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Abstract

Edges in man-madeenvironments,groupedaccording to
vanishingpoint directions,provide single-view constraints
thathavebeenexploitedbeforeasa precursorto bothscene
understandingand camera calibration. A Bayesianap-
proach to edge groupingwasproposedin the “Manhattan
World” paperby Coughlanand Yuille, where they assume
theexistenceof threemutuallyorthogonalvanishingdirec-
tions in the scene. We extendthe threadof work spawned
byCoughlanandYuille in several signi�cant ways.Wepro-
poseto usethe expectationmaximization(EM) algorithm
to performthe search over all continuousparameters that
in�uence the location of the vanishingpoints in a scene.
BecauseEM behaveswell in high-dimensionalspaces,our
methodcan optimizeover manymore parameters than the
exhaustiveand stochastic algorithms usedpreviously for
this task. Amongother things, this lets us optimizeover
multiplegroupsof orthogonalvanishingdirections,each of
which inducesoneadditionaldegreeof freedom.EM is also
well suitedto recursiveestimationof thekindneededfor im-
agesequencesand/orin mobilerobotics.Wepresentexper-
imentalresultson imagesof “Atlanta worlds,” complex ur-
bansceneswith multipleorthogonaledge-groups,that val-
idate our approach. We also showresultsfor continuous
relativeorientationestimationona mobilerobot.

1. Intr oduction

Weareinterestedin theproblemof 3D scenereconstruction
from a singleimage.This is aspartof a largerprojectthat
hasasits goaltheautomaticcreationof aspatiallyandtem-
porally registered3D modelof thecity of Atlanta,basedon
historicalimagery. Thehistoricalnatureof theprojectpre-
cludestheuseof satelliteimageryand/orlaserrange�nd-
ers,andin many casesonly a singleview of a building in
a given time period is available. This is why it is impor-
tant to recoversingle-view constraintsasa precursorto 3D
reconstruction.

Figure1: This scenecontainstwo pairsof orthogonal,horizontal
vanishingdirectionsin additionto thevertical. In thispaper, wein-
troduceanEM-basedmethodto recovervanishingdirections(top)
while simultaneouslygroupingedges(bottom).Eachcoloredline
segmentin thetop imageis orientedalongthevanishingdirection
of anidenticallycolorededgegroupin thebottomimage.

The extendednature of edgesin man-madeenviron-
ments,groupedaccordingto only a few vanishingpoint di-



rections,provide onekind of single-view constraint. This
hasbeenexploited by many authorsin the past,both asa
precursorto sceneunderstandingaswell asextrinsic [2, 1]
andintrinsic [6, 10] cameracalibration.

A Bayesianapproachto edgegroupingwasproposedin
the “ManhattanWorld” paperby CoughlanandYuille [2],
wherethey assumethreemutuallyorthogonalvanishingdi-
rectionsin thescene.They performa one-dimensionalex-
haustivesearchoverasinglecameraanglebasedonaproba-
bilistic classi�cationof eachedge,giventhegradientimage
of the scene. In later work [3], they performa course-to-
�ne searchover3D cameraorientation.ThissameBayesian
approachhassincebeenappliedto theproblemof camera
calibrationusinga stochasticsearchalgorithm[6].

In this paperwe extendthe threadof work spawnedby
CoughlanandYuille in several signi�cant new ways. We
proposeto use the expectationmaximization(EM) algo-
rithm to performthesearchover thecontinuousunknowns
that in�uence the classi�cationof the edgesalongvanish-
ing directions. Becausewe replaceexhaustive or stochas-
tic searchwith a continuousoptimizationapproach,we are
now ableto optimizeovermany moreparameters.Bothex-
haustivesearchaswell asimportancesamplingsuffer dras-
tic performancelossesin high-dimensionalspaces.TheEM
algorithm, in contrast,is an iterative optimizationmethod
that is guaranteedto convergeto a (local) maximumof the
log-posterior. EM hasbeenusedin the past for estimat-
ing andclassifyingvanishingdirectionsin both calibrated
[1] anduncalibratedcases[10]. However, while previous
EM-basedmethodshave optimized directly over vanish-
ing directions,we optimizeover the unknown parameters
that determinethe position of thesevanishingdirections,
ratherthanobtainingthoseparametersin a separatepost-
processingstep.

A secondextension,afforded to us by the useof EM,
is the "Atlanta world" assumption,wherebywe extendthe
"Manhattanworld" assumptionto includemultiple groups
of orthogonalvanishingdirections,eachof which induces
oneadditionaldegreeof freedom.This allows our method
to correctlygroupedgesfor scenesin which not all build-
ingsarealignedalongthesameManhattangrid. Finally, the
useof EM is well suitedto recursiveestimationof thekind
thatneedsto bedonefor imagesequences,astheresultfor
onetime-stepcanbeusedto initialize theEM algorithmin
thenext time-step,therebyconverging muchmorequickly
to theoptimallyestimatedvanishingpoints.

2. Approach
2.1. Assumptions
Ourapproachis basedon theexistenceof asetof dominant
vanishingdirectionsin the scene,a commonlyusedscene
constraintin man-madeenvironments[2, 4, 9, 6, 10]. We

donot requirethesevanishingdirectionsto bemutuallyor-
thogonal. In fact, the only assumptionwe make aboutthe
vanishingpoints(VPs) of the sceneis that thereis a �nite
set
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mightor might notbeknown beforehand.
Givena gradientimage � , we wish to estimatea setof

unknown parameters� thatin�uence thelocationof theset
of vanishingpoints
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Notethat,in boththesecases,if not enoughconstraintsare
available from the image,the parameters� might not be
determineduniquely from the above formulation. For ex-
ample,without an orthogonalityconstraint,we can never
hopeto recovermetriccalibrationfrom a singleimage.

Without loss of generality, this problem formulation
holdsfor a widevarietyof situations.Examplesinclude:

1 a “Manhattanworld” sceneassumingthreemutually
orthogonalvanishingdirectionsanda singleunknown
cameraangle

1 a more complex “Atlanta world” scenewith multi-
ple pairsof orthogonalvanishingdirectionswhereun-
knownsincludea 3D camerarotationandfocal length

1 amodelwhereweassumenoorthogonalityconstraints
whatsoeverbetweenthevanishingpoints

1 any of theabove,with unknown radialdistortion

2.2. An ExpectationMaximization Approach
In line with the original “ManhattanWorld” paper[2], in
orderto evaluatetheMAP criterion(1) weneedto integrate
overall possiblewaysof assigningeachsite 2 in thegradi-
entimage� to oneof a�nite setof models.In whatfollows
we denotethemodelat a site 2 as 3�4 . Eithera sitehasno
edge( 3.4
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� , it is assignedto oneof thevanishing
pointsin the �nite set
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), or it is classi�ed as
being an edgebut not belongingto any of the VPs in
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overall possiblemodelcon�gurations E ,
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where we assumethat the prior ���-EN� doesnot depend
on � . The summationabove over all con�gurations E

is intractablefor all but the smallestimages. If we as-
sume conditional independenceand a simple single-site
prior ���-EN�

�PO

4

���Q3 4 � asin [2], theabove factorsand
Equation2 becomessomewhatmoretractable:
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Here ���UTY4
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� is a site-speci�cdensityon the gradient
measurementTY4 at site 2 , given the model 3 and the set
of vanishingpoints

�

. Giventhis model,in [2] theparam-
eterspacewasdiscretizedandsearchedover exhaustively,
whereasin [6] astochasticsearchwasdone(iteratedimpor-
tancesampling).

Insteadof thesesearchstrategies,andinspiredby [1, 10],
we proposethe use of expectationmaximization (EM)
[5, 11] to locatethe MAP estimate�#! . When � is high-
dimensional,or worse,theprior on E doesnot factor(e.g.,
we could usea Markov RandomField (MRF) prior), both
exhaustivesearchandimportancesamplingarenotef�cient
enoughfor practicaluse.UsingEM enablesus to perform
continuousoptimizationover � , i.e. to useef�cient non-
linearoptimizationmethods.

An EM formulationleadsto analgorithmwherewe iter-
atethefollowing two stepsuntil convergence:

1. In theE-step, wekeepthecurrentestimate�#[)\=] for the
parameters�x ed,andcalculatea conditionalposterior
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where
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[)\=]
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� ��[M\=]`� and the vanishingpointsare
constant.A detaileddescriptionfollows in section2.4.

2. In theM-step, wemaximizetheexpectedlog-posterior
b

� �dce�
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� with respectto � to obtaina new setof
parameters��gihkj :
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n0;

r denotesexpectation,andthe expectationis
taken with respectto the distribution ��� E
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over modelcon�gurations E obtainedin the E-step.
Section2.5providesthedetailsfor theM-step.

2.3. The Lik elihoodModel
The likelihoodmodel ���-�
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� we useis nearlyidenti-
cal to theoneusedin [2], andis sharedbetweentheE-step
andtheM-step.As waspointedout in [6], conditionalinde-
pendenceof thegradientmeasurementsin � doesnot hold
for two adjacentpixels as the gradientoperationaverages
overa window. Thus,we subsampletheimageat sites2 to
makethemeasurementsT 4 conditionallyindependentgiven

E and
�

, andobtainthefollowing likelihoodmodel:
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where
C

4 and u 4 arerespectively the gradientmagnitude
andperpendicularedgeorientationatsite 2 . Magnitudeand
orientationaremodeledindependentlyandhencethelikeli-
hoodata givensite 2 is theproductof two components:

Thegradientmagnitudelikelihood ���

C.	

3X� modelsthe
fact that the gradientmagnitudeis higheron averageif an
edgeis present. Hence, it dependsonly upon the edge
model 3 , andis de�ned as
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In contrastto [2], we do not usehistogramsbut �tted a
Gaussianmixture distribution, �
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distribution over orientationgiven the edgemodel 3 and
thesetof vanishingpoints
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neouscoordinates,and
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tweenthe measuredand predictededgeorientations. As
standarddeviationwe use€
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2.4. E-Step
TheE-step'sonly dependenceonthecurrentparameteresti-
mate ��[M\=] is throughthecorrespondinglocationof thevan-
ishing points

�

[M\=] . Hence, sinceboth �8[M\=] and
�

[M\=] are
kept �xed throughoutthe E-step,the E-stepis completely
general andindependentof thefunctionaldependence

�
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or therepresentationof � .



Thegoalof theE-stepis to obtaintheposteriordistribu-
tion ���-E

	

�^K_�8[)\=]`� over modelcon�gurations E de�ned
in Equation3 on theprecedingpage,
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whereweusethelikelihoodmodel(5). In theresultsbelow
we assumea simplesingle-siteprior ���(3�� over the edge
model 3 . Hence,theposterioron E factorsas
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Note that this is without lossof generality: an alternative
way to proceedis to useanMRF formulationandapproxi-
matetheE-stepthroughsamplingor belief propagation.

In both casesit is suf�cient for the E-stepto obtain a
setof weights §¨4

S

for eachsite 2 , equalto the marginal
posteriorprobabilityof theedgemodel 3 at site 2 :
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In the simpli�ed non-MRF casethe weights §
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calculatedexactlyas(with ©
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2.5. M-Step
In the M-stepwe re-estimatethe parameters� througha
non-linearoptimization process,but here too the depen-
denceon thechosenparameterizationof � is limited: only
thefunction

�

� ��� andits derivativedependuponit.
Theobjectivefunctionto beminimizedwith respectto �

is theexpectedlog-posterior
b

� �dc_�#[)\f]ª� , which simpli�es
to a non-linearweightedleast-squaresoptimization. Start-
ing from (4) andusingthelikelihoodmodel(5) we obtain:
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wheretheequalityis only up to aconstant,andwedropped
theterms ���Q3.4i� and ���
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3v4<� asthey do not dependon
� . Thelastequalitycanbeeasilyveri�ed bypluggingin the
de�nition (6) of the weights §­4
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. A further performance
improvementcanbe obtainedby realizingthat in the sum
abovethetermsfor 3
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do not
dependon � , asthey have no predictedorientation.Thus,

there-estimatedparameters��gihkj canbeobtainedby min-
imizing the weightedleast-squareserror obtainedby sum-
mingonly over thecases3
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3. Differ ent Worlds
Differentworld models,i.e., assumptionswe make about
the sceneand the chosenparameterizationof the camera,
canbe fully describedin termsof the above problemfor-
mulationby specifyingthreethings:

1. thenatureof theunknown parameters�

2. thefunction
�

�%��� thatde�nesthenumber
�

of vanish-
ing pointsandtheir functionaldependenceon �

3. theprior ���(3�� on theedgemodels

Below we discussthreesuchmodelsin moredetail.

3.1. Manhattan World
As a �rst application,we considerCoughlan& Yuille's
original “Manhattanworld” model[2]. In this case,

1. theonly unknownparameteris thepan · of thecamera
¸

, hence�
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·
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is one-dimensional,

2. the vanishingpoints
�¹�º�

� ��� are assumedto be
mutuallyorthogonalandhencearesimply theprojec-
tionsin
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of the3D homogeneouspoints
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lying on the planeat in-
�nity . Thesevanishingdirectionsareassignedmodel
indices1, 2, and3, respectively;

3. theprior over theedgemodelswastakenfrom [2]:
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3.2. Including CameraCalibration
Next, weconsiderthecasedescribedin [6], wherethey op-
timizeovera largersetof cameraparameters.In this case,

1. theparameters�

�N�V�

K

D"�

, where
�

is thefocallength
of thecamera

¸

, andthe3D orientationof
¸

is given
asa

•

™

•

rotationmatrix
D

9¯ÂmÃ
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•

� . Since
D

has3
degreesof freedom,thedimensionalityof � is 4.

2. thevanishingpoints
�����

�%��� arethesameasabove;

3. theprior over theedgemodelsis thesameasabove



3.3. Atlanta World
Finally, our EM formulationallows us to introducemuch
richersetsof constraints.The�nal modelwe describehere
allows for multiplesetsof orthogonalpairsof vanishingdi-
rectionsin thehorizontalplane,all orthogonalto themain
verticalorientationin thescene(typically de�ned by grav-
ity). Thisgivesriseto thefollowing modelingassumptions:

1. theparameters�
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now includeoneangle
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� peradditionalorthogonalpairof horizon-
tal VPs, relative to the original “Manhattan”triple of
vanishingdirections;

2. wecaneasilycomputeeachadditionalorthogonalpair
of vanishingpoints from their correspondingorthog-
onalvanishingdirections,which aregivenby the fol-
lowing expressionsin theextraparameterÅ
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As before,the VPs themselvescanbe found by pro-
jectingthesepointsat in�nity in thecamera

¸

.

3. we generalizetheoriginal modelprior by distributing
theprobabilitymassfor horizontaledgesovera possi-
bly largernumber

�

of vanishingdirections:
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(7)

4. Results
We obtainedgoodresultswith our methodon a numberof
challengingimages,someof which we include here. In
all cases,we initialized EM with theresultof a quick low-
resolutionbrute-forcesearchover thepan · of thecamera,
similar to [2]. However, EM is known to besensitive to the
initial estimatefor the parameters,andhencethis wasnot
alwayssuccessfulfor all images.Hence,strategiesfor ini-
tializing theEM algorithmremainanimportantcomponent
of a fully automaticmethod.

Imagesshown below were taken by a hand-helddigi-
tal camera,except for the robot sequence,which was ac-
quiredfrom aVidereDesign�re wire cameramountedonan
ATRV-mini mobilerobot. In additionto sub-samplingeach
imageasdescribedabove, we alsoadaptively thresholdon
edgemagnitudeto getamanageablesubsetof (around500-
1000)imagepointsonwhich to operate.

TheM-stepis implementedusingLevenberg-Marquardt
non-linearoptimization in conjunctionwith a sparseQR
solver. To computethe(sparse)Jacobian

A

, de�ned as

A

l

�yÎ

b

�%�dc_��[M\=]��

Î
�

we usean automaticdifferentiation(AD) framework. AD
is neithersymbolicnor numericaldifferentiation,andcal-
culatestheJacobianat any givenvalueexactly, ef�ciently ,
andfreeof numericalinstabilities.See[8] for moredetails.

4.1. Manhattan World Results

Figure2: Recursive estimationof relative orientationfor a
mobilerobotin a simple“Manhattanworld.”

Oneadvantageof usingEM is that it is easyto usein
a recursive setting,aswe canusetheMAP estimate�"!

–

at
time Ï to initialize theEM searchfor �#!

–QÐ

³

attime Ï`s

�

. The
imagesin Figure2 demonstratethis on animagesequence
capturedby amobilerobot.Theseresultswereobtainedus-



ing the“Manhattanworld” modelingassumptionsdescribed
in Section3.1.Notethattheuseof EM enablesusto incor-
poratea motion model for the robot, and/orto performa
batchoptimizationof theparameters

�

�

–

	Ñ�"


Ï


Ò?8�

over
a largenumberof images.In that settingit would be easy
to keepsomeof theparametersconstantover thesequence,
while othersareallowedto vary (within bounds).

4.2. Including CameraCalibration

Figure3: Estimatedvanishingdirectionsandedgegroup-
ingsfor a “Manhattanworld” scenefor which focal length
and3D rotationwereunknown.

Themainadvantageof usingEM is thatwe caninclude
many parametersandsimultaneouslyoptimize over all of
them,without the needfor eitherdiscretizingor sampling
from the parameterspace. To illustrate this, we imple-
mentedthe modelwith additionalcameraparameters(de-
scribedin Section3.2).Wetestedit onanumberof outdoor
imagestaken in anurbansettingandobtainedhigh-quality
vanishingdirectionestimatesandedgegroupingswithin 20-
30 iterationsof EM. The imagein Figure3 took about12
secondsfor 24 iterations,includinginitialization.

In contrastto [6], wherea quaternionrepresentationis
used,we incrementallyupdatethe rotationmatrix

D

using
Rodrigues'formula [7]. This implementsthe exponential
mapfrom thethree-dimensionaltangentspace,in whichour
updatevectorlives,to thespaceof valid 3D rotationmatri-
cesÂmÃ �

•

� .

4.3. Atlanta World Results

Figure 4: Estimatedvanishingdirectionsfor an “Atlanta
world” scene.Notethecorrectlyidenti�ed vanishingpoints
in the image,indicatedby small circleswhereeachstreet
vanishesinto thedistance.

Finally, we take advantageof our method's ability to
imposea richer set of constraintson imagesof complex
scenes.In Figure4 weshow atypical city scenewheretwo
streetsconverge,andhencetwo pairsof orthogonalvanish-
ing directionscanbeperceivedin thescene,whicharesuc-
cessfullyrecoveredby the EM algorithm. Figure1 shows
a secondexamplewith two dominantVP pairs. As a �nal
example,considerthetwo imagesin Figure5. Theleft im-
agewasrecoveredusing2 VP pairs,while the right image
wasrecoveredassuming3 VP pairs(in additionto vertical,
in bothcases).As onecantell from the images,the incor-
rect assumptionof the former casecausedsomeedgesto
be groupedtogetheralthoughthey areclearly not parallel.
Theimageontheright showsthecorrectgroupingandillus-
trateshow our methodcouldpotentiallybeusedin a model
selectionscheme.

5. Conclusions
We have presenteda generalEM framework for estimating
edgegroupings,cameraparameters,and vanishingdirec-
tions. In addition,wehavedemonstratedthesuccessof this
framework for a numberof different world models. Our
methodis fastevenin continuousparameterspacesof high



Figure5: Edgegroupingsfor a complex urbansceneunderdifferentworld models.Theworld modelsfor theleft andright
imagesassume2 and3 horizontalvanishingpointpairs,respectively, resultingin differentedgeclassi�cations.

dimensionality. The resultingedgegroupingsprovide an
excellentbasisfor futurework on single-view 3D scenere-
construction.

Potentialimprovementsto our methodincludemorero-
bust initialization schemesfor cameraorientationandhor-
izontalvanishingdirections.As illustratedabove, it would
also be advantageousto include model selectionin our
framework, enablingus to choosebetweenworld models
for a scene.Finally, employing anMRF prior in theE-step
couldreducetheapparentnoisein theaboveedge-grouping
imagesby letting neighboringsitesin�uence eachother's
edgeclassi�cation.
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