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Abstract—The problem of simultaneous localization
and mapping has receved much attention over the last
years. Especially large scale ervironments, where the robot
trajectory loops back on itself, are a challenge. In this
paper we introduce a new solution to this problem of
closing the loop. Our algorithm is EM-based, but differs
from previous work. The key is a probability distrib ution
over partitions of feature tracks that is determined in
the E-step, based on the current estimate of the motion.
This virtual structure is then used in the M-step to
obtain a better estimate for the motion. We demonstrate
the succes®f our algorithm in experimentson reallaser data.

Index Terms—loop closing, SLAM, localization, mapping

|. INTRODUCTION

In this paperwe presenta novel methodfor “closing
the loop” when building large scale ernvironmentmodels
from long sequencesf sensordata. When a sequences
taken suchthat the robot trajectoryturns back on itself, a
dif cult problemarisesof identifying which measurements
correspondo previously seenfeaturesof the ervironment.
An importantinsight is that this is essentiallya model
selectionproblem:we areinterestedn estimatingstructure
and motion parameterdrom measurementlata, but it is
unclearhow mary structureelementshereare.

The problemis importantbecauseccumulateaneasure-
menterror posesan inherentlimitation on the accurag by
which ervironmentmodelscan be recovered. Identifying
which measurementbave alreadybeenseenis essential
in orderto obtain accurate globally correctmodels.Any
incrementalmethod that tracks featuresand instantiates
new tracksin the standardway will end up representing
the sameenvironmentfeaturesmultiple times.

Many different algorithmic approachedo loop closing
have been proposedin the literature. It is common to
use some method for detectingloop closings, and then
spreadingthe error along the already createdpath. One
suchmethodfor loop detectionis describedn [9], where
setsof new measurementare globally correlatedwith the
map, which itself is generatedincrementally by locally
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registering new data. This approachis therefore called
“Local RegistrationandGlobal Correlation”.Otherauthors
assumethat the point of loop closing is already known
[18], andfocuson how to correctthe map.In both cases,
an extended Kalman Iter is usedto correct the map
backwardsin time.

A differentapproacthis takenin [20] and[1], which both
usethe the Expectation-MaximizatioEM) algorithm[14]
to iteratively generatea bettermap. Thrun et al. [20] work
with a hybrid map representationywhere the samealgo-
rithmis rst appliedto thetopologicalmapto correctlarge
scaleerrorsin the odometry followed by ner adjustments
of the metric map. The E-step usesthe current estimate
of the map to obtain a probability distribution over the
robot trajectory A Kalman smootheris usedfor revising
past beliefs. In the M-step the most likely map is then
calculatedbasedon the resultfrom the E-step.In contrast,
the approachin [2] emplgys a metric representatiorand
remembers history of hypothese®ver robot trajectories
thatwere generatedy a hybrid localizationmethodin the
E-step,andselectghe mostlikely onein the E-stepbefore
applying the Kalman smoother

An alternatve approachto correctingthe map is taken
in [10], which usesthe Rao-Blackwellizedpatrticle Iter
(RBPF) [17] in combination with scan matching. The
RBPFwas rst successfullyappliedto roboticslocalization
in [16] whereit is known asFastSLAM, andin which each
particlein a lter representacompleterobottrajectoryhy-
pothesisin theorythe RBPF canrepresenthe probability
distribution over all possibletrajectoriesand is therefore
capableof closing the loop. However, since the dimen-
sionality of the trajectorygrows over time, the numberof
particleswould have to be increasedxponentiallyto avoid
eliminating the potential for loop closing. Haehnelet al.
[10] thereforecombine multiple scansby scanmatching
to correctthe odometry and then usesonly a sparseset
of pre-correctecposesin FastSLAM to extend the spatial
rangeover which multiple hypothesegan be represented.

The methodwe proposealso usesthe EM algorithmto
nd the mostlikely robot trajectory and close the loops.
However, in contrastto other work like [20] the E-step
is usedto createa probability distribution over partitions



of featuretracks, while the M-step maximizesthe robot
trajectorybasedon the virtual structureobtainedin the E-
step.This is relatedto our previous work in [4], [5], [6],

in which the correspondence@roblem in structurefrom
motion is addressedAs a side effect, at corvergence,
we also obtain a distribution over all possible environ-
ment models associatedvith the maximum a posteriori
(MAP) trajectory This distribution rangesover models
of different compleity, and is useful in its own right to
perform Bayesianinferenceaboutthe structure.lf needed
the distribution can also be usedto output a single most
likely structuremodel,e.g.to visualizethe ervironment.

Il. THE LooP CLOSING PROBLEM

We are interestedin reconstructinga mobile robot's
trajectory through an unknonvn ervironment, based on
measurementsom onboardrangesensorsA modelof the
ervironmentis typically alsoof interest,or canevenbethe
main goal of an application.Indeed,motionandmodelare
dual in somesenseif we know one, it is generallymuch
easierto determinethe other If the motion is known, a
model can be createdeasily by triangulation,and if the
modelis known, it canbe usedto localize the robot.

A. Problem Statement

We wantto determingherobot'strajectorytogethemwith
the corresponding2D structureof the ervironment. The
robot's trajectory or its motion M = fm;gL; speci esits
posem; for eachstepi. Sincefor 2D mappingthe mobile
robot operateson a planar surface, the pose has three
degreesof freedomthat are describedby a 2D translation
(x; y) andarotation . The ervironments structue X =
fx;jg, isasetof N 2D structurepointsx; 2 2.

The input datais a setU = fuxgk,, of K featue
tracks ux, whereeachtrack uy corresponds$o oneor more
obsenationsof a single 2D structurepoint x; . Note that
several tracks can refer to the same structurepoint and
that the overall numberN of structurepointsis unknawn.
Assignment®f tracksto structurepointscanbe formalized
by a partition J = fjygf., of the featuretracksU into
non-emptysubsetsthatassigneachtrack uk to a structure
pointx;, ;1 jkx N. This partitionis usually unknavn,
andis the key to solving the loop closing problem.

B. Known partition

In the casethat the partition J is known, it is fairly
straightforvard to determinethe structureX and motion
M. The maximum a-posterioriestimateof structureand
motion basedon the known tracksand partition is de ned
by

X ;M = amgmax logL(X;M;U;J)+ logP(M) (1)
XM
containingthelikelihoodL (X ;M ;U;J) andaprior P (M)

on the motion, which can be basedon odometryif avail-
able. The likelihood L (X ;M ;U;J) is proportionalto the

conditional density P (U;JjX ;M) of the tracks U and
partition J given structureX and motion M and can be
factoredbasedon the independencef the measurements
under known motion. De ning N (J) as the number of
structure points predictedby the partition J, the set of
tracksU underthis partition can be written asa union

&)
U= 1 U, )

j=1
of setsU; of tracks,whereall tracksin sucha subsety;
correspondo thesamestructurepointx. Theindependence
of the measurementsllows rewriting the log-likelihood
L(X;M;U;J) from (1) asa sumof termsfor eachsubset
Uj :
logL(X;M;U;J)/ logP (U; jx; ;M)
Uj2U
Again basedon the independencargument,each likeli-
hoodterm over a subsetU; canbe split into termscorre-
spondingto its componentss 2 U; . The log-likelihood of
atracku itself is givenby the sumof log-likelihoodsof its
individual obserationsoy 2 u, whereo 2 2 describes
the obsenation in terms of a range measurementnd i
indicatesin which stept>r(1e ot;(ser\ation took place:
logP (Ujjxj;M) = log P (0i jxj s mi)  (3)
u2Uj ok 2u
We usea generatie modelto de ne the log-likelihood
of anindividual obsenation.The generatre modelconsists
of anobsenationfunctionh thatgeometricallypredictsthe
obsenation oy basedon therobot's posem; in stepi, the
jkth structurepoint location x;, and someadditive noise
n:
ok = h(mi;x;,)+n (4)

For arangesensoythe obsenationfunctionh is a 2D rigid
transformation:

h(mi;x,-) = R (Xj ti)

wheretherotationR; andtranslationt; arethecomponents
of thei-th robot posem; = (R;;t;).
If we assumehe noisen in the generatie model (4) to
bei.i.d. zero-mearGaussiamoisewith standarddeviation
, then the log-likelihood of an obsenration o of the
structurepoint x taken at posem can be written as the
negative, squaredreprojectionerror:

log P (0jx; m) = 2—12ko h(m; x)k?

C. Unknownpartition

We derive how to solve the loop closing problemwhen
the partitionsare unknovn, which is typically the case We
are interestedin the posteriorP (X ; M jU) over structure
X andmotionM giventhefeaturetracksU. By summing
over the discrete space of possible partitions, we can



mauginalize over the unknonvn partition Jx , where the
index indicatesthe dependencen the dimensionalityof
the chosenstructureX :

P(X;Mju) = P(X;M;JIxju)
Jx

The expectationmaximization (EM) algorithm cannotbe

appliedhere,sincethe dimensionalityof the structureX is

notknown. Evenif samplingoverthe hugecombinedspace
of structureandmotion might be feasible the evaluationof

thesumover all partitionsis not, asthe numberof possible
partitionsfor aspeci c numberof featuretracksK is given

by the Bell number

Bk = S(K;k) (5)
k=1
with
K1
sKik= (D5 kD@

i=0
the Stirling numberof the secondkind. The Bell number
grows hyperexponentiallyin K with B; = 1, Bs = 52,
Bio = 115975andBsy  1:9 10* andthereforeprevents
ary enumeratiorfor non-trivial problems.

In orderto avoid the unknavn dimensionalityproblem,
we can integrate out the structure X, resulting in the
posteriorover the motion given the featuretracks.Indeed,
oncewe have the motion of therobot, it is straightforward
to solve for the structure.The posterior P(M jU) over
the motion M is obtained by mamginalizing over both,
the structure X; and the partition J, where now the
dimensionality of the structure dependson the specic
partitionJ as indicatedby%he index:

P(MjU) = P(M;J;X,jU) Q)
3 X
Again a sum over partitions makes direct evaluationim-
possible However, this time EM is applicable becauseave
know the dimensionalityof themotionM andcantypically
get a good initial estimate,either from the odometry of
the robot, or from incrementalscanmatchingor just by a
heuristic.

I1l. AN EM-BASED SOLUTION

We apply the EM algorithmto theloop closingproblem
basedon the posteriorP (M jU) over the motion M from
equation(7). Finding the motion M that maximizesthis
posteriorP (M jU) is equivalentto maximizing the joint
distribution P(M; U), as is maximizing the log of that
distribution:

M

argmax P (M jU)
M

argmax P(M; U)
M

argmax logP (M ;U) (8)
M

As in equation(7), the partition can be includedinto (8)
by maminalization:

M

argmax logP (M ;U)
M

argmax log
M J2

P(M;J;U) )

A directevaluationis not possiblebecausef the combina-
torial size of the sum,insteadwe apply the EM algorithm
[14]. EM is aniterative algorithmthatalternatedbetweeran
expectation(E) anda maximization(M) step.A derivation
of the algorithm and deeperinsightsin termsof a lower
bound formulation is provided in [15]. Our notation is
basedon [3].

The EM algorithm appliedto the loop closing problem
iteratively improvesan initial estimateof the motion M °.
In iteration t, the E-step determinesthe expected log-
likelihood Q'(M ) over the motion M ,

Q'(M)

where the expectation hi is taken with respectto the
distribution f t(J) over the partition J given the tracksU
andthe currentmotion estimateM *:

HogP (U;JjM)i

f'{Q) PQEiUMY) (10)
The M-step then optimizes the expected log-posterior
Q!(M )+ logP (M) with respecto thefree motionvariable

M to obtaina bettermotion estimateM t*1 :

M agmax Q'(M)+logP(M)  (11)
M

The distribution f (J) over partitions cannotbe evalu-
ated directly becauseof the hyperexponentialnumberof
partitions for K featuretracksthat is given by the Bell
numberBk asde nedin (5). Insteadwe samplefrom this
distribution in the E-step,which is known as Monte Carlo
EM.

IV. MONTE CARLO EM

We shaowv how to apply Monte Carlo EM to the problem
of loop closing.In Monte Carlo EM, or shortMCEM [19],
the distribution f t(J) from (10) over the hiddenvariable,
in our casethe partitionsJ, thatis neededn the E-step,
is replacedby a Monte Carlo approximation.We obtain
this approximationby using Markov chainMonte Carlo or
MCMC sampling.

MCMC methodsproduce samplesfrom a target dis-
tribution (J) by simulating a Markov chain with the
sameequilibrium distribution. The algorithm starts from
a randominitial stateJ© and proposesprobabilistically
generatedsuccessostateswhich is equivalentto running
a Markov chain. It is importantto note that this method
producesamplesf anarbitrarytargetfunction (J) while
only requiring function evaluationsat speci ¢ states.



A. E-step

For the expectationstepwe have to determinethe func-
tion over partitionsto samplefrom, startingfrom equation
(10). Applying Bayes Law to this equationyields two
terms,a prior P (JjM ) onthe partition,andthelikelihood
P(UjJ; M) of the partition:

f1QJ) = PEjUuMY
I P(UjI;MYHYP@IjMY)

Theprior P(JjM ') on the partition dependsn the current
motion estimateM . We can therefore use information
aboutthe distancebetweenpoints generatedy tracksto
determinetheir prior probability of belongingto the same
setin the partition.

Usingtheindependencef the measurementgiven x ed
motion, in this casethe currentmotion estimateM !, the
likelihoodcanbe factoredinto setsU; of tracksasde ned
in (2), that correspondo uniquestructurepoints:

N¢J)
PUiMY)
j=1

P(UjIiMY) =

In order to further evaluate this expressionin terms of
singlemeasurementshe unknown locationof the structure
point x; describedby the setU; hasto be included by
mauginalization. By applying the chain rule, we obtain a
prior on the structurepoint x; as well as a likelihood

P(Ujjx;;M?') of asetof tracksthatwasde ned in (3):
z

P(Uijt) = P(Xj;Uijt)
Z
kP (xjiM )P (Yjjxj;M1) (12)

Xj

To evaluate equation (12) we have to solwe for the
integral over the point locationsx; . If we optimize each
X; giventhe motionM' andall tracksu 2 U; thatapply
to it andassumethat the resulting posterior

P(xjjUj:M") = kP (X JM)P(U;jx; ;M)

is approximatedvell by a Gaussiarcenteredatx; (U; jM Y,
the optimized value of x;, with covariance matrix

i (U;jM 1), moduloanunknawvn constank, thentheinte-
gral from equation(12) canbe approximatedria Laplaces
methodby the following distribution

q
P(UIMY  P(IMY) 2 [jP(Ujjx MY

which yields the requireddensityf ' (J) over partitionsJ
from equation(10):
NI
f'{Q) P@EMY)
j=1

PO;iMY) j2 (iP(Ujjx;;MY)

(13)
Integrating out the continuouspoint x in the context of
samplingis known as Rao-Bla&wellization[12], as the

variancein thesamplés reducedy treatingthe continuous
part of the stateanalytically

B. M-step

In the maximization step, a better estimateM '** for
the motion M is found using equation(11) to maximize
the expectedlog-posteriorQ'(M ) + logP (M) basedon
the approximateddistribution f t(J) over the partitions J
obtainedin the E-step:

M'™ = amgmax QY(M)+ logP(M)
M

Oneof theresultingtermsis thelog prior logP (M ) onthe

motion,thatcanfor examplebe basednrobotodometryor

a motion estimatebasedon an incrementalscanmatching
approach.The other term is the expectedlog-likelihood,
that can be approximatedby a sum over the samples
JM;1  r R that were obtainedin the E-step,and

nally rewritten in termsof a histogramC!(J) over the

partitions:

Q'(M)

gi(OgP(U;‘]jM)iP(JjU;MW
Pju;M Y logP(U;JjM)
X

logP (U;J(jM)
r
C'(J)logP(U;JjM)

J

A key realizationto implementingthis ef ciently is that
indexing the anorymous structurepoints x by the set of
tracksUy thatdetermineghemallows usto sharetheresults
of the optimizationbetweenmary different partitionsthat
sharethe setUy. Pleasenote that this is possiblebecause
the obsenations,andthereforealsothetracksandtheir dis-
joint combinationsas given by partitions,are independent
given the motion. We de ne C'(Uy) to be the numberof
samplescontainingthe partition Uy divided by the number
of samplesR:

><;U|H(_.

_ ifJjUc 2 Jgj
- R

This expressioncan be interpretedin terms of virtual
structure. Each set of tracks correspondsto a virtual
structure point, and the frequeng of its occurrencein
the samplingdetermineghe weight it getsassignedThe
M-step is therefore performed by an optimization with
the structure replacedby the virtual structure,and the
componentsveightedaccordingto the histogramC* (Uy).

C'(Uy)

V. REVERSIBLE JUuMP MCMC SAMPLING

We usethetrans-dimensiondyiICMC algorithmfrom [8]
for Monte Carlo estimationin the E-step.We startwith a
randominitial stateJ @ anditeratethe following steps:

1) Proposea move type m 2 M with probability
bm (3(), whereJ (s the currentstate.



Fig. 1. Theresultof featuredetectionis shavn togethemwith theraw data.
The raw laserrangedatais shavn as black dots with the red/bluerobot
indicatingthe centerof therangesensarincrementallytted line sggments
are dravn as cyan lines, while diamondsrepresentcornersdetectedas
intersectionof neighboringline segments.

2) Generatearandomsampleu from the move-speci ¢
proposaldensitygn, . The move type m andrandom
sampleu determinehow to move from the current
stateJ (") to the proposedstate]°.

3) Calculatethe correspondingeversemove (m% u9).

4) Computethe acceptanceatio

fo (9 B39 gno(u) @I°W
A0) b (D) gn(W) @ ;0)

wherethe Jacobiarfactor correctsfor the changein
variables(seebelow).
5) Accept J("*D JO with probability min(a; 1),
otherwiseJ ('*1)  J(1),
The generategsequencef statesf J (Mg will be a sample
from (J) if the sampleris run sufciently long, andone
discardsthe samplesin the initial “burn-in" period of the
samplerto avoid dependencen the chosenstart state.
Onepossiblesetof move typesfor loop closingconsists
of “Merge” and “Split” for combiningtwo setsof tracks
and separatinghemagain.Carehasto be takento ensure
that the move from (J();u) to (3% u9 is reversibleand
thereforea diffeomorphism.One requirementis that the
dimensionson both sides have to match. Note that in
our casethe Jacobianof the diffeomorphism %
is always 1 becausewe integrate out the continuouspart
of the space.

(14)

VI. EXPERIMENTS AND RESULTS

We have applied the algorithm to corner featuresex-
tractedfrom laserrangedata.The cornersare obtainedby
amodi ed versionof theincrementaline tting algorithm
[7] by extracting intersectionsbetweenneighboringline
segments.An exampleof a processedaserscanis shovn
in Figure 1, with detectedcornersindicatedas diamonds.

As every optimization technique,EM can easily get
stuck in local minima. To avoid this problem, we have
applied an annealingschemeas is commonly used in
the context of EM. Starting from a multiple of the real
measuremerdigma,the valueis decreasedtinearly in each
iteration.

Fig. 2. Evidencegrid plot of the raw laserdataof our sequenceovering
parts of the 3rd oor of the Technology Square ResearchBuilding
(TSRB).

Fig. 3. Evidencegrid plot after loop closing (TSRB). Better local
alignmentof scanscanbe achieved by othermethodshut is not donehere
to shaw the result basedon sparsefeaturesonly. The trajectory covers
approximately40 metersby 15 meters.

We have applied our algorithm to two sets of laser
data.The rst wasrecordedin our researchacility, while
the seconddata setis part of the Intel Oregon sequence
that was obtainedfrom the RoboticsData Set Repository
[11]. Thanksgo to Maxim Batalin for providing this data.
Evidencegrid plots of the original datasetsare shawvn in
Figure 2 and Figure 4. After applying our algorithm, we
obtainthe correctedmapsasshowvn in Figure 3 andFigure
5. Pleasenote that with a sparsesetof featuresasis used
here,notall framesareperfectlyaligned.However, theloop
is closed,and local alignmentcan be improved by other
methodg[13].



Fig. 4. Evidencegrid plot of the raw laserdata of partsof the Intel
Orggon sequence.

Fig. 5. Evidencegrid plot after loop closing (Intel Oregon). Betterlocal
alignmentof scanscan be achieved by other methods,but is not done
hereto shav the resultbasedon sparsefeaturesonly.

VII. CONCLUSION

In this paperwe have presenteda novel approachto
solving the loop closing problemin range-base®LAM.
Within an MCEM framework, we iteratebetweenestimat-
ing virtual structureand improving the motion estimate.
Sincethe numberof structurepointsis not known, we are
facedwith a modelselectionproblem,which is addressed
by usingareversiblejump MCMC samplerto estimatethe
virtual structure.lt is importantto note that our algorithm
never commitsto a speci ¢ combinationof tracksor evena
speci ¢ numberof structurepoints,but yields a probability
distribution over all possiblemaps.

The approachhas beenimplementedand successfully
appliedto real data.We are investigatingthe extensionof
our loop closingalgorithmto the domainof visual SLAM,
for which this feature based method seemsespecially
suitable.In this morecomple< domainthe algorithmwould

especiallybene t from amoreintelligentproposafunction.
Futurework also includesthe extensionof the algorithm
to multi-robot mapping.
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