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Abstract

Irregular problems such as those from graph theory pose serious challenges for parallel
machines due to non-contiguous accesses to global data structures with low degrees of local-
ity. Few paralel graph algorithms on distributed- or shared-memory machines can outperform
their best sequential implementation due to long memory latencies and high synchronization
costs. In this paper, we consider the performance and scalability of two important combinato-
rial algorithms, list ranking and connected components, on two types of shared-memory com-
puters: symmetric multiprocessors (SMP) such asthe Sun Enterprise servers and multithreaded
architectures (MTA) such as the Cray MTA-2. Previous studies show that for SMPs perfor-
mance is primarily afunction of non-contiguous memory accesses, whereas for the MTA, itis
primarily afunction of the number of concurrent operations. We present a performance model
for each machine, and use it to analyze the performance of the two agorithms. We compare the
models for SMPs and the MTA and discuss how the difference affects algorithm development,
ease of programming, performance, and scalability.
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1 Introduction

The enormous increase in processor speed over the last decade from approximately 300 MHz to
over 3 GHz has far outpaced the speed of the hardware components responsible for delivering
data to processors. Moreover, modern processors with superscalar issue that can perform two to
four floating point operations per cycle further increase the demands on the data delivery systems.
These advances have created a severe memory bottleneck. Performance is no longer a function of
how many operations a processor can perform per second, but rather the rate at which the memory
system can deliver bytes of data.

The conventional approach to ameliorating the memory bottleneck is to build hierarchical
memory systems consisting of several levels of cache and local and remote memory modules.
Thefirst level cache (L1) can keep pace with the processor; fetching data from more remote mem-
ory causes the processor to stall. Since data is moved to the L1 cache in lines, reading data in
sequence (i.e., with spatial locality) maximizes performance. Performance is now driven by the
percentage of contiguous memory accesses.

An alternative approach to breaking the memory bottleneck is to use parallelism as imple-
mented by the Cray MTA. Instead of on-chip cache, each MTA processor has hardware to support
multiple contexts or threads, and is capable of issuing an instruction from a different thread every
cycle. When the processor executes a load or a store, instead of waiting for the operation to com-
plete, it switchesto another thread and executes its next instruction. Thus, regardless of how long
it takesan individual load or store to complete, the processor remains busy aslong as one of itsres-
ident threads has a ready instruction to execute. Thus, performance is afunction of the percentage
of ready (or parallel) operations and isindependent of memory accesses.

Irregular problems such as those from graph theory pose serious challenges for parallel ma-
chines due to non-contiguous accesses to global data structures with low degrees of locality. In
fact, few parale graph agorithms on distributed- or shared-memory machines can outperform
their best sequential implementation due to long memory latencies and high synchronization costs.
The performance degradation caused by the long memory latencies of non-contiguous memory

accesses, high synchronization costs, and load imbalances mitigate any gains accrued from using



more than one processor.

Fast parallel algorithms for irregular problems have been developed for shared-memory sys-
tems. List ranking [10, 30, 31, 22] is a key technique often needed in efficient parallel agorithms
for solving many graph-theoretic problems; for example, computing the centroid of atree, expres-
sion evaluation, minimum spanning forest, connected components, and planarity testing. Helman
and JaJa[18, 19] present an efficient list ranking agorithm with implementation on SMP servers
that achieves significant parallel speedup. Using this implementation of list ranking, Bader et al.
have designed fast parallel algorithms and demonstrated speedups compared with the best sequen-
tial implementation for graph-theoretic problems such as ear decomposition [4], tree contraction
and expression evaluation [5], spanning tree [2], rooted spanning tree [12], and minimum span-
ning forest [3]. Many of these algorithms achieve good speedups due to agorithmic techniques
for efficient design and better cache performance. For some of the instances, e.g., arbitrary, sparse
graphs, although we may be able to improvethe cache performanceto acertain degree, thereare no
known general techniques for cache performance optimization because the memory access pattern
islargely determined by the structure of the graph.

While non-contiguous memory accesses are inherent in paralel graph algorithms, fine-grain
parallelism is abundant. Thus, the MTA that depends on parallelism for performance and is indif-
ferent to memory access patterns, may be a more appropriate system than SMPs or SMP clusters
for this class of problems. Conceptualy, operations on a graph’s vertices and edges can occur
simultaneously provided that operations on incident vertices and edges are synchronized. The
MTA's full-and-empty bits provide a near-zero cost synchronization mechanism capable of sup-
porting these operations.

The next section presents a cost model for SMPs based on non-contiguous memory accesses.
We describe the salient features of the Cray MTA and devel op a cost model based on degree of par-
alelism. Thethird and fourth sections present high-performance SMP and MTA agorithmsfor list
ranking and connected components, respectively. The SMP agorithms minimize non-contiguous
memory accesses, whereas, the M TA algorithms maximize concurrent operations. Thefifth section

compares the performance and scalability of the implementations and relates their actual perfor-



mance to that predicted by the cost models. In the final section, we conclude by discussing the

impact of the different approaches taken by SMPs and MTAs to attacking the memory bottleneck.

2 Shared-Memory Architectures

In this section we compare the two shared-memory architectures, SMPs and MTAs. Our emphasis
ison the architectural differences that affect the design and implementation of parallel algorithms
for graph problems. From this perspective, the big difference between SMPs and MTAs is how
memory latency, an important factor to performances of programs on current machines, is han-
dled. With SMPs, caches are used to reduce the effective memory access latency; with MTAS,
paralelism is employed to tolerate memory latency. The architectural support for parallelism and
performance on SMPs and MTAsresultsin different algorithm design and optimization techniques

for the two types of machines.

21 SMPs

Symmetric multiprocessor (SMP) architectures, in which several processors operate in a true,
hardware-based, shared-memory environment and are packaged as a single machine, are becoming
commonplace. Indeed, most of the new high-performance computers are clusters of SMPs having
from 2 to over 100 processors per node. Moreover, as supercomputers increasingly use SMP clus-
ters, SMP computations will play a significant role in supercomputing and computational science.
While an SMP is a shared-memory architecture, it is by no means the PRAM used in theoretical
work — synchronization cannot be taken for granted, memory bandwidth is limited, and perfor-
mance requires a high degree of locality. The significant features of SMPs are that the input can be
held in the shared memory without having to be partitioned and they provide much faster access
to their shared-memory than an equivalent message-based architecture. Our SMP analyses uses a
complexity model similar to that of Helman and JaJa [19] that has been shown to provide a good
cost model for shared-memory algorithms on current symmetric multiprocessors [18, 19, 4, 5].

The model uses two parameters. the input size n, and the number p of processors. Running time



T(n, p) ismeasured by thetriplet (Tm(n, p) ; Te(n, p) ; B(n,p)) , where Ty (n, p) isthe maximum
number of non-contiguous main memory accesses required by any processor, Tc(n, p) is an upper
bound on the maximum local computational complexity of any of the processors, and B(n, p) isthe
number of barrier synchronizations. This model, unlike the idealistic PRAM, is more readistic in
that it penalizes algorithms with non-contiguous memory accesses that often result in cache misses
and algorithms with more synchronization events.

We tested our SM P implementationsin this paper on the Sun E4500, a uniform-memory-access
(UMA) shared memory parallel machinewith 14 UltraSPARC || 400MHz processorsand 14 GB of
memory. Each processor has 16 Kbytes of direct-mapped data (L 1) cache and 4 Mbytes of external
(L2) cache. We implement the algorithms using POSI X threads and software-based barriers.

22 MTAs

The Cray MTA is a flat, shared-memory multiprocessor system. All memory is accessible and
equidistant from all processors. Thereisno local memory and no caches. Hardware multithreading
is used to tolerate memory latencies.

An MTA processor consists of 128 hardware streams and one instruction pipeline. The proces-
sor speed is 220 MHz. A stream consists of 32 registers, a program counter, and space in the
instruction cache. Threads from the same or different programs are mapped to the streams by the
runtime system. A processor switches among its streams every cycle, executing instructions from
non-blocked streamsin afair manner. Aslong as one stream has a ready instruction, the processor
remainsfully utilized. Parallelism, and not datalocality, isthe key to good performance. Typicaly,
40 to 80 streams per processor are required to ensure full utilization.

The interconnection network is a partially connected 3-D torus capable of delivering one word
per processor per cycle. The system has 4 GBytes of memory per processor. Logical memory
addresses are randomly scattered across physical memory to avoid stride-induced hotspots. Each
memory word is 68 bits: 64 data bits and 4 tag bits. One tag bit is a full-and-empty bit used to
control synchronous load/store operations. A synchronous |load/store operation that blocks circu-

lates in the memory subsystem retrying until it succeeds or traps. It consumes system bandwidth,



but not processor cycles. The thread that issued the load or store remains blocked until the oper-
ation completes; but the processor that issued the operation continues to issue instructions from
non-blocked streams.

Since the MTA is a shared-memory system with no cache and no local memory, it isan SMP
where al memory reference are remote. Thus, the cost model presented in the previous section
can be applied to the MTA with the difference that the magnitudes of Ty (n, p) and B(n, p) are
reduced via multithreading. In fact, if sufficient parallelism exists, these costs are reduced to zero
and performance is afunction of only Tc(n, p). Execution timeis then a product of the number of
instructions and the cycle time.

The number of threads needed to reduce Ty (n, p) to zero is a function of the memory latency
of the machine, about 100 cycles. Usualy two or three instructions of a thread can be issued
before the thread must wait for a previous memory operation to complete; thus, 40 to 80 threads
per processor are usualy sufficient to reduce Ty (n, p) to zero. The number of threads needed to
reduce B(n, p) to zero is a function of intra-thread synchronization. Typically, it is zero and no
additional threads are needed; however, in some cases it can be very high (for example, if many

short threads access a single memory location) and hotspots can occur.

3 List Ranking

List ranking and other prefix computations on linked lists are basic operations that occur in many
graph-based algorithms. The operations are difficult to parallelize because of the non-contiguous
structure of lists and asynchronous access of shared data by concurrent tasks. Unlike arrays, there
isno obvious way to divide the list into even, digoint, continuous sublists without first computing
the rank of each node. Moreover, concurrent tasks may visit or pass through the same node by
different paths, requiring synchronization to ensure correctness.

List ranking is an instance of the more general prefix problem. Let X be an array of n elements
stored in arbitrary order. For each element i, let X(i).value be its value and X(i).next be the
index of its successor. Then for any binary associative operator &, compute X(i).prefix such that

X (head).prefix = X (head).value and X (i).prefix = X(i).valued X (predecessor ) . prefix where head
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isthefirst element of thelist, i isnot equal to head, and predecessor is the node preceding i in the
list. If all valuesare 1 and the associative operation is addition, then prefix reduces to list ranking.
Our SMP implementation uses the Helman and JaJa list ranking algorithm [18] that performs

the following main steps:

1. Finding the head h of thelist which isgivenby h= (n(n—1)/2—Z) where Z is the sum of

successor indices of all the nodesin thelist.

2. Partitioning the input list into s sublists by randomly choosing one splitter from each mem-
ory block of n/(s— 1) nodes, where s is Q(plogn), where p is the number of processors.
Corresponding to each of these sublistsis arecord in an array caled Sublists. (Our imple-

mentation uses s = 8p.)

3. Traversing each sublist computing the prefix sum of each node within the sublists. Each
node records its sublist index. The input value of a node in the Sublists array is the sublist

prefix sum of the last node in the previous Sublists.
4. The prefix sums of the records in the Sublists array are then calcul ated.

5. Each node adds its current prefix sum value (value of a node within a sublist) and the prefix
sum of its corresponding Sublists record to get its final prefix sums value. This prefix sum

valueisthe required label of the |eaves.

For n > p?Inn, we would expect in practice the SMP list ranking to take
T(n,p) = (Mu(n, p); Te(n, p)) = (g, o(g)). For a detailed description of the above steps refer
to[18].

Our MTA implementation is similar to the Helman and JaJa algorithm.

1. Choose NWALK nodes (including the head node) and mark them. This step dividesthe list
into NWALK sublistsand issimilar to steps 1 and 2 of SMP agorithm.

2. Traverse each sublist computing the prefix sum of each node within the sublist (step 3 of the

SMP algorithm).



3. Compute the rank of each marked node (step 4 of the SMP agorithm).

4. Re-traverse the sublists incrementing the local rank of each node by the rank of the marked

node at the head of the sublist (step 5 of the SMP agorithm).

The first and third steps are O(n). They consist of an outer loop of O(NWALK) and an
inner loop of O(length of the sublist). Since the lengths of the local walks can vary, the work
done by each thread will vary. We discuss load balancing issues below. The second step is also
O(NWALKS) and can be parallelized using any one of the many parallel array prefix methods.
In summary, the MTA algorithm has three parallel steps with NWALKS parallelism. Our stud-
ies show that by using 100 streams per processor and approximately 10 list nodes per walk, we
achieve aimost 100% utilization—so a linked list of length 1000p fully utilizes an MTA system
with p processors.

Sincethelengths of the walks are different, the amount of work done by each thread isdifferent.
If threads are assigned to streams in blocks, the work per stream will not be balanced. Since the
MTA is a shared memory machine, any stream can access any memory location in equal time;
thus, it isirrelevant which stream executes which walk. To avoid load imbalances, we instruct the
compiler via a pragmato dynamically schedule the iterations of the outer loop. Each stream gets
one walk at atime; when it finishes its current walk, it increments the loop counter and executes
the next walk. A machine instruction, int_fetch_add, is used to increment the shared loop counter.
The instruction adds one to a counter in memory and returns the old value. The instruction takes
one cycle.

The sourcecodefor the SMP and MTA implementationsof list ranking arefreely-available
from the web by visitinghttp://www.ece.unm. edu/~dbader and clicking on the Soft-

ware tab.

4 Connected Components

Let G=(V,E) beanundirected graph with |V| = nand |E| = m. Two verticesu and v are connected

if there exists a path between uand vin G. Thisis an equivalence relation onV and partitionsV
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into equivalence classes, i.e., connected components. Connectivity isafundamental graph problem
with arange of applications and can be building blocks for higher-level algorithms. The research
community has produced a rich collection of theoretic deterministic [27, 20, 29, 25, 8, 7, 6, 17,
23, 33, 1, 11, 13] and randomized [16, 28] parallel algorithms for connected components. Yet for
implementations and experimental studies, although several fast PRAM algorithms exist, to our
knowledge there is no parallel implementation of connected components (other than our own [2])
that achieves significant parallel speedup on sparse, irregular graphs when compared against the
best sequential implementation.

Prior experimental studies of connected components implement the Shiloach-Vishkin algo-
rithm [15, 21, 24, 14] due to its simplicity and efficiency. However, these paralel implementa-
tions of the Shiloach-Vishkin agorithm do not achieve any parallel speedups over arbitrary, sparse
graphs against the best sequential implementation. Greiner [15] implemented several connected
components algorithms (Shiloach-Vishkin, Awerbuch-Shiloach, “random-mating” based on the
work of Reif [32] and Phillips [29], and a hybrid of the previous three) using NESL on the Cray
Y-MP/C90 and TMC CM-2. On random graphs Greiner reports a maximum speedup of 3.5 using
the hybrid algorithm when compared with a depth-first search on a DEC Alpha processor. Hsu,
Ramachandran, and Dean [21] aso implemented several parallel algorithmsfor connected compo-
nents. They report that their parallel code runs 30 times slower on a MasPar MP-1 than Greiner’s
results on the Cray, but Hsu et al.’s implementation uses one-fourth of the total memory used
by Greiner's hybrid approach. Krishnamurthy et al. [24] implemented a connected components
algorithm (based on Shiloach-Vishkin) for distributed memory machines. Their code achieved a
speedup of 20 using a 32-processor TMC CM-5 on graphs with underlying 2D and 3D regular
mesh topologies, but virtually no speedup on sparse random graphs. Goddard, Kumar, and Prins
[14] implemented a connected components algorithm (motived by Shiloach-Vishkin) for a mesh-
connected SIMD parallel computer, the 8192-processor MasPar MP-1. They achieve a maximum
paralel speedup of less than two on a random graph with 4096 vertices and about one-million
edges. For a random graph with 4096 vertices and fewer than a half-million edges, the parallel

implementation was slower than the sequential code.



In this paper, we compare implementions of Shiloach-Vishkin's connected components algo-
rithm (denoted as SV) on both SMP and MTA systems. We chose this algorithm because it is
representative of the memory access patterns and data structures in graph-theoretic problems. SV
starts with n isolated vertices and m PRAM processors. Each processor P; (for 1 <i < m) graftsa
tree rooted at vertex v; (represented by v;, in the beginning, the tree containsonly asingle vertex) to
thetree that contains one of its neighbors u under the constraintsu < v; or the tree represented by v,
isonly one level deep. Grafting creates k > 1 connected subgraphs, and each of the k subgraphsis
then shortcut so that the depth of the trees reduce at least by half. The approach continues to graft
and shortcut on the reduced graphs until no more grafting is possible. Asaresult, each supervertex
represents a connected graph. SV runs on an arbitrary CRCW PRAM in O(logn) time with O(m)
processors. The formal description of SV can befound in Alg. 1 in Appendix A.

SV can be implemented on SMPs and MTA, and the two implementations have very different
performance characteristics on the two architectures, demonstrating that algorithms should be de-
signed with the target architecture in consideration. For SMPs, we use appropriate optimizations
described by Greiner [15], Chung and Condon [9], Krishnamurthy et al. [24], and Hsu et al. [21].
SV is sensitive to the labeling of vertices. For the same graph, different labeling of vertices may
incur different numbers of iterations to terminate the algorithm. For the best case, one iteration of
the algorithm may be sufficient, and the running time of the algorithm will be O(logn). Whereas
for an arbitrary labeling of the same graph, the number of iterations needed will be from one to
logn.

In thefirst “graft-and-shortcut” step of SV, there are two non-contiguous memory accesses per
edge, for reading D[j] and D[D[i]]. Thus, first step costs T (n, p) = (Tm(n, p) ; Te(n,p) ; B(n,p)) =
<2% +1; O(%‘”) ; 1>. In the second step, the grafting is performed and requires one non-
contiguous access per edge to set the parent, with cost T (n, p) = (Tm(n, p) ; Te(n, p) ; B(n,p)) =
<% +1,; O(%) ; 1>. The final step of each iteration runs pointer jumping to form rooted stars
to ensure that atreeis not grafted onto itself, with cost T (n, p) = (Tm(n, p) ; Te(n, p) ; B(n, p)) =
<”'°g“ : O(”'Og”> : 1>. In general, SV needs multiple iterations to terminate. Assuming the

P P
worst-case of logn iterations, thetotal complexity for SV isT (n, p) = (Tm(n, p) ; Tc(n, p) ; B(n,p)) <

10



<”'°—§’2” + (3%‘+2) logn; O(imogzn;mmgn) ; 4Iogn>.

On the other hand, programming the MTA is unlike programming for SMPs, and code for the
MTA looks much closer to the original PRAM algorithm. The programmer no longer specifies
which processor works on which data partitions, instead, his’her job isto discover the finest grain
of parallelism of the program and pass the information to the compiler using directives. Otherwise
the compiler relies on the information from dependence analysis to paralelize the program. The
implementation of SV on MTA is adirect trandation of the PRAM algorithm, and the C source
code is shown in Alg. 2 in Appendix A. Alg. 2 is dlightly different from the description of SV
givenin Alg. 1. In Alg. 2 the trees are shortcut into superverticesin each iteration, so that step 2 of
Alg. 1 can be eliminated and we no longer need to check whether a vertex belongs to a star which
involves a significant amount of computation and memory accesses. Alg. 2 runs in O(log?n),
and the bound is not tight. The directivesin Alg. 2 are self-explanatory, and they are crucial for
the compiler to parallelize the program as there is obvious data dependence in each step of the

program.

5 Performance Resultsand Analysis

This section summarizes the experimental results of our implementationsfor list ranking and con-
nected components on the SMP and MTA shared-memory systems.

For list ranking, we use two classes of list to test our algorithms: Ordered and Random.
Ordered places each element in the array according to its rank; thus, nodei is the ith position of
the array and its successor is the node at position (i +1). Random places successive elements
randomly in the array. Since the MTA maps contiguous logical addresses to random physical
addresses the layout in physical memory for both classes is similar. We expect, and in fact see,
that performance on the MTA is independent of order. Thisisin sharp contrast to SMP machines
which rank Ordered lists much faster than Random lists. The running times for list ranking on
the SMP and MTA are given in Fig. 1. First, al of the implementations scaled well with problem

size and number of processors. In all cases, the running times decreased proportionally with the
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Figure 1: Running Times for List Ranking on the Cray MTA (left) and Sun SMP (right) for p=
1,2,4 and 8 processors.
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number of processors, quite a remarkable result on a problem such as list ranking whose efficient
implementation has been considered a “holy grail” of parallel computing. On the Cray MTA, the
performanceis nearly identical for random or ordered lists, demonstrating that locality of memory
accesses is a non-issue; first, since memory latency is tolerated, and second, since the logical
addresses are randomly assigned to the physical memory. On the SMP, there is a factor of 3 to 4
difference in performance between the best case (an ordered list) and the worst case (a randomly-
ordered list). Onthe ordered lists, the M TA is an order of magnitute faster than this SMP, while on
the random list, the MTA is approximately 35 times faster.

Performance of Connected Components on Cray MTA Performance of Connected Components on Sun E4500
For Random Graph with 1M vertices For Random Graph with 1M vertices

30 1

25 4

20 1

Execution Time (Seconds)
Execution Time (Seconds)

Number of Edges (M) Number of Edges (M)

Figure 2: Running Timesfor Connected Components on the Cray MTA (left) and Sun SMP (right)
for p=1,2,4 and 8 processors.

For connected components, we create a random graph of n vertices and m edges by randomly
adding m unique edges to the vertex set. Several software packages generate random graphs this
way, including LEDA [26]. The running timesfor connected componentsonthe SMPand MTA are
givenin Fig. 2 for arandom graph with n = 1M vertices and from m= 4M to 20M edges. Similar
to the list ranking results, we see that both shared-memory systems scale with problem size and
number of processorsfor finding the connected components of asparse, random graph. Thisisalso
atruly remarkable result noting that no previous parallel implementations have exhibited parallel
speedup on arbitrary, sparse graphs for the connected components problem. (Note that we give

speedup resultsfor the SMPin [2].) In comparison, the MTA implementationis 5 to 6 times faster
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than the SMP implementation of SV connected components, and the code for the MTA is quite
simple and similar to the PRAM algorithm, unlike the more complex code required for the SMP to

achieve this performance.

Number of List Ranking Connected Components
Processors || Random List | Ordered List

1 98% 97% 99%

4 90% 85% 93%

8 82% 80% 91%

Table 1. Processor Utilization for List Ranking and Connected Components on the Cray MTA.

Onthe Cray MTA, we achieve high-percentages of processor utilization. In Table 1 we givethe
utilizations achieved for the M TA on List Ranking of a20M-nodelist, and Connected Components
with n = 1M verticesand m= 20M (= nlogn) edges.

6 Conclusions

In summary, we present optimistic results that fast, paralel implementations of graph-theoretic
problems such as list ranking and connected components are well-suited to shared-memory com-
puter systems (Ssymmetric multiprocessors and multithreaded architectures). In fact, the Cray MTA
allows the programmer to focus on the concurrency in the problem, while the SMP server forces
the programmer to optimize for locality and cache. In our experiments, the Cray MTA was nearly
100% utilized in list ranking and approximately 94% utilized in connected components. In ad-
dition, the MTA, because of its randomization between logical and physical memory addresses,
and its multithreaded execution techniques for latency hiding, performed extremely well on thelist
ranking problem, no matter the spatial locality of thelist.

A Algorithms

14



Input: 1. A set of medges (i, j) given in arbitrary order
2. Array D[1..n] with D[i] =i
Output: Array D[1..n] with D[i] being the component to which vertex i belongs
begin
whiletrue do
1for (i, ]) € Einparallel do
if D[i]=D[D[i]] and D[j] <D[i] then D[DJi]] = D[j];
2.for (i,]) € Einparallel do
if i belongsto a star and D[j]#D[i] then D[D[i]] = D|j];
3.if all verticesare in rooted stars then exit;
for all i in parallel do
D[i] = D[DJi]]
end

Algorithm 1: The Shiloach-Vishkin algorithm for connected components.

while (graft) {
graft = 0;

ffpragma mta assert parallel
1. for (i=0; i<2*m; i++) {

u = E[i].v1;
v = E[1] .v2;
if (D[ul<D[v] && D[v]==D[D[v]]) {
DID[v]] = D[ul;
graft = 1;
}
}

#pragma mta assert parallel
2. for(i=0; i<n; i++)
while (D[i] != D[D[i]]) D[i]=DI[D[i]];

Algorithm 2: SV on MTA. E isthe edge list, with each element having two fields, v1 and v2,
representing the two endpoints.
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