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Abstract

We study the structure of EG[2], the class of Eisenberg-Galemarkets with two agents. We
prove that all markets in this class are rational and they admit strongly polynomial algorithms
whenever the polytope containing the set of feasible utilities of the two agents can be described
via a combinatorial LP. This helps resolve positively the status of two markets left as open
problems by [JV07]: the capacity allocation market in a directed graph with two source-sink
pairs and the network coding market in a directed network with two sources.

Our algorithms for solving the corresponding nonlinear convex programs are funda-
mentally di�erent from those obtained by [JV07]; whereas they use the primal-dual schema,
we use a carefully constructed binary search.

1 Introduction

A convex program given by Eisenberg and Gale [EG59] captures, as its optimal solution, equi-
librium allocations for the linear case of Fisher's market model. This extraordinary program has
several interesting properties, including the fact that it is rational , i.e., always has rational solu-
tions if all the input parameters are rational. Clearly, Fisher's linear case also has this property.
Rationality of solutions has of course been an important issue in mathamatics. A prominent
example is provided in the work of Nash [Nas51] { after de�ning his notion of equilibrium, he
observed that 2-player games are rational and he gave a beautiful example of a 3-player game
that has only irrational solutions.

Recently, Jain and Vazirani [JV07] initiated a systematic study, both structural and algo-
rithmic, of convex programs having the same basic structureas the Eisenberg-Gale program;
these were termedEisenberg-Gale-type programs. They de�ned an Eisenberg-Gale market (EG
market) as any market whose equilibrium allocations are captured asoptimal solutions to an
Eisenberg-Gale-type program.

EG markets is a rich class { it contains resource allocation markets appearing in Kelly's [Kel97]
seminal work giving a mathematical model for understandingTCP congestion control. It also
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contains more general utility functions in Fisher's market model: scalable utilities [Eis61], Leon-
tief utilities [CV04], linear substitution utilities [Ye] , and homothetic utilities with productions
[JVY05].

While studying structural and algorithmic properties of re source allocation markets [JV07]
observed that rationality is not limited to the Eisenberg-G ale program only { they showed that
several such markets, and hence the corresponding convex programs, are rational. On the other
hand, several other resource allocation markets are known to be irrational [GJTV05, JV07].
[JV07] further observed that among the markets characterized so far, an important distinction
between the rational and irrational markets was that combinatorial problems underlying the
former satis�ed min-max theorems and those for the latter did not. Furthermore, for the former
markets, these min-max theorems were used critically for establishing rationality as well as for
obtaining combinatorial strongly polynomial algorithms f or �nding equilibria.

[JV07] left the status of two natural markets unresolved: the capacity allocation market in a
directed graph with two source-sink pairs and the network coding market in a directed network
with two sources (see Section 2 for de�nitions of these markets). Both these markets are not
known to support min-max theorems, and were therefore expected to be irrational.

In this paper we show that despite this, both these markets are rational. More generally, we
show that all markets in EG[2], the class of Eisenberg-Gale markets with two agents, are rational.
We also show that whenever the polytope containing the set offeasible utilities of the two agents
can be described via a combinatorial LP, the market admits a strongly polynomial algorithm.
Our algorithm circumvents the lack of underlying min-max th eorems by using the more general
LP-Duality Theory itself; on the 
ip side, our methods work o nly for the case of two agents.
This di�erence in the combinatorial structure manifests it self in the algorithmic ideas needed:
whereas [JV07] use the primal-dual schema and their algorithms can be viewed as ascending price
auctions, we use a carefully constructed binary search. Thealgorithms of [JV07] are combinatorial
whereas ours require a subroutine for solving combinatorial LP's. The latter can be accomplished
in strongly polynomial time using Tardos' algorithm [Tar86 ].

Table 1 shows where our result �ts in in the context of previous work.

2 De�nition

We begin by recalling Kelly's capacity allocation market [Kel97]. Given a network (directed
or undirected) with edge capacities speci�ed and a set of source-sink pairs, each with initial
endowment of money speci�ed, �nd equilibrium 
ow and edge-prices such that

� Only saturated edges can have positive prices.

� All 
ows are sent along a minimum cost path from source to sink.

� The money of each source-sink pair is fully spent.

As was the case with the Fisher market with linear utilities, the equilibrium 
ow and prices
are given by the optimal solution to a convex program (and the Lagrangian multipliers) that
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Table 1: Table of Results about Rationality of Equilibrium i n Capacity Allocation markets. The
table also notes the existence of min-max theorems.

One Source
Multiple Sink

Two Source
Two Sink

Multiple Source
Multiple Sink

Directed Networks � Rational
[JV07]

� max-
ow
= min-cut
[FF56]

� Rational
(Our result)

� max-
ow
6= min-cut
[GVY94]

� Irrational
[GJTV05]

� max-
ow
6= min-cut
[DJP +94]

Undirected Networks � Rational
[JV07]

� max-
ow
= min-
cut[EFS56]

� Rational
[JV07]

� max-
ow
= min-cut
[Hu63]

� Irrational
[GJTV05]

� max-
ow
6= min-
cut[DJP +94]

maximizes a similar objective function, subject to 
ow feasibility conditions. It is easy to see that
the Karusch-Kuhn-Tucker (KKT) conditions are equivalent t o the equilibrium conditions.

In the following program, f i is the total 
ow sent from si to t i , f i (P) is the 
ow along the
path P, and P(si ; t i ) is the set of all paths from si to t i . The the capacity of edgee is c(e).

maximize
nX

i =1

mi log f i

subject to 8i 2 I; f i =
X

P 2P (si ;t i )

f i (P);

8e 2 E;
X

P :e2 P

f i (P) � c(e):

De�nition 2.1 EG Markets ([JV07]) An EG Market M with the set of buyers (agents)[n] is
such that the equilibrium utility allocation of an EG market is captured by the following convex
program similar to the one considered by Eisenberg and Gale [EG59] for the Fisher market with
linear utilities.

maximize
nX

i =1

mi logui

subject to 8j 2 J;
X

i 2 [n]

aij ui +
X

k2 K

akj tk � bj ;

8i 2 [n]; k 2 K; u i ; tk � 0:
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Also the constraints de�ning the set of feasible utilities should satisfy the following two conditions:

� Free disposal: if u is feasible, then so is any otheru 0 dominated byu .

� Utility Homogeneity: for all j 2 J , if for some i 2 [n], aij > 0 then bj = 0 .

The auxiliary variables tk might be used for instance, to give a more e�cient representation of
the feasible region, or as a means to provide semantics for the market. For example, in the Fisher
model of a market where there are buyers and divisible goods,the auxiliary variables denote the
amount of each good every buyer gets.

We emphasize that the notion of agoodbeing sold or bought in traditional markets has been
subsumed by the various constraints on the utilities of agents. This is useful because in many
markets the notion of a good is not clear. For instance, in thecapacity allocation market, the
capacity of each edge raises a constraint on the maximum 
ow (which is the utility in this case)
the agents can send across it. Since there are no goods in EG markets, each agent instead pays
for the constraints in
uencing his utility. Thus, each constraint has a price. Interpreting the
prices as Lagrangian variables and applying the KKT conditions, we get the following equivalent
de�nition of an equilibrium allocation in EG markets.

De�nition 2.2 A feasible utility u is an equilibrium allocation if there exist witnesst 2 R K
+ and

prices p 2 R J
+ such that

� 8 i 2 [n]; mi = rate(i )ui , where rate(i ) =
P

j aij pj .

� 8 j 2 J; pj > 0 =)
P

i 2 [n] aij ui +
P

k2 K akj tk = bj :

� 8 t 2 K; t k > 0 =)
P

j 2 J akj pj = 0 ; and
P

j 2 J akj pj � 0 otherwise.

In an equilibrium allocation, all money of each agent must beexhausted. This is captured
by the �rst requirement above. Moreover, if a constraint is priced, then it must not be \under
utilized" and the second requirement above implies this.

The third condition above arises due to the auxiliary variables. In concrete instances of
markets, this condition normally translates to the premise that in equilibrium an agent chooses
the best basket of goods. For example, in the Fisher market, the thirdcondition would imply
that each buyer buys goods of maximum \bang-per-buck"; in the capacity allocation market, the
condition corresponds to the fact that each agent chooses the cheapest source-sink path.

Remark: Since the equilibrium of an EG market is captured by a convex program, the equilib-
rium always exists (even if the constraints are not �nite). Given proper separation oracles, the
equilibrium could also be approximated to arbitrary small additive error via the ellipsoid method.
Moreover, since the objective function above is strictly concave, the equilibrium is unique.

Another Example of an EG Market: The Network Coding Market.

We are given a directed graphG = ( V; E); E is the set of resources, with capacitiesc : E ! R + .
The set V is partitioned into two sets, terminals and Steiner nodes, denotedT and R, respectively.
A set S � T is the set of sources with moneymv ; v 2 S speci�ed. Sourcev broadcasts messages
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to all terminals at rate r by picking a generalized branching rooted atv: a fractional subgraph of
G speci�ed via a function b : E ! R + such that b(e) � c(e) for all edgese and a 
ow of r units
is possible in the subgraph fromv to every terminal u. Generalized branchings rooted at vertices
of S, b1; : : : ; bk are said to form a feasible packingfor G if

8e 2 E; b1(e) + : : : + bk(e) � c(e):

Edge e is said to besaturated if this inequality holds with equality. Given prices pe for e 2 E, the
price of generalized branchingb is de�ned to be

P
e2 E b(e)pe.

The network coding market asks for a feasible packing of generalized branchings and prices
on edges such that

� The generalized branchings rooted at each source are cheapest possible.

� Only saturated edges have positive prices.

� The money of each source is fully used up.

De�nition 2.3 We denote the class of EG markets withk buyers as EG[k].

De�nition 2.4 If a market has rational equilibrium prices and allocations whenever the input
parameters are all rational, then it is called a rational market.

De�nition 2.5 The polytope of feasible utilities can be described by a linear program. If this
linear program is combinatorial1, then we call the EG market corresponding to it acombinatorial
market.

3 Rationality of EG[2] Markets

The main results of this section are that EG markets with 2 agents are rational.

Theorem 3.1 EG[2] markets are rational.

Let the polytope of feasible utilities be

P = f x : Ax � b; x � 0g;

with u1 = x1 and u2 = x2 being the utilities of agents 1 and 2 respectively and the rest being
auxiliary variables. Let the projection of P on (u1; u2) be

Pu = f (u1; u2) : u2 � � 0; u1 + � l u2 � � l ; 1 � l � m; u1 � � m+1 g:

We may assume that we only consider facet inducing inequalities: for all 1 � l � m, u1+ � l u2 =
� l is a facet of Pu . Call it facet l . Without loss of generality, assume that the � l 's and � l 's are
strictly decreasing (See Figure 1).

1An LP of the form max f cx : Ax � b; x � 0g is combinatorial if the entries in A have binary encoding length
polynomial in the dimension of A.
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Figure 1: An example of the polytope Pu .

We assert that Pu de�nes the same market asP: when we price the constraints (facets) in
Pu , these prices can be used to get the prices for constraints ofP. Moreover if the prices of the
facets are rational, then so are the prices of constraints inP. For more details, refer Appendix
A. Thus in the remaining of the section, we discuss methods ofpricing the facets of Pu .

In the remaining of the section we show that no matter what the moneys of the two agents
are, at most two facets need to be priced. Indeed these pricesappear as variables in simultaneous
linear equations and thus are rational.

Let the facets l and l + 1 intersect at the point ( ul
1; ul

2). Thus the endpoints of facet l are
(ul � 1

1 ; ul � 1
2 ) and (ul

1; ul
2). Associate subintervals of [0; 1] to the facets as follows.

De�nition 3.1

81 � l � m; I l :=

"
ul � 1

1

� l
;
ul

1

� l

#

; I l;l +1 :=
�

ul
1

� l
;

ul
1

� l+1

�
:

I 0;1 :=
�
0; 1 �

� 1� 0

� 1

�
:

The main idea is that if m1; m2 are the moneys of the two agents, then m1
m1+ m2

falls in exactly
one of the intervals I l or I l;l +1 . In the �rst case, we price only the facet l , while in the second we
price only the facets l and l + 1.

Lemma 3.2 If m1
m1+ m2

2 I l ; 1 � l � m; then pl = m1+ m2
� l

(and 0 otherwise) is an equilibrium
price.

Proof: Its not too hard to check that the utilities u�
1 := m1=pl and u�

2 := m2=(� l pl ) are
equilibrium utilities and lie on facet l .

Lemma 3.3 If m1
m1+ m2

2 I l;l +1 ; 1 � l � m; then there exists an equilibrium price with onlypl+1

and pl having non-zero prices.
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Proof: The equilibrium utility allocation is ( ul
1; ul

2). We want pl and pl+1 that satisfy the
following two equations. m1 = ul

1(pl + pl+1 ), and m2 = ul
2(� l pl + � l+1 pl+1 ). Note that this system

of two equations in two unknowns has a unique solution since they are linearly independent:

pl =
ul

1m2 � � l+1 ul
2m1

ul
1ul

2(� l � � l+1 )
; pl+1 =

� j ul
2m1 � ul

1m2

ul
1ul

2(� l � � l+1 )
:

However the prices are positive exactly whenm1
m2

2
h

u l
1

� l u l
2
; u l

1
� l +1u l

2

i
, which happens when m1

m1+ m2
is

in the interval I l;l +1 .

I � I 0 means interval I ends whereI 0 begins. We note the following for future reference.

Observation 3.1
I l � I l;l +1 � I l+1 :

Proof: (Proof of Theorem 3.1) Proof follows from noting that the int ervals I l , for 1 � l � m,
and I l;l +1 , for 0 � l � m, cover the entire unit interval (Observation 3.1). Thus for any instance
of moneys, the equilibrium prices are rational.

Note we did not say how to price the facet 0, which we need to do when m1
m1+ m2

falls in I 0;1.
But by symmetry of choice betweenu1 and u2 it follows that we can price it accordingly.

4 Algorithms for combinatorial EG[2] markets

4.1 The Binary Search Algorithm

A simple algorithm to �nd equilibrium prices would be to enum erate all the facets of Pu . In
general, a high dimensional polytope when projected onto the two dimensional plane, the number
of facets [Nem05] may be xponential. We show (in Appedix B) that this is also the case when
the 
ow polytope with 2 source-sink pairs is projected onto the plane spanned byf 1 and f 2

2

Hence such an approach would not run in polynomial time. In this section we give a binary search
algorithm for �nding equilibrium prices. We also give a strongly polynomial time algorithm for
�nding the equilibrium prices in EG[2] markets that are comb inatorial.

The next di�culty is that we don't know of any e�cient procedu res for counting the number
of facets or for �nding the kth facet. Instead, we do a binary search on� rather than on the
order of the facets, to �nd the right facets. For this purpose, we give an e�cient procedure that
given an � , gives the two (or one) facets in the immediate neighborhoodof � . We also show that
the precision required of� is polynomially bounded in the size of the entries ofA. (see Section
4 for more details). Thus when the markets can be described via combinatorial LP's, the binary
search algorithm runs in strongly polynomial time.

The algorithm takes as input, the moneys of the buyers,m1 and m2, a description of the
polytope P, and two parameters, M and � such that we are guaranteed that M � � 1, and
� l � � l+1 � 2� for all l .

2In contrast, in the case of undirected networks with two sour ce-sink pairs, it follows from a theorem of Hu
[Hu63] that the number of facets is bounded by 3.
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We now describe the algorithm at a high level. The algorithm does a binary search on� . First,
it �nds the facets adjacent to � , say l and l + 1 such that � 2 [� l ; � l+1 ], and their endpoints.
Now, it checks if the equilibrium can be attained by pricing these two facets, using Lemmas 3.2
and 3.3. If yes, the algorithm outputs those prices and halts. Otherwise, the monotonicity of the
intervals (Observation 3.1) allows us to restrict our attention to a smaller range.

input : m1; m2; P; M; �:
U  M ;
L  0;
�  m1

m1+ m2
;

1 repeat
�  (U + L)=2;

2 Find l such that � 2 [� l ; � l+1 ];
3 Find the endpoints of the facets l and l + 1 ;

if � 2 I l [ I l;l +1 [ I l+1 then
Assign prices to the facetsl and l + 1 as in Lemmas 3.2 and 3.3, and halt;

else if � < I l then
L  � l ;

else
U  � l+1 ;

end
until U � L < � ;

Algorithm 1: The Binary Search Algorithm

The rest of the section describes how to implement Lines 2 and3 in Algorithm 1.

u1
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Figure 2: The point x maximizes u1 + �u 2 for all � 2 [� l ; � l +1]. Given � , we need to �nd the values of
� l and � l +1, and the other end points of these two facets.

Given � , we need to �nd the facets adjacent to it, that is, l such that � 2 [� l ; � l+1 ]. First �nd
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x that maximizes u1 + �u 2 such that x 2 P . Now � l and � l+1 are respectively the minimum and
the maximum � such that the samex maximizes u1 + �u 2. Moreover, the set of all such� can
be written as a linear program (involving the dual variables).

Let the entries of the matrix A be A (i;j ) = aij . Recall that P = f x : Ax � b; x � 0g. Let c be
a vector such that c1 = 1 ; c2 = � , and ci = 0 otherwise. This is de�ned so that c � x = u1 + �u 2.
Let L (� ) = max f c � x : x 2 Pg = min f b � y : y 2 Dg, where D is the dual polytope f y : AT y �
c; y � 0g: In particular, L (0) = max f u1 : x 2 Pg and L (1 ) = max f u2 : x 2 Pg.
Observe that � l = L (� l ) for all 0 � l � m + 1 if we de�ne � 0 = 1 and � m+1 = 0. Given any
x 2 P , de�ne the polytope Q(x ) as the set of all vectors (y ; � ) that satisfy

8i;
X

j

aij yj � ci ;

8j; y j � 0;

8i : x i > 0;
X

j

aij yj = ci ;

8j :
X

i

aij x i < b j ; yj = 0 :

Note that the �rst two constraints imply that y 2 D . The last two constraints imply that x and
y satisfy the complementary slackness conditions. However,in Q(x ), � is treated as a variable.
The algorithm to �nd the facets adjacent to any given � makes use of the following Lemmas 4.1
and 4.2.

Lemma 4.1 Let x be any feasible extension of(ul
1; ul

2), that is x 2 P , x1 = ul
1 and x2 = ul

2.
Then � l = min f � : (y; � ) 2 Q (x)g, and � l+1 = max f � : (y; � ) 2 Q (x)g.

Lemma 4.2 L (� ) = ul
1 + �u l

2 if and only if � 2 [� l ; � l+1 ].

Proof: Suppose� 2 [� l ; � l+1 ]. By de�nition we have ul
1 + � l ul

2 = � l and ul
1 + � l+1 ul

2 = � l+1

Say � = �� l + (1 � � )� l+1 , for some 0� � � 1. Let � = �� l + (1 � � )� l+1 . Thus, ul
1 + �u l

2 = � .

We know that for all ( u1; u2) 2 P u ; u1 + � l u2 � � l and u1 + � l+1 u2 � � l+1 . By adding �
times the �rst equation to 1 � � times the second one, we getu1 + �u 2 � � . Hence� � L (� ) �
ul

1 + �u l
2 = � .

Suppose� 2 [� k ; � k+1 ], for somek 6= l. Let (vk
1 ; vk

2 ) be the intersection of facetsk and k + 1.
Then by the �rst part, L (� ) = vk

1 + �v k
2 . If L (� ) = ul

1 + �u l
2, then there are two distinct points

maximizing L (� ) and by De�nition 3.1, we get that u1 + �u 2 � L (� ) itself is a facet. In that
case, either� = � l = � k+1 or � = � k = � l+1 and we are done.

Lemma 4.3 Let x be any feasible extension of(ul
1; ul

2), that is x 2 P , x1 = ul
1 and x2 = ul

2.
Then (y ; � ) 2 Q (x) if and only if � 2 [� l ; � l+1 ].
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Proof: Suppose (y; � ) 2 Q (x). Then L (� ) � ul
1 + �u l

2 =
P

i ci x i =
P

i x i
P

j aij yj =P
j yj

P
i aij x i =

P
j yj bj � L (� ): So by Lemma 4.2,� 2 [� l ; � l+1 ].

Suppose� 2 [� l ; � l+1 ]. Then by Lemma 4.2, L (� ) = ul
1 + �u l

2. So x is an optimal primal
solution satisfying Ax � b; x � 0; and cx = L (� ), Consider an optimal dual solution y such that
AT y � c, y � 0 and by = L (� ). Apply complementary slackness conditions tox and y to conclude
that ( y; � ) 2 Q (x).

Lemma 4.1 is an immediate corollary of this lemma.

Now given � , �nd � l = min f � : (y; � ) 2 Q (x)g, and � l+1 = max f � : (y; � ) 2 Q (x)g. That
takes care of Line 2.

We now give a lemma that enables us to �nd the endpoints of a facet, which is Line 3.

Lemma 4.4 L (� l + � ) = ul � 1
1 + ( � l + � )ul � 1

2 and L (� l � � ) = ul
1 + ( � l � � )ul

2.

Let T be the time required to optimize any linear objective function over the polytopesP and
Q(x). The following theorems characterize the running time andthe correctness of the algorithm.

Theorem 4.5 The running time of the algorithm is O
�
T log

� M
�

��
.

Proof: The number of iterations of the repeat loop in Line 1 is bounded by O
�
log

� M
�

��
. Line 2

can be done inO(T) time as follows: �rst �nd x that maximizes cx = u1 + �u 2 such that x 2 P .
Then �nd � l = min f � : (y; � ) 2 Q (x)g, and � l+1 = max f � : (y; � ) 2 Q (x)g (Lemma 4.1). Each
of this takes time T. From Lemma 4.4, Line 3 can be done inO(T) time too. Hence we are
done.

Theorem 4.6 The algorithm always outputs the equilibrium prices.

Proof: Suppose m1
m1+ m2

2 I k [ I k� 1;k . Then L � � k � U throughout the algorithm. This is
true initially, since M � � k � 0. Suppose this is true at the beginning of an iteration. If in the
iteration, � < I l , then from Observation 3.1, � k < � l . Similarly, if � > I l+1 , then � k > � l+1 .
Hence the assertion is true at the end of the iteration too.

Suppose that at the end of an iteration,U � L < � . Note that after each iteration, either both
U and L have a value equal to one of the� l 's, or one of them is 0 orM and the other has a value
equal to an � l . In either case,U � L < � =) U = L, which should equal � k by the �rst part.
Hence we must have found the equilibrium prices in this iteration.

4.2 Combinatorial Markets

In this section, we show that for combinatorial EG[2] markets, the equilibrium price can be found
in strongly polynomial time.

Theorem 4.7 If an EG[2] market is combinatorial, then the equilibrium prices can be found in
strongly polynomial time.
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Let � (�) denote the binary encoding length.

Lemma 4.8 8 l; � (� l ) = � (A)O(1) . That is, the size of the � l 's is polynomially bounded in the
size of the matrix entries..

Proof: Note that Q(x) is described by theaij 's. Theorem follows from Lemma 4.1 and standard
application of Cramer's rule.

Lemma 4.9 One can �nd M and � such that log
� M

�

�
= � (A)O(1) .

Proof: Let c be the constant in the O(1) in Lemma 4.8. M can be chosen to be the largest
integer with a binary encoding length � (A)c. Clearly � 1 � M . � can then be chosen to be 1=(2M ).
� l 's have their denominators at mostM and hence� l � � l+1 � 1=M = 2 � .

Theorem 4.7 follows from this lemma and Theorem 4.5. As a corollary, we get that there is
a strongly polynomial time algorithm for the capacity allocation market in directed graphs with
two source-sink pairs and the network coding market in a directed network with two sources.

5 Conclusion

Our resolution of the open problems from [JV07] raises some interesting questions. The restric-
tion of Fisher's linear utilities market to two agents is an EG[2] market which does not admit a
combinatorial LP; however it does admit a strongly polynomial algorithm, since Deng, Papadim-
itriou and Safra [DPS02] have shown that Fisher's linear utilities market on a bounded number
of agents always has a strongly polynomial algorithm. Do allmarkets in EG[2] admit strongly
polynomial algorithms? Alternatively, can some evidence be given to establish the contrary?

For EG[k] with k > 2, [GJTV05, JV07] showed that the equilibrium can be irrational, which
implies that an exact strongly polynomial time algorithm fo r �nding equilibria is not expected.
One can approximate the equilibria up to an arbitrary additi ve error via the ellipsoid method.
Is there a strongly polynomial time algorithm which approximates the equilibria? Our method
of iterating over facets does not seem to generalize to higher k. A positive answer to this ques-
tion would probably involve designing new tools which couldbe useful for solving other convex
programs as well.
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A Projection of Polytopes

Suppose we eliminate the auxiliary variablest from the equations to get an equivalent formulation
for the feasible region of utilities as

Pu =

8
<

:
u : 8 l 2 L;

X

i 2 [n]

� il ui � � l

9
=

;
:

12



This should de�ne the same market as before. However, the prices now correspond to the new
constraints, which correspond to the facets ofPu , indexed by L . We show that given the prices
on the facets in L , one can �nd prices for the original constraints in J that form an equilibrium.
Suppose the equilibrium price of facetl 2 L is ql . Let u be the equilibrium utility, with t being its
witness. Then rate(i ) =

P
l � il ql . At equilibrium, mi = rate(i )ui and ql > 0 =)

P
i � il ui = � l .

Now consider the following LP:

maximize
X

i

� il ui

subject to 8 j 2 J;
X

i 2 [n]

aij ui +
X

k2 K

akj tk � bj :

8i 2 [n]; k 2 K; u i ; tk � 0:

For any l with ql > 0 the optimal value of this LPs has to be � l . In fact, ( u ; t ) is an optimal
solution. For each suchl, consider any optimal solution y l to the dual:

minimize
X

j

bj yl
j

subject to 8 i 2 [n];
X

j

aij yl
j � � il ;

8 k 2 K;
X

j

a0
kj yl

j � 0;

8 j 2 J; y l
j � 0:

(u ; t ) and y l satisfy the complementary slackness conditions for the above pair of primal-dual
programs:

yl
j > 0 =)

X

i 2 [n]

aij ui +
X

k2 K

akj tk � bj :

ui > 0 =)
X

j

aij yl
j = � il :

tk > 0 =)
X

j

a0
kj yl

j = 0 :

Let pj =
P

l yl
j ql . Using the feasibility and complementary slackness conditions above, one can

show that pj and (u ; t ) indeed satisfy the equilibrium conditions.

B An EG[2] market with exponentially many facets

In this section, we construct an EG[2] market de�ned by P such that the number of facets of the
projection Pu is exponential in the number of constraints in P. In general, a high dimensional
polytope when projected onto the two dimensional plane blows up in the number of facets [Nem05].
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We show that this is also the case when the 
ow polytope with 2 source-sink pairs is projected
onto the plane spanned byf 1 and f 2. This result is in contrast it to the case of two commodity

ow in undirected networks where by Hu's theorem, the corresponding polytopehas at most three
facets [Hu63].

Theorem B.1 There exists a network N whose 
ow polytope when projected onto the plane
spanned byf 1 and f 2, gives a polytope with exponentially many facets.

Consider a directed networkN (V; E; c) with two source-sink pairs (s1; t1) and (s2; t2). The poly-
tope P(N ) de�ning the feasible 
ows is

8 i = 1 ; 2; f i =
X

e=( si ;v)2 E

f i (e);

8 e 2 E; f 1(e) + f 2(e) � c(e);

8 i = 1 ; 2; 8v 2 V � f si ; t i g;
X

e=( u;v )2 E

f i (e) =
X

e=( v;w)2 E

f i (e);

where f 1(e); f 2(e) correspond to the s1{ t1 and s2{ t2 
ow on edge e. f 1 and f 2 correspond to the
total 
ow of each kind. Pf (N ) is the projection of P(N ) on the variables f 1; f 2. SinceP(N ) can
be described in polynomially (in say the number of edges) many inequalities, it has at most a
polynomial number of facets. Recall that in general,Pf (N ) has the following form

Pf (N ) = f (f 1; f 2) : f 1 + � i f 2 � � i 8i 2 I g

whereI 3 is the set of facet inducing inequalities ofPf (N ) and each equality f 1+ � i f 2 = � i induces
a facet. We may further assume that1 � � 1 > � 2 > � � � > � k � 0. � 1 = 1 implies that the
facet is of the form f 2 � � . (� 1; � 2; � � � ; � k ) is called the pro�le of Pf (N ).

Proof of Theorem B.1 The construction involves two operations calleddoubling and shifting.
Given any (s1; t1); (s2; t2) network N with pro�le ( � 1; � 2; � � � ; � k ) with � k � 1, the doubling
operation constructs a new networkN 0 which has a constant number of edges more thanN and
has a pro�le (� 1; � 2; � � � ; � k ; � k ; � k� 1; � � � ; � 1; 0). Thus it doubles the number of facets.

Given a network N with pro�le ( � 1; � 2; � � � ; � k ), the shifting operation constructs a new
network N 0 with a constant number more edges with pro�le (� 1 + 1 ; � 2 + 1 ; � � � ; � k + 1). Thus we
see that given any network with � k � 1, we can perform the doubling and the shifting operation
to get a network with a constant number more edges, with least� greater than 1, and having
double the number of facets. Thus performing this operationm times, starting on a seed network
which had least � � 1, we will get a network with O(m) edges and 2m facets, thus proving the
theorem.

We now describe the two operations.

Doubling Operation:
Given a network N , Figure 3 shows how the networkN 0 is constructed.

3In this section, the facets are indexed by i and range from 1 to k.
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Figure 3: The network N 0 obtained from N . The edgesei have a capacityc, wherec is the maximum f 1


ow that is feasible in N .

Lemma B.2 Suppose the pro�le ofN was (� 1; � � � ; � k ) with � k � 1. Then the pro�le of N 0 is
(� 1; � � � ; � k ; � k ; � � � ; � 1; 0) where � i = 1

2� 1
� i

.

Proof: We �rst sketch a reason why the number of facets double. Let usmove from `left to
right' on the facets of N 0. Initially suppose there was only s2; t2 
owing in N 0. This 
ow would
saturate edgese1; e2 and the edges in networkN . Now the �rst facet of N 0 would correspond to
the `best way' we can increasef 1 while decreasingf 2, that is, we would decreasef 2 in such a way
that we can send maximum amount off 1. For example, if we decreasef 2 along edgee1 by � , then
we can send� of f 1 
ow through the path e1; e4. This would give us a tradeo� of 1. But this may
not be the best. Indeed, decreasing� amount of f 2 
ow through N , would allow us to increase
the f 1 
ow by � 1� . Thus we would send 
ow this way, until we cannot do so any more. Then we
shall get a new facet. At this point again, decreasingf 2 
ow through N and increasingf 1 
ow
through N would give us a tradeo� of � 2 > 1. Thus we shall keep on doing this until we have no
more f 2 
ow through N , that is, we send maximumf 1 
ow through N of value � k = c. Note that
this 
ow saturates e3 and e4 and at this point we cannot send any moref 1 
ow through these.

The next facet of Pf (N 0) will be obtained as follows. We decreasef 2 
ow on both e1 and
e2, say by � . We also decreasethe f 1 
ow through N by � . Since this freese3; e4, we can send
2� f 1 
ow through e1; e4 and e3; e2. Moreover, since we decreased thef 1 
ow in N by � , we can
increase thef 2 
ow in N by 1

� k
� . Thus, we decrease the totalf 2 
ow by (2 � 1

� k
)� and increase

f 1 
ow by � . Thus the tradeo� is 1
2� 1

� k

= � k . We keep on doing this till at the end we send 2� k ,

f 1 
ow through the paths e1; e4 and e3; e2, and we send� 1, f 2 
ow through N . The last facet
corresponds to just decreasing thef 2 
ow through N to zero without changing the f 1 
ow.

Thus as we move from left to right on the pro�le of N 0, we moved from left to right and then
again right to left on that of N . Hence the number of facets ofN 0 is twice that of N .

Recall that L N (� ) is the optimum value of the following LP. For i = 1 ; 2, letting P i denote
the set of paths from si to t i .
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maximize f 1 + �f 2

subject to f 1 =
X

P 2 P1

f P
1

f 2 =
X

P 2 P2

f P
2

X

P :e2 P

f P
1 + f P

2 � c(e) 8e 2 E

f 1; f 2; f P
1 ; f P

2 � 0 8P 2 P1 [ P2

Let DN (� ) denote the dual of this LP:

minimize
X

e2 E

c(e)xe

subject to
X

e2 P

xe � 1 8P 2 P1

X

e2 P

xe � � 8P 2 P2

xe � 0 8e 2 E

Further recall that by De�nition 3.1, f 1 + �f 2 = � is a facet ofPf (N ) i� it is a valid inequality for
Pf (N ) and there exist two distinct feasible 
ows (g1; g2) and (h1; h2) such that g1 + �g 2 = � and
h1 + �h 2 = � . Also recall that L N (� i ) = � i . We now formally prove the lemma by giving for each
� i (and � j ) two feasible 
ows on the facet and a cut of valueL N 0(� i ) (and L N 0(� j )). Moreover
we shall see that last feasiblef 1 
ow for the last facet is the maximum f 1 
ow, and hence these
will be the only facets.

Since (� 1; � � � ; � k ) is the pro�le of N , there are feasible 
ows (f i
1; f i

2) for each i = 1 ::k, such
that both ( f i

1; f i
2) and (f i +1

1 ; f i +1
2 ) satisfy f 1 + � i f 2 = L N (� i ). Moreover there exists a solution

x i
e to DN (� i ) of value L N (� i ). We shall now describe the feasible 
ows (gi

1; gi
2) in N 0 and also

dual solutions yi
e which account for all the facets ofN 0.

Let c be the maximum f 1 
ow that can be sent in N . Note that c = L N (� k ) For i = 1 ; ::; k +1,
that is the �rst half of the facets, we have

gi
1 = f i

1

gi
2 = f i

2 + 2c

yi
e = x i

e 8e 2 E[N ]

yi
e1

= yi
e2

= � i

yi
e3

= yi
e4

= 0

Claim 1 gi
1; gi

2 is realizable in N 0 for all i = 1 ; ::; k + 1 .
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Proof: Realization of gi
1: Sendf i

1 
ow through the path e3; N; e4.
Realization of gi

2: Sendf i
2 
ow through the path N and c through both e1 and e2.

The realization is feasible because (f i
1; f i

2) is feasible in N .

Claim 2 For i = 1 ; ::; k, f yi
ege2 E [N 0] forms a feasible solution to the dual programDN 0(� i ). In

fact, this is the optimum solution, since(gi
1; gi

1) and (gi +1
1 ; gi +1

2 ) both satisfyg1+ � i g2 = L N 0(� i ) =P
e2 E [N 0] c(e)yi

e. Thus � i is in the pro�le of N 0 for all i = 1 ; ::; k.

Proof: Every s1; t1 path P passes throughN or uses the edgee1 or e2. In the �rst case,P
e2 P yi

e � 1 because
P

e2 P 2 P1 (N ) x i
e � 1. In the second case, feasibility is ensured by the fact

that yi
e1 = yi

e2 = � i � � k � 1.
Every s2; t2 path also either passes throughN or usese1 or e2 and so

P
e2 P yi

e � � i for all
such paths. Hencef yi

ege2 E [N 0] is feasible for all i = 1 ; ::; k.
Cost of this solution

X

e2 E [N 0]

c(e)yi
e =

X

e2 E [N ]

c(e)x i
e + 2c� i = L N (� i ) + 2 c� i

Moreover

gi
1 + � i gi

2 = f i
1 + � i (f i

2 + 2c)

= ( f i
1 + � i f i

2) + 2 c� i

= L N (� i ) + 2 c� i

=
X

e2 E [N 0]

c(e)yi
e

Similarly gi +1
1 + � i gi +1

2 = ( f i +1
1 + � i f i +1

2 ) + 2 c� i = L N 0(� i ).

We describe the next half of the facets. Fori = k + 2 ; ::; 2k + 1, let j = 2k � i + 2. The 
ows are

gi
1 = 2c � f j

1

gi
2 = 2 f j

1 + f j
2

yi
e = (2 � j � 1)x j

e 8e 2 E[N ]

yi
e1

= yi
e2

= � j

yi
e3 = yi

e4 = 1 � � j

In subsequent claims, we show that for eachi we get a facetg1 + � j g2 � L N 0(� j ) by showing that
(gi

1; gi
2) and (gi � 1

1 ; gi � 1
2 ) lie on it and exhibiting a feasible solution of DN 0(� j ) of value L N 0(� j ).

Note that g2k+1
1 = 2c which is the maximum s1; t1 
ow since f e1; e3g form a minimum cut of value

2c. This shows that the next facet has to be the 0-facet since we cannot increasef 1 any more.
Thus the pro�le of N 0 is as claimed and lemma B.2 is proved.

Claim 3 gi
1; gi

2 is realizable in N 0 for all i = k + 2 ; ::; 2k + 1 .
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Proof: Realization of gi
1: Send f j

1 through e3; N; e4 and c � f j
1 through the paths e1; e4 and

e3; e2.
Realization of gi

2: Sendf j
2 through N , f j

1 through both e1 and e2.
Realization is feasible becausef j

1 ; f j
2 is feasible through N , and the edgesei ; i = 1 ; 2; 3; 4 carry

total 
ow c and is also feasible.

Claim 4 For i = k+2 ; ::; 2k+1 , f yi
ege2 E [N 0] forms a feasible solution to the dual programDN 0(� j ).

In fact, this is the optimum solution, since (gi
1; gi

1) and (gi � 1
1 ; gi � 1

2 ) both satisfy g1 + � j g2 =
L N 0(� j ) =

P
e2 E [N 0] c(e)yi

e. Thus � j is in the pro�le of N 0 for all i = k + 2 ; ::; 2k + 1 , that is
j = k; ::; 1.

Proof: Every s1; t1 path passes throughN and e3; e4 or uses the pairs of edgese1; e4 or e3; e2.
In the �rst case,

P
e2 P yi

e � 1 because
X

e2 P

yi
e = yi

e3
+ yi

e4
+

X

e2 P 2 P1 (N )

(2� j � 1)x j
e

� 2(1 � � j ) + 2 � j � 1

= 1

In the second case,
X

e2f e1;e4g or f e3;e2g

yi
e = � j + 1 � � j = 1.

Every s2; t2 path passes throughN ,e1 or e2. In the latter two cases we have by de�nitionP
e2 P yi

e = � j . For every path passing throughN we have
X

e2 P

yi
e =

X

e2 P 2 P2 (N )

(2� j � 1)x j
e

� (2� j � 1)� j

= (2
1

2 � 1
� j

� 1)� j

=
1

2 � 1
� j

= � j

Thus this forms a feasible solution toDN 0(� j ). Cost of this solution
X

e2 E [N 0]

c(e)yi
e =

X

e2 E [N ]

(2� j � 1)c(e)x j
e + 2c(1 � � j ) + 2 c� j = (2 � j � 1)L (� j ) + 2 c

Now

gi
1 + � j gi

2 = (2 c � f j
1) + � j (2f j

1 + f j
2)

= (2 � j � 1)f j
1 + � j f

j
2 + 2c

= (2 � j � 1)f j
1 + (2 � j � 1)� j f j

2 + 2c * � j = (2 � j � 1)� j

= (2 � j � 1)(f j
1 + � j f

j
2) + 2 c

=
X

e2 E [N 0]

c(e)yi
e
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Similarly

gi � 1
1 + � j g

i � 1
2 = (2 c � f j +1

1 ) + � j (2f j +1
1 + f j +1

2 )

= (2 � j � 1)(f j +1
1 + � j f

j +1
2 ) + 2 c as before

= (2 � j � 1)L N (� j ) + 2 c

Note that we need to treat the casei = k + 2 separately. But gk+1
1 = f k+1

1 = 2c � f 2k� (k+1)+2

sincec = f k+1
1 , and gk+1

1 = f k+1
2 + 2c = f 2k� (k+1)+2

2 + 2 f 2k� (k+1)+2
1 . Thus the two de�nitions are

consistent and hence the above is true fori = k + 2 as well. This proves the claim.

Shifting Operation:
Given a network N , Figure 4 shows how to construct the stretched networkN 0.

N
e

t1s1

t1

s1

t2s2

Figure 4: The network N 0 obtained from N . The edgee has a capacityc, where c is the maximum f 2


ow that is feasible in N .

Suppose the pro�le of N was (� 1; � � � ; � k ).

Lemma B.3 The pro�le for N 0 is (� 1 + 1 ; � � � ; � k + 1) .

Proof: We sketch a proof as in Lemma B.2. When we move from left to right on the pro�le of
N 0, and we decrease� s 2; t2 
ow, then we can increase� 1� s 1; t1 
ow in the network N , and �

ow on the edge e. Thus the net tradeo� is � 1 + 1. Hence we get the pro�le as claimed.

Once again, for eachi = 1 ; : : : ; k, let there be feasible 
ows (f i
1; f i

2), and feasible dual solutions
f x i

ege2 E [N ] of value L N (� i ). Moreover (f i
1; f i

2) and (f i +1
1 ; f i +1

2 ) lie on the facet f 1+ � i f 2 = L N (� i ).
To prove the lemma we need to show feasible (gi

1; gi
2) and feasible duals f yi

ege2 E [N 0] of value
L N (� i + 1).

Let c be the max f 2 
ow feasible in N . Note c = L N (� 1)

gi
1 = f i

1 + c � f i
2

gi
2 = f i

2

yi
e = x i

e 8e 2 E[N ]

yi
e = 1

Claim 5 gi
1; gi

2 is realizable in N 0 for all i . f yi
ege2 E [N 0] form a feasible solution of valueL N 0(� i +

1), and (gi
1; gi

2) and gi +1
1 ; gi +1

2 ) lie on the facet g1 + ( � i + 1) g2 = L N 0(� i + 1) .

Proof: To realize gi
1 sendf i

1 through N and c � f i
2 through e. Realizegi

2 by sendingf i
2 through

N and e.
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The shortests1; t1 paths P are either paths inN or the path f eg. In any case
P

e2 P yi
e � 1. Any

s2; t2 path has to be a path in N concatenated with e. Thus
P

e2 P 2 P2 (N 0) yi
e =

P
e2 P 2 P2 (N ) x i

e +
1 � � i + 1.
Thus the yi

e form a feasible solution of value
X

e2 E [N 0]

c(e)yi
e =

X

e2 E [N ]

c(e)x i
e + c = L N (� i ) + c

The claim is proved by noticing that gi
1 + ( � i + 1) gi

2 = f i
2 + c � f i

2 + f i
2 + � i f i

2 = L N (� i ) + c. The
same is true forgi +1

1 + ( � i + 1) gi +1
2

To �nish the proof of the lemma, note that gk
2 = f k

2 = 0. Hence we have enumerated all the
facets.
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