?/log?n) processors and is optimal

for dense graphs. Tarjan and Vishkin [20] present &logh) time algorithm on CRCW PRAM

that uses @+ m) processors. The fundamental Euler-tour technique is also introduced in [20].
Lianget al. [14] studied the biconnected components problems for graphs with special properties,
e.g., interval graphs, circular-arc graphs and permutation graphs and achieved better complexity
bounds. There are also other biconnected components related studies, e.g., finding the smallest
augmentation to make a graph biconnected [11], and finding the smallest biconnected spanning
subgraph (an NP-hard problem) [13, 5].

Woo and Sahni [22] presented an experimental study of computing biconnected components
on a hypercube for Tarjan and Vishkin’s algorithm and Read’s algorithm [16]. Their test cases
are graphs that retain 70 and 90 percent edges of the complete graphs, and they achieved parallel
efficiencies up to 0.7 for these dense inputs. The implementation uses adjacency matrix as input
representation, and the size of the input graphs is limited to less than 2k vertices.

In this paper we present an experimental study of adapting the Tarjan-Vishkin biconnected
components algorithm to run on symmetric multiprocessors (SMPs) solving sparse, irregular graph
instances. The algorithm is representative of many parallel algorithms that take drastically different
approaches than the sequential algorithm to solve certain problems, and employ the basic paral-
lel primitives such as prefix sum, pointer jumping, list ranking, sorting, connected components,
spanning tree, Euler-tour construction and tree computations, as building blocks. Previous studies
demonstrated reasonable parallel speedups for these parallel primitives on SMPs [9, 2, 3, 6, 4].
It is not clear whether an implementation using these techniques achieves good speedup com-
pared with the best sequential implementation because of the cost of parallel overheads. Here
we focus on algorithmic overhead instead of communication and synchronization overhead. For
example, Tarjan’s sequential biconnected components algorithm [19] uses DFS with an auxiliary
stack, while the Tarjan-Vishkin parallel algorithm (denotedrasin this paper) employs all the
parallel techniques mentioned earlier. Another factor that makes it hard to achieve good parallel
speedups is the discrepancies among the input representations assumed by different piiivitives.
finds a spanning tree, roots the tree and performs various tree computations. Algorithms for find-
ing spanning trees take edge list or adjacency list data structures as input representations, while
rooting a tree and tree computations assume an Eulerian circuit for the tree that is derived from a
circular adjacency list representation. Converting representations is not trivial, and incurs a real
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cost in implementations. In our studies, direct implementatiombbn SMPs does not outper-

form the sequential implementation even at 12 processors. In our optimized adaptatoorb

SMPs, we follow the major steps @, yet we use different approaches for several of the steps.
For example, we use a different spanning tree algorithm, a new approach to root the tree, construct
the Euler-tour and perform the tree computations. With new algorithm design and engineering
techniques, our optimized adaptationTdf is able to achieve speedups upto 2.5 when employing

12 processors.

We also present a new algorithm that eliminates edges that are not essential in computing the
biconnected components. For any input graph, edges are first eliminated before the computation
of biconnected components is done so that at mmstm, 2n) edges are considered. Although ap-
plying the filtering algorithm does not improve the asymptotic complexity, in practice, the perfor-
mance of the biconnected components algorithm can be significantly improved. In fact we achieve
speedups upto 4 with 12 processors using the filtering technique. This is remarkable, given that
the sequential algorithm runs in linear time with a very small hidden constant in the asymptotic
complexity.

The rest of the paper is organized as follows. Section 2 introdli¥esection 3 discusses
the implementation and optimization @ on SMPs; section 4 presents our new edge-filering
algorithm; section 5 is analysis and performance results; and in section 6 we give our conclusions.

2 The Tarjan-Vishkin Algorithm

First we give a brief review of the Tarjan-Vishkin biconnected components algorithm. For an
undirected, connected gragh= (V,E) and a spanning trek of G, each nontree edge introduces
a simple cycle that itself is biconnected. If two cyc@sandC, share an edge, th&lh UC, are
biconnected. LeR; be the relation that two cycles share an edge, then the transitive clodye of
(denoted a&y) partitions the graph into equivalence classes of biconnected components. If we are
able to comput&;, we can find all the biconnected components of gr@ph

The size ofR. is too large (Cénz) even for sparse graphs where= O(n)) to be usable in fast
parallel algorithms. Tarjan and Vishkin defined a smaller rela®pwith |R;| = O(m) and proved
that the transitive closure dg; is the same as that & [20, 12]. For any paife g) of edges,
(e,g) € R (or simply denoted asR.g) if and only if one of the following three conditions holds
(denote the parent of a vertexasp(u), and the root ofl asr):

1. e=(u,p(u)) andg = (u,v) in G—T, andv < u in preorder numbering

2. e= (u,p(u)) andg = (v, p(v)), and(u,v) in G— T such thau andv are not related (having
no ancestral relationships)

3. e=(u,p(u)), v#r, andg = (v, p(v)), and some nontree edge @fjoins a descendant of
to a nondescendant of

OnceR; is computedTV builds an auxiliary grapls’ = (V/,E’) whereV’ is the seE of edges of
G, and(e,g) € E’ if eR.g. The connected components@fcorrespond to the equivalence classes
of R." and identify the biconnected componentsf
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TV has six steps:

1. Spanning-treeomputes a spanning tr@efor the input graptG. A spanning tree algorithm
derived from the Shiloach-Vishkin’s connected components algorithm [18] is used.

2. Euler-tourconstructs an Eulerian circuit fdr.

3. Root-treerootsT at an arbitrary vertex by applying the Euler-tour technique on the circuit
obtained in the previous step.

4. Low-highcomputes two values low) and highy) for each vertex. The value lowy) de-
notes the smallest vertex (in preorder numbering) that is either a descendamtaxfjacent
to a descendent of by a nontree edge. Similarly, high(denotes the largest vertex (in
preorder numbering) that is either a descendant @f adjacent to a descendentwby a
nontree edge.

5. Label-edgeests the appropriate conditionsiif and builds the auxiliary grap®’ using the
low, high values.

6. Connected-componentimds the connected components @f with the Shiloach-Vishkin
connected components algorithm.

TV takes an edge list as input. The parallel implementations of the six steps within the com-
plexity bound of Qlogn) time and @m) processors on CRCW PRAM are straightforward except
for theLabel-edgestep. Tarjan and Vishkin claim that thabel-edgestep takes constant time with
O(m) processors because the conditionsRpcan be tested within these bounds. Note that if two
edges andg satisfy one of the condition fdR,, mapping(e,g) € R; into an edge irG' = (V',E’)
is not straightforward because no information is available about which veetaresdg are mapped
to inV’. Take condition 1 for example. For each nontree eglge (u,v) € E, if u< v and let
g2 = (u,p(u)), (g1,92) maps to an edge i&’. If we map each edge € E into a vertexv € V'
whose number is the location efin the edge list, we need to search for the locatiogoih the
edge list.

Here we present an algorithm for this missing stef@hthat builds the auxiliary graph in
O(logm) time with O(m) processors, which does not violate the claimed overall complexity bounds
of TV. The basic idea of the algorithm is as follows. Assume, w.l.&/g= [1,n] (In this paper
we usela, b] denote the integer interval betwearandb). V/ = [1,m]. We map each tree edge
(u,p(u)) € E to vertexu € V'. For each nontree edgs we assign a distinct integeg between
[0,m—n], and mape to vertexne+n € V'. Assigning numbers to nontree edges can be done by a
prefix sum. The formal description of the algorithm is shown in Alg. 1.

We prove Alg. 1 builds an auxiliary graph within the complexity boundgf

Theorem 1 Alg. 1 builds an auxiliary graph G= (V’,E’) in O(logm) time with Q'm) processors
and Q'/m) space on EREW PRAM.



Input: L: an edge list representation for gragh= (V,E) where|V| =nand|E| =m
Preorder: preorder numbering for the vertices
Output: X: an edge list representation of the auxiliary graph

begin
for 0<i <m-1paralleldo
if L[i].is _tree_edge=truethen N[i] < 1,
elseN[i] < 0;
prefix-sumN,m);
for 0<i<m-1paralleldo
u=L[i].v1; v=L[i].v2;
if L[i].is _tree_.edge=truethen
if Preorder[v]<Preorder[u] then L'[i] < (u,N[i] +n);
if uand v not relatedhen L'[m-+i] — (u,v);
else
if u# root and v rootthen L'[2m+i] < (u,v);
compact.’ into X using prefix-sum;
end

Algorithm 1: building the auxiliary graph.

Proof: According to the mapping schemé, = [1,m-+ n|. Each tree edgkli] = (u, p(u)) is
uniquely mapped ta € V'. For each nontree eddi¢j], a uniqgue numbeN|j] € [1,m] is assigned.
Nontree edgé [j] is mapped tdN[j]+n € V' so that it is not mapped to a vertex number assigned
to a tree edge and no two nontree edges share the same vertex number. It is easy to verify that this
is a one-to-one mapping froBito V' and can be done in(@gm) time with O(m) processors. As
for E/, testing the conditions, i.e., finding all the edge<in can be done in constant time with
O(m) processors.

The tricky part is to determine where to store the edge information each time we add a new
edge€ (image of(e g) wheree,g € E) to E’. The easy way is to use &n+m) x (n+m) matrix
so that each edge &' has a unique location to go. If we inspect the conditionsoclosely, we
see that for each condition we add at mostdges to the edge list! is a temporary structure that
has 3nlocations. Locationf0,m— 1], [m,2m— 1] and[2m,3m— 1] are allocated for condition 1,

2 and 3, respectively. After all the edges are discovdreis, compacted intX using prefix sum.

Prefix sums dominate the running time of Alg. 1, and no concurrent reads or writes are required.
So Alg. 1 buildsX (the auxiliary graph) in Qogm) time with O(m) processors and (@) space

on EREW PRAM.O

3 Implementation and optimization

In this section we show our adaptation’™of on SMPs TV-SMB and an optimized version of the
Tarjan-Vishkin algorithm TV-op). TV-SMPemulatesTV on SMPs, and serves as a baseline im-
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plementation for comparison with the optimized version and our new algoriiMoptoptimizes
TV to run on SMPs by reorganizing some of the stepE\wand substituting some steps with more
efficient algorithms.

3.1 TV-SMP

TV-SMPemulatesTV in a coarse-grained fashion by scaling down the parallelism\bfo the
number of processors available from an SMP. The emulation of each step is straightforward except
for the Euler-tour step. In the literature the Euler-tour technique usually assumes a circular adja-
cency list as input where there are cross pointers between the two anti-parallel, &@nd(v, u)

of an edgee = (u,v) in the edge list. For the tree edges found in 8panning-treestep, such a
circular adjacency list has to be constructed on the fly. The major task is to find for &m @rc

the location of its anti-parallel twir(v, u). After selecting the spanning tree edges, we sort all the
arcs(u,v) with min(u,v) as the primary key, and méx v) as the secondary key. The arfesv)
and(v,u) are then next to each other in the resulting list so that the cross pointers can be easily set.
We use the efficient parallel sample sorting routine designed by Helmarad{B]." Our exper-
imental study shows that the parallel overhead@SMPis too much for the implementation to
achieve parallel speedup with a moderate number of processors. The performance results are given
in section 5.

3.2 TV-opt

With TV-optwe optimizeTV to run on SMPs by using algorithm engineering techniques to reduce
the parallel overhead. Two major optimizations are considered. First we reduce the number of
parallel primitives and subroutines used in our implementation by rearranging and merging some
of the steps. Second we substitute the algorithms for certain steps with more efficient and cache-
friendly versions.

We merge th&panning-treendRoot-treesteps because a rooted spanning tree algorithm can
usually be derived from the spanning tree algorithm with very little overhead. In our previous
studies [6], we propose parallel algorithms that compute a rooted spanning tree for an input graph
directly without invoking the standard Euler-tour technique. With any spanning tree algorithms
that adapt the “graft and shortcut” approach (e.g., the Shiloach-Vishkin algorithm (SV) [18, 1], and
Hirschberget al’s algorithm (HCS) [10]), we observe that grafting definespgheentrelationship
naturally on the vertices (extra care needs to be taken to resolve the conflicts that a parex's
is set multiple times by grafting). Better still is our work-stealing graph-traversal spanning tree
algorithm that computes a spanning tree (also a rooted spanning tree) by settpayehefor
each vertex. Our algorithm achieves superior speedup over the best sequential algorithms (BFS or
DFS, which also compute a rooted spanning tree) compared with other spanning tree algorithms
(e.g., SV and HCS). We refer interested readers to [6, 2] for details.

With a rooted spanning tree, we construct a cache-friendly Euler-tour for the tree (Euler-tour
is needed for the preorder numbering of vertices). Generally list ranking is needed to perform tree
computations with the Euler-tour. For an edgev), the next edgév,w) could be far away from
(u,V) in the tour with no spatial locality, which hinders cache performance. Itis desirable that for an
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Euler-tour the consecutive edges are placed nearby each other in the list. As an Euler-tour for a tree
is essentially a DFS traversal of the tree, we construct the tour based on DFS traversal. A formal
description of the algorithm and complexity bound proof are given in [6]. With high probability,

the algorithm runs in @%) time whens > plnn. The algorithm produces an Euler-tour where

prefix sum can be used for tree computations instead of the more expensive list ranking.
The remaining steps diV-optare the same as those®¥-SMP We compare the performances
of TV-optandTV-SMR and demonstrate the effect of the optimizations in section 5.

4 A New Algorithm and Further Improvement

The motivation to further improv&V comes from the following observation for many graphs: not
all nontree edges are necessary for maintaining the biconnectivity of the biconnected components.
We say an edgeis non-essentidior biconnectivity if removinge does not change the biconnectiv-
ity of the component it belongs to. Filtering aubn-essentiaédges when computing biconnected
components (of course we will place these edges back in later) may produce performance advan-
tages. Recall thakV is all about findingR;*. Of the three conditions fdr,, it is trivial to check
for condition 1 which is for a tree edge and a non-tree edge. Conditions 2 and 3, however, are for
two tree edges and checking involves the computatidmgti andlow values. To computligh
andlow, we need to inspect every nontree edge of the graph, which is very time consuming when
the graph is not extremely sparse. The fewer edges the graph has, the fasimwihigh step.
Also when we build the auxiliary graph, the fewer edges in the original graph means the smaller
the auxiliary graph and the faster thabel-edgeandConnected-componerggeps.

Take Fig. 1 for example. On the left in Fig. 1 is a biconnected gi@phAfter we remove
nontree edges; andey, we get a grapls, shown on the right in Fig. 1, which is still biconnected.
G; has aR; relation of size 11 (4, 4, and 3 for conditions 1, 2, and 3, respectively), while graph
G, has aR; relation of size 7 (2, 2, and 3 for conditions 1, 2, and 3, respectively). So the auxiliary
graph ofG; has 10 vertices and 11 edges, while the auxiliary graplsfdnas only 8 vertices and
7 edges. When there are mamyn-essentiatdges, filtering can greatly speedup the computation.

Now the questions are how many edges can be filtered out and how to identifyrthesssential
edges for a grapls = (V,E) with a spanning tred. We postpone the discussion of the first
guestion untill later in this section because it is dependent on how filtering is done. First we
present an algorithm for identifyingon-essentiatdges. The basic idea is to compute a spanning
forestF for G—T. It turns out that ifT is a breadth-first search (BFS) tree, the nontree edgés of
that are not irF can be filtered out.

AssumingT is a BFS tree, next we prove several lemmas.

Lemma 1 For any edge e= (u,Vv) in F, there is no ancestral relationship betweenuandvin T.

Proof: Clearlyu andv can not be the parent of each otheeasnot inT. Suppose w.l.0.g. that
is an ancestor of, andw is the parent o¥ (w # u), considering the fact that is a BFS treey is
at most one level away fromandw is at least one level away from Sow cannot be/s parent,
and we get a contradictionl



& e
Cond 1: tsoey, to0ey tgoes t40€4  Cond 1. tg0€3, t40€4
Cond 2: t10t5, tsotp, t3ots: tg0ts  Cond 2: tzots, tgots
Cond 3: t1ot3, tsotg, t20t4 Cond 3: tiot3.t5otg, tooty

Figure 1: Two graph&; andG,. The solid edges are tree edges and the dashed edges are nontree
edges Gy is derived fromG; by removingnon-essentiahontree edges, ande,. Below the graphs
are the correspondirig; relations defined by the three conditions.

Lemma 2 Each connected component of F is in some biconnected component of graph G.

Proof: LetC be a connected componentief Note thatC itself is also a tree. Each edge
in C is a nontree edge td, and is in a simple cycle, hence some biconnected compone@t, of
We show by induction that the simple cycles determined by the edgé$ay one biconnected
component.

Starting with an empty set of edges, we consider the process of gr@bygdding one edge
at each step and keepifigconnected. Suppose there &redges irC, and the sequence in which
they are added iej, e, - - -, &.

As e is a non-tree edge td, e; and the paths from its two endpoints to the lowest common
ancestorlca) of the two endpoints form a simple cycle. Aedis in a biconnected component of
G.

Suppose the firdtedges in the sequence are in one biconnected compBue¥Wie now con-
sider adding thel + 1)th edge. AC is connectedg 1 = (u,w) is adjacent to some edge, say,
es = (v,w) (where 1< s <) in the tree we have grown so far at vertgxBy Lemma 1 there are
no ancestral relationships betwaeandw, andv andw in treeT. If there is also no ancestral rela-
tionship betweemw andw as illustrated in part (a) of Fig. 2, then the pathJifrom u to Ica(u, v)
and fromv to Ica(u,v) plus the edgegu,w) and (v,w) in C form a simple cycleS. As (v,w) is
in Bcand (u,w) is in S, andBc shares wittS the edge(v,w), so (u,w) and(v,w) are both in the
biconnected component that contaBsJS. If there is some ancestral relationship betwaemd
v, then there are two cases: eitheis the ancestor of or v is the ancestor afi. These two cases
are illustrated respectively by parts (b) and (c) in Fig. 2. Let’s first consider the caseithtite
ancestor of.. The paths inT from u to Ica(u,w), from w to Ica(u,w), and fromv to u, and edge
(v,w) form a simple cycles. Sshares withBc edge(v,w), again(u,w) and(v,w) are both in the
biconnected component that includdeJS. Similarly we can proveéu,w) and(v,w) are in one
biconnected component for the case that the ancestor ofi. By induction, it follows that all



edges ofC are in one biconnected component.

lca(u,v) lca(u,w)
lca(uw) () lca(w,v)
CI)\ . \\\ Q // \\\
u Y U;( W
O \\ /O \\ f
w Y
(@
[ca(v,w)
VQ/// ‘
e >©W
(c) ()

Figure 2: lllustration of the proof of theorem 8., 1 = (u,w), andes = (v,w). The dotted lines are
the paths inl while the solid lines are edges

Part (d) of Fig. 2 shows an example tliatw) and(v,w) are not in one biconnected component
if T is not a BFS tree and there are ancestral relationships betwsemdw.

Theorem 2 The edges of each connected component-ef @re in one biconnected component.

Proof: LetC be a connected component®T. If Cis a tree, by Lemma 2, all edges©fare in

a biconnected component.dfis not a tree, then there exits a spanning ieef C. All edges of

Tc are in a biconnected component by Lemma 2. Each nontreesqaglative toTc) in C forms a
simple cycle with paths ific, and the cycle shares the paths with the biconnected component that
Tc is in, soeis also in the biconnected component.

The immediate corollary to Theorem 2 is that we can compute the number of biconnected
components in a graph using breadth-first traversal. The first run of BFS computes a rooted span-
ning treeT. The second run of BFS computes a spanning fdfefstr G—T, and the number of
components i is the number of biconnected component&in

Next we apply the idea of filtering outon-essentiatdges to the parallel biconnected compo-
nents problem. First andF for G are computed. Then biconnected componentd for- are
computed using a suitable biconnected components algorithm, e.g., the Tarjan-Vishkin algorithm.
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We are yet to find the biconnected components to which they belong for all the edges that are
filtered out, i.e., edges i® — (TUF). According to condition 1 (which holds for arbitrary rooted
spanning tree), edge= (u,v) € G— (T UF) is in the same biconnected componentwfp(u)) if

v < u. A new algorithm using the filtering technique is shown in Alg. 2.

Input: A connected grap = (V,E)
Output: Biconnected components 6f
begin

1. compute a breadth-first search tileéor G;

2. forG—T, compute a spanning foreist

3. invokeTV on FUT;

4. for each edge e- (u,v) € G— (FUT) do

labeleto be in the biconnected component that contéing(u));

end

Algorithm 2: An improved algorithm for biconnected components.

In Alg. 2, step 1 takes @) time with O(n) processors on arbitrary CRCW PRAM whetés
the diameter of the graph; step 2 can be done (lo@h) time with O(n) processors on arbitrary
CRCW PRAM [20]; step 3 is the Tarjan-Vishkin algorithm which can be done (logh) time
with O(n) processors; finally, step 4 can be implemented {t)@ime with O(n) processors. So
Alg. 2 runs inmaxO(d), O(logn)) time with O(n) processors on CRCW PRAM.

Asymptotically, the new algorithm does not improve the complexity bouniiMofin practice,
however, step 2 filters out at leasiaxm— 2(n— 1),0) edges. The denser the graph becomes,
the more edges are filtered out. This can greatly speedup the execution of step 3. Recall that
TV inspects each nontree edge to computeltime and high values for the vertices, and builds
an auxillary graph with the number of vertices equal the number of edg8s in Section 5 we
demonstrate the efficiency of this edge filtering technique.

For very sparse graphg can be greater than({@gn) and becomes the dominating factor in the
running time of the algorithm. One extreme pathological case iSGhsta chain § = O(n)), and
computing the BFS tree takeg1®) time. However, pathological cases are rare. Palmer [15] proved
that almost all random graphs have diameter two. And evén-iflogn, in many cases, as long as
the number of vertices in the BFS frontier is greater than the number of processors employed, the
algorithm will perform well on a machine witp processorsf{ < n) with expected running time

of O<”+Tm>. Finally, if m < 4n, we can always fall back t6V-opt

5 Performance Results and Analysis

This section summarizes the experimental results of our implementation. We tested our shared-
memory implementation on the Sun E4500, a uniform-memory-access (UMA) shared memory
parallel machine with 14 UltraSPARC Il 400MHz processors and 14 GB of memory. Each pro-
cessor has 16 Kbytes of direct-mapped data (L1) cache and 4 Mbytes of external (L2) cache. We
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implement the algorithms using POSIX threads and software-based barriers.

We test our implementation on arbitrary, sparse inputs which are the most challenging instances
for previous experimental studies. We create a random graphestices ananedges by randomly
addingm unique edges to the vertex set. The sequential implementation implements Tarjan’s
algorithm.

Fig. 3 shows the performance ©V-SMR TV-optand TV-filter on random graphs ofM ver-
tices with various edge densities. For all the instan€¥sjoes not beat the best sequential imple-
mentation even at 12 processof¥/-opttakes roughly half the execution time ®Y. As predicted
by our analysis earlier, the denser the graph, the better the performahditier compared with
TV-opt For the instance with 1M vertices, 20M edgas=£ nlogn), TV-filteris 2 times faster than
TV-optand achieves speedups up to 4 compared with the best sequential implementation.

1M vertices, 4M edges 1M vertices, 8M edges
50 80
P! —&— TV-SMP q —&— TV-SMP
—-0— TVt 70 A —-O—  TV-opt
40 ——w—— TVilter ——w—— TVilter
Sequential 60 Sequential

50 4

40 4

Time (seconds)
Time (seconds)

30 7

20 4

Number of Processors Number of Processors
1M vertices, 10M edges 1M vertices, 20M edges
100 160
—&— TV-SMP —&— TV-SMP
— -O—  TV-opt 140 @ — -O—  TV-opt
80 @ ——Ww—— TVilter ——Ww—— TVilter
Sequential 120 - Sequential

100

80

Time (seconds)
Time (seconds)

60

40 4

20

Number of Processors Number of Processors

Figure 3: Comparison of the performanceTdf-SMR TV-optand TV-filter for graphs withn =
1M vertices and various edge densities. “Sequential” is the time taken for the implementation of
Tarjan’s biconnected components algorithm for the same problem instance.
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Fig. 4 shows the breakdown of execution time for different parts of the algorithie8MR
TV-opt and TV-filter. ComparingTV-SMPand TV-opt we see thafV-SMPtakes much more
time to compute a spanning tree and constructing the Euler-tourTi¥faoptdoes. Also for tree
computationsTV-optis much faster thai'Vv because imTV-optprefix sum is used while ifV-
SMPlist ranking is used. For the rest of the computatioRg;SMPandTV-opttake roughly the
same amount of time. Compared wilNW-opt TV-filter has an extra step, i.e., filtering owbn-
essentiakedges. The extra cost of filtering out edges is worthwhile if the graph is not extremely
sparse. As our analysis predicted in Section 4, we expect reduced execution timefiiber in

computing low-high values, labeling and computing connected components. Fig. 4 confirms our
analysis.

Breakdown of the running time for TV-SMP, TV-opt, and TV-filter

30
I Spanning-tree
B Euler-tour
RN Tree-comp
BB Low-high

B Label-edge
20 - I Connected-comps
EEER Filtering

Time (seconds)
o

10 A

e
%

X

XX

4M 6M 10M

Input Graphs
Figure 4: Breakdown of execution time at 12 processors foiSip@nning-tregEuler-tour, root,
Low-high Label-edge Connected-componen@ndFiltering steps. All graphs have 1M vertices

with different number of edges shown on the x-axis. The three columns for each input graph, from
left to right, are the execution times foN-SMRB TV-opt andTV-filter, respectively.
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6 Conclusions

We present an experimental study of biconnected components algorithms based on the Tarjan-
Vishkin approach on SMPs. Our implementation achieves speedups upto 4 with 12 processors on
Sun E4500. As quite a few fundamental parallel primitives and routines such as prefix sum, list
ranking, Euler-tour construction, tree computation, connectivity and spanning tree are employed
as building blocks, our study shows optimistic results for parallel algorithms that take drastically
different approach than the straightforward sequential approach.
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