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Abstract

Edges in man-madeervironments,groupedaccoiding to
vanishingpoint directions,provide single-viav constaints
thathavebeenexploitedbefole asa precursorto bothscene
undesstandingand camesr calibration. A Bayesianap-
proac to edge groupingwas proposedn the “Manhattan
World” paperby Coughlanand Yuille, where they assume
the existenceof threemutuallyorthogonalvanishingdirec-
tionsin the scene We extendthe thread of work spawned
by CoughlanandMille in several signi cant ways.\We pro-
poseto usethe expectationmaximization(EM) algorithm
to performthe seach over all continuousparametes that
in uence the location of the vanishingpointsin a scene
Becausd&M behavesvell in high-dimensionaspacespur
methodcan optimizeover manymore parametes than the
exhaustiveand stotastic algorithms used previously for
this task. Amongother things, this lets us optimizeover
multiple groupsof orthogonalvanishingdirections ead of
which inducesoneadditionaldegreeof freedomEM is also
well suitedto recussiveestimatiorof thekind neededor im-
age sequenceand/orin mobilerobotics.We presentexper
imentalresultson imagesof “Atlanta worlds; comple ur-
banscenesith multiple orthogonal edge-groups,that val-
idate our appmadch. We also showresultsfor continuous
relativeorientationestimationon a mobilerobot.

1. Intr oduction

We areinterestedn the problemof 3D sceneaeconstruction
from a singleimage. Thisis aspartof a larger projectthat
hasasits goaltheautomaticcreationof a spatiallyandtem-
porally registered3D modelof the city of Atlanta,basecdn
historicalimagery The historicalnatureof the projectpre-
cludesthe useof satelliteimageryand/orlaserrange nd-
ers,andin mary casesnly a singleview of a building in
a giventime periodis available. This is why it is impor-
tantto recover single-viev constraintsasa precursoito 3D
reconstruction.

Figurel: This scenecontaingwo pairsof orthogonalhorizontal
vanishingdirectionsin additionto thevertical. In thispaperwein-
troduceanEM-basednethodto recover vanishingdirections(top)
while simultaneoushgroupingedgegbottom). Eachcoloredline
segmentin thetopimageis orientedalongthe vanishingdirection
of anidentically colorededgegroupin the bottomimage.

The extendednature of edgesin man-madeerviron-
ments,groupedaccordingto only afew vanishingpoint di-



rections,provide onekind of single-viev constraint. This
hasbeenexploited by mary authorsin the past,bothasa
precursoto sceneunderstandingswell asextrinsic[2, 1]
andintrinsic[6, 10] cameracalibration.

A Bayesiamapproacto edgegroupingwasproposedn
the “ManhattanWorld” paperby Coughlanand Yuille [2],
wherethey assumehreemutually orthogonalanishingdi-
rectionsin the scene.They performa one-dimensionadx-
haustvesearctoverasinglecameranglebasednaproba-
bilistic classi cationof eachedge giventhegradienimage
of the scene. In later work [3], they performa course-to-
ne searctover3D camerarientation.ThissameBayesian
approachassincebeenappliedto the problemof camera
calibrationusinga stochastisearchalgorithm[6].

In this paperwe extendthe threadof work spavnedby
Coughlanand Yuille in several signi cant new ways. We
proposeto usethe expectationmaximization(EM) algo-
rithm to performthe searchover the continuousunknovns
thatin uence the classi cation of the edgesalongvanish-
ing directions. Becauseawe replaceexhaustve or stochas-
tic searchwith a continuousoptimizationapproachwe are
now ableto optimizeover mary moreparametersBoth ex-
haustve searchaswell asimportancesamplingsuffer dras-
tic performancdossesn high-dimensionaspacesTheEM
algorithm,in contrast,is an iterative optimizationmethod
thatis guaranteedo corvergeto a (local) maximumof the
log-posterior EM hasbeenusedin the pastfor estimat-
ing and classifyingvanishingdirectionsin both calibrated
[1] anduncalibratedcaseqd10]. However, while previous
EM-basedmethodshave optimized directly over vanish-
ing directions,we optimize over the unknovn parameters
that determinethe position of thesevanishingdirections,
ratherthan obtainingthoseparametersn a separatgost-
processingtep.

A secondextension,afforded to us by the use of EM,
is the "Atlanta world" assumptionwherebywe extendthe
"Manhattanworld" assumptiorto include multiple groups
of orthogonalvanishingdirections,eachof which induces
oneadditionaldegreeof freedom. This allows our method
to correctlygroupedgesfor scenesn which not all build-
ingsarealignedalongthesameManhattargrid. Finally, the
useof EM is well suitedto recursve estimationof thekind
thatneedgo be donefor imagesequencesstheresultfor
onetime-stepcanbe usedto initialize the EM algorithmin
the next time-step therebycorverging muchmore quickly
to the optimally estimatedsanishingpoints.

2. Approach

2.1 Assumptions

Ourapproachs basedn the existenceof a setof dominant
vanishingdirectionsin the scenea commonlyusedscene
constraintin man-madeervironments[2, 4, 9, 6, 10]. We

do notrequirethesevanishingdirectionsto be mutuallyor-
thogonal. In fact, the only assumptionve make aboutthe
vanishingpoints (VPs) of the sceneis thatthereis a nite
set of them, wherethe number
might or might not be known beforehand.
Givenagradientimage , we wish to estimatea setof
unknown parameters thatin uence thelocationof theset
of vanishingpoints . In generalthiscanbea probabilistic
connectionthroughsomeconditionaldensity ,ora
functionalrelationship . Giventhis, we now wish
to obtainthe maximuma posteriori(MAP) estimate  for
theparameters by maximizingtheposterior e,

argmax
argmax

In whatfollows,we alwaysassume functionalrelationship
, in which casethe above simpli es to

argmax (1)

Notethat,in boththesecasesif not enoughconstraintsare
available from the image, the parameters might not be
determineduniquelyfrom the above formulation. For ex-
ample, without an orthogonalityconstraint,we can never
hopeto recover metric calibrationfrom a singleimage.
Without loss of generality this problem formulation
holdsfor awide variety of situations. Examplednclude:

a “Manhattanworld” sceneassumingthree mutually
orthogonalanishingdirectionsanda singleunknown
cameraangle

a more complex “Atlanta world” scenewith multi-
ple pairsof orthogonalanishingdirectionswhereun-
knownsincludea 3D cameraotationandfocal length

amodelwherewe assumano orthogonalityconstraints
whatso&er betweerthe vanishingpoints

ary of theabove, with unknowvn radialdistortion

2.2 An Expectation Maximization Approach

In line with the original “ManhattanWorld” paper[2], in
orderto evaluatethe MAP criterion(1) we needto integrate
over all possiblewaysof assigningeachsite in the gradi-
entimage tooneofa nite setof models.In whatfollows
we denotethemodelatasite as . Eitherasitehasno
edge( , it is assignedo oneof the vanishing
pointsin the nite set ( ), orit is classi ed as
being an edgebut not belongingto ary of the VPsin



( . The posterior is thena sum

overall possiblemodelcon gurations

)

where we assumethat the prior doesnot depend
on . The summationabove over all con gurations

is intractablefor all but the smallestimages. If we as-
sume conditional independencend a simple single-site
prior asin [2], theabove factorsand
Equation2 becomesomeavhatmoretractable:

Here is a site-speci cdensityon the gradient
measurement at site , giventhe model andthe set
of vanishingpoints . Giventhis model,in [2] the param-
eterspacewasdiscretizedand searchedver exhaustvely,
whereasn [6] astochasticearchwasdone(iteratedmpor-
tancesampling).

Insteadbf thesesearctstratgies,andinspiredby [1, 10],
we proposethe use of expectation maximization (EM)
[5, 11] to locatethe MAP estimate . When is high-
dimensionalpr worse theprioron  doesnotfactor(e.g.,
we could usea Markov RandomField (MRF) prior), both
exhaustve searclandimportancesamplingarenot ef cient
enoughfor practicaluse. Using EM enableausto perform
continuousoptimizationover , i.e. to useefcient non-
linearoptimizationmethods.

An EM formulationleadsto analgorithmwherewe iter-
atethefollowing two stepsuntil convergence:

1. IntheE-step, wekeepthecurrentestimate forthe
parametersx ed,andcalculatea conditionalposterior
over modelcon gurations

®3)

where and the vanishingpoints are
constantA detaileddescriptiorfollowsin section2.4.

2. IntheM-step, we maximizetheexpectedog-posterior
with respectto  to obtaina new setof
parameters

(4)

argmax

where  denotesexpectation,andthe expectationis
taken with respectto the distribution

over modelcon gurations  obtainedin the E-step.
Section2.5 providesthe detailsfor the M-step.

2.3. The Lik elihood Model

Thelikelihoodmodel we useis nearlyidenti-
calto theoneusedin [2], andis sharethetweerthe E-step
andtheM-step.As waspointedoutin [6], conditionalinde-
pendencef thegradientmeasurements  doesnothold
for two adjacentpixels asthe gradientoperationaverages
overawindow. Thus,we subsampleéheimageat sites to
malkethemeasurements conditionallyindependengiven
and , andobtainthefollowing likelihoodmodel:

()

where and arerespectiely the gradientmagnitude
andperpendiculaedgeorientationatsite . Magnitudeand
orientationaremodeledndependentiyandhencethelik eli-
hoodatagivensite is the productof two components:

Thegradientmagnitudelikelihood modelsthe
factthatthe gradientmagnitudeis higheron averageif an
edgeis present. Hence, it dependsonly upon the edge
model , andisde nedas

if
if

In contrastto [2], we do not use histogramsbut tted a
Gaussiamixture distribution,
and
The edge orientationlikelihood modelsthe
distribution over orientationgiven the edgemodel and
thesetof vanishingpoints , andis de ned as

if
otherwise

where is thelocationof thesite in homoge-
neouscoordinatesand  isthe vanishingpointin

The predictededgeorientation is computed
by takingthe crossproduct
andcomputing as . For the density

we usea zero-mearGaussiaron the difference be-
tweenthe measuredand predictededgeorientations. As
standarddeviationwe use from a tted Gaussian.

2.4, E-Step

TheE-stepsonly dependencenthecurrentparameteesti-

mate is throughthe correspondindpcationof thevan-

ishing points Hence sinceboth and are

kept xed throughoutthe E-step,the E-stepis completely
geneaml andindependendfthefunctionaldependence

or therepresentatiorof



Thegoal of the E-stepis to obtainthe posteriordistribu-
tion over modelcon gurations  de ned
in Equation3 onthe precedingpage,

wherewe usethelikelihoodmodel(5). In theresultsbelon
we assumea simple single-siteprior over the edge
model . Hencetheposterioron factorsas

Note that this is without loss of generality: an alternatve
way to proceeds to usean MRF formulationandapproxi-
matethe E-stepthroughsamplingor belief propagation.

In both casesit is sufcient for the E-stepto obtaina
setof weights for eachsite , equalto the mamginal
posteriomrobability of theedgemodel atsite :

(6)

canbe
anormalizationfactor):

In the simpli ed non-MRF casethe weights
calculatedexactly as(with

2.5 M-Step

In the M-step we re-estimatethe parameters througha
non-linearoptimization process,but here too the depen-
denceon the choserparameterizatioonf is limited: only
thefunction andits derivative dependuponit.
Theobjectivefunctionto beminimizedwith respecto

is the expectedlog-posterior , which simpli es
to a non-linearweightedleast-squaresptimization. Start-
ing from (4) andusingthelik elihoodmodel(5) we obtain:

wherethe equalityis only up to a constantandwe dropped
theterms and asthey do not dependon

. Thelastequalitycanbeeasilyveri ed by pluggingin the
de nition (6) of the weights . A further performance
improvementcan be obtainedby realizingthatin the sum
above the termsfor and do not
dependon , asthey have no predictedorientation. Thus,

there-estimategharameters canbe obtainedby min-
imizing the weightedleast-squaresrror obtainedby sum-
ming only overthe cases , for all sites :

where is vanishingpoint

3. Different Worlds

Differentworld models,i.e., assumptionsve make about
the sceneand the chosenparameterizatiof the camera,
canbe fully describedn termsof the above problemfor-
mulationby specifyingthreethings:

, afunctionof

1. thenatureof theunknonvn parameters

2. thefunction thatde nesthenumber of vanish-
ing pointsandtheir functionaldependencen

3. theprior ontheedgemodels

Below we discusghreesuchmodelsin moredetail.

3.1 Manhattan World

As a rst application,we considerCoughlan& Yuille's
original “Manhattanworld” model[2]. In this case,

1. theonly unknavn parameteisthepan of thecamera
, hence is one-dimensional,

2. the vanishingpoints are assumedo be
mutually orthogonalandhencearesimply the projec-
tionsin  of the 3D homogeneoupoints ,

, and lying on the planeat in-
nity . Thesevanishingdirectionsareassignednodel
indicesl, 2, and3, respectiely;

3. theprior overtheedgemodelswastakenfrom [2]:

3.2 Including CameraCalibration

Next, we considerthe casedescribedn [6], wherethey op-
timize overalargersetof camergparametersin this case,

1. theparameters ,where isthefocallength
of thecamera , andthe 3D orientationof s given
asa rotationmatrix . Since has3

degreesof freedom the dimensionalityof s 4.
2. thevanishingpoints arethesameasabove;

3. theprior overtheedgemodelsis the sameasabove



3.3 Atlanta World

Finally, our EM formulation allows us to introducemuch
richersetsof constraintsThe nal modelwe describehere
allows for multiple setsof orthogonalpairsof vanishingdi-
rectionsin the horizontalplane,all orthogonatlto the main
vertical orientationin the sceng(typically de ned by grav-

ity). Thisgivesriseto thefollowing modelingassumptions:

1. the parameters now includeoneangle

peradditionalorthogonapair of horizon-

tal VPs, relative to the original “Manhattan”triple of
vanishingdirections;

2. we caneasilycomputeeachadditionalorthogonabpair
of vanishingpoints from their correspondingrthog-
onalvanishingdirections,which are given by the fol-
lowing expressiongn the extra parameter :

As before,the VPs themselescan be found by pro-
jectingthesepointsatin nity in thecamera .

3. we generalizethe original model prior by distributing
the probabilitymassfor horizontaledgesover a possi-
bly largernumber of vanishingdirections:

()

4. Results

We obtainedgoodresultswith our methodon a numberof
challengingimages,someof which we include here. In
all casesywe initialized EM with theresultof a quick low-
resolutionbrute-forcesearchoverthepan of thecamera,
similarto [2]. However, EM is known to be sensitve to the
initial estimatefor the parametersand hencethis wasnot
alwayssuccessfufor all images.Hence,stratejiesfor ini-

tializing the EM algorithmremainanimportantcomponent

of afully automatiamethod.

Imagesshovn belonv were taken by a hand-helddigi-
tal camera,exceptfor the robot sequencewhich was ac-
quiredfrom aVidereDesign re wire cameranounteconan
ATRV-mini mobilerobot. In additionto sub-samplingeach
imageasdescribedabove, we alsoadaptvely thresholdon
edgemagnitudeo getamanageablsubsebf (around500-
1000)imagepointsonwhichto operate.

The M-stepis implementedisingLevenbeg-Marquard
non-linearoptimizationin conjunctionwith a sparseQR
solver. To computethe (sparse)acobian , de ned as

we usean automaticdifferentiation(AD) framework. AD
is neithersymbolic nor numericaldifferentiation,and cal-
culatesthe Jacobiamat ary givenvalueexactly, ef ciently,
andfree of numericalinstabilities.See[8] for moredetails.

4.1 Manhattan World Results

Figure2: Recursie estimationof relative orientationfor a
mobilerobotin a simple“Manhattanworld.”

One adwantageof usingEM is thatit is easyto usein
arecursve setting,aswe canusethe MAP estimate  at
time toinitialize theEM searctor attime . The
imagesin Figure2 demonstratehis on animagesequence
capturedby amobilerobot. Theseresultswereobtainedus-



ing the“Manhattarworld” modelingassumptiongescribed
in Section3.1. Notethattheuseof EM enablesisto incor-
poratea motion modelfor the robot, and/orto performa
batchoptimizationof the parameters over
alarge numberof images.In that settingit would be easy
to keepsomeof the parametergonstanbverthesequence,
while othersareallowedto vary (within bounds).

4.2 Including Camera Calibration

Figure 3: Estimatedvanishingdirectionsand edgegroup-
ingsfor a “Manhattanworld” scenefor which focal length
and3D rotationwereunknown.

The mainadwantageof usingEM is thatwe caninclude
mary parametersand simultaneouslyoptimize over all of
them, without the needfor eitherdiscretizingor sampling
from the parameterspace. To illustrate this, we imple-
mentedthe modelwith additionalcameraparametergde-
scribedin Section3.2). We testedt onanumberof outdoor
imagestakenin anurbansettingandobtainedhigh-quality
vanishingdirectionestimatesndedgegroupingswithin 20-
30 iterationsof EM. Theimagein Figure 3 took about12
secondgor 24 iterations,ncludinginitialization.

In contrastto [6], wherea quaternionrepresentatiolis
used,we incrementallyupdatethe rotationmatrix  using
Rodrigues'formula [7]. This implementsthe exponential
mapfrom thethree-dimensionabhngenspacein whichour
updatevectorlives,to the spaceof valid 3D rotationmatri-
ces

4.3 Atlanta World Results

Figure 4: Estimatedvanishingdirectionsfor an “Atlanta
world” scene Notethecorrectlyidenti ed vanishingpoints
in the image, indicatedby small circleswhereeachstreet
vanishesnto thedistance.

Finally, we take advantageof our methods ability to
imposea richer set of constraintson imagesof complex
sceneslin Figure4 we show atypical city scenevheretwo
streetcornverge,andhencetwo pairsof orthogonalvanish-
ing directionscanbe percevedin thescenewhich aresuc-
cessfullyrecovreredby the EM algorithm. Figure 1 shavs
a secondexamplewith two dominantVP pairs. As a nal
example,considerthe two imagesin Figure5. Theleft im-
agewasrecoveredusing2 VP pairs,while the right image
wasrecoveredassuming3 VP pairs(in additionto vertical,
in both cases).As onecantell from theimagestheincor
rect assumptiorof the former casecausedsomeedgesto
be groupedtogetheralthoughthey are clearly not parallel.
Theimageontheright shavsthecorrectgroupingandillus-
trateshow our methodcouldpotentiallybe usedin amodel
selectionscheme.

5. Conclusions

We have presentec generalEM framework for estimating
edgegroupings,cameraparametersand vanishingdirec-
tions. In addition,we have demonstratethe succes®f this
framework for a numberof differentworld models. Our
methodis fastevenin continuousparametespace®f high



Figure5: Edgegroupingsfor a complex urbansceneunderdifferentworld models. The world modelsfor theleft andright
imagesassume and3 horizontalvanishingpoint pairs,respectiely, resultingin differentedgeclassi cations.

dimensionality The resultingedgegroupingsprovide an
excellentbasisfor futurework on single-viev 3D scenere-
construction.

Potentialimprovementgo our methodincludemorero-
bustinitialization schemedor cameraorientationandhor-
izontal vanishingdirections. As illustratedabove, it would
also be adwantageoudo include model selectionin our
framawork, enablingus to choosebetweenworld models
for ascene.Finally, employing an MRF prior in the E-step
couldreducetheapparenhoisein theabove edge-grouping
imageshy letting neighboringsitesin uence eachother's
edgeclassi cation.
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