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Abstract— While probabilistic techniqueshave beenconsid-
ered extensively in the context of metric maps, no general
purpose probabilistic methods exist for topological maps.
We present the concept of Probabilistic Topological Maps
(PTMs), a sample-basedrepresentation that approximates
the posterior distrib ution over topologiesgiven the available
sensor measurements. The PTM is obtained thr ough the
use of MCMC-based Bayesian inference over the space of
all possible topologies. It is shown that the space of all
topologies is equivalent to the spaceof set partitions of all
available measurements.While the spaceof possibletopologies
is intractably large, our use of Mark ov chain Monte Carlo
sampling to infer the approximate histograms overcomesthe
combinatorial nature of this space and provides a general
solution to the correspondenceproblem in the context of
topological mapping. We present experimental results that
validate our technique and generate good maps even when
using only odometry as the sensormeasurements.

I . INTRODUCTION

One way for a robot to navigate successfullyin an
uninstrumentedenvironmentis for it to build a map.Both
metric [1][2][3] and topologicalmaps[4][5][6] have been
exploredin depthin themobileroboticscommunity. In both
cases,probabilisticapproacheshave beenvery successful
in dealingwith the inherentuncertaintiesassociatedwith
robot perception,that would otherwisemake map-building
a very brittle process.However, no previous methodhas
dealt with inferencein the completespaceof topological
maps,which is perceived as intractablylarge.

In this paperwe introducea novel concept,Probabilistic
Topological Maps (PTMs), a sample-basedrepresentation
that capturesthe posterior distribution over all possible
topologicalmapsgiven theavailablesensormeasurements.
The key realizationis that a distribution over this combi-
natorially large spacecanbe succinctlyapproximatedby a
samplesetdrawn from this distribution.

The idea of de�ning a probability distribution over the
space of topologies and using sampling to obtain this
distribution is, to the bestof our knowledge,a completely
novel idea. As a second major contribution, we show
how to performinferencein the spaceof topologiesgiven
uncertainsensordatafrom therobot,theoutcomeof which
is exactly a PTM. Speci�cally, we use Markov chain
Monte Carlo (MCMC) sampling[7] to extend the highly
successfulBayesianprobabilistic framework to the space
of topologicalmaps.

Samplingover topologiesis accomplishedby encoding
a topology as a set partition over the set of landmark
measurements.Eachset in the partition correspondsto the
measurementsarisingfrom a singlephysicallandmark.We
thensampleover thespaceof setpartitions,usingastarget
distribution the posteriorprobability over topologies.

PTMscanalsobeseenasa principled,probabilisticway
of dealing with the correspondenceproblem or “ closing
the loop” in the context of topologicalmapping.Previous
solutions to the correspondenceproblem [8][9] commit
to a speci�c correspondenceat eachstep,so that once a
wrong decision has been made, the algorithm has dif�-
culty recovering.Computingtheposteriordistribution over
topologieshelps solve the correspondenceproblem in a
robustmanner. The key to makingthis work is assuminga
simplebut very effective prior on thedensityof landmarks
in the environment.We demonstratethat given this prior
the additional sensorinformation usedcan be very scant
indeed.In fact, while our methodis generaland can deal
with any typeof sensormeasurement,theresultswepresent
wereobtainedusingonly odometrymeasurementsandyet
yield nice mapsof the environment.

I I . RELATED WORK

A majorpartof theextantwork in probabilisticmapping
appliesto the creationof metric maps,especiallyas part
of the SimultaneousLocalization and Mapping (SLAM)
problem [3][10]. A good survey of current techniques
givenin [11] includesvariousapproachessuchasExtended
Kalman�lters, theEM algorithm,particle�lters andhybrid
methods.Recently, geneticalgorithmshave beenusedto
searchover the spaceof metric maps [12], where each
map is encodedas a chromosomestring. The spaceof
candidatesolutionsis then progressively re�ned to obtain
themaximum-likelihoodmap.Metric mapssuffer from the
disadvantagethatconstructinggeometricallyaccuratemaps
dependsto a largeextenton errorsin sensorsandactuators
of the robot [13] and often results in brittle systems.In
addition, it is well-known that not all the information in a
metric map is requiredfor navigation [14].

Topologicalmapsovercomethesedrawbacksof metric
mapsthrough use of a more qualitative spatial represen-
tation [15][4]. Topological maps, as used in this work,
are typically graphswhere the verticesdenoterooms or
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Fig. 1. Two topologies with 6 observations each correspond-
ing to set partitions (a) (f 0g; f 1g; f 2g; f 3g; f 4g; f 5g) and (b)
(f 0g; f 1; 5g; f 2g; f 3g; f 4g). In (b), the secondand sixth measurement
are from the samelandmark.

other recognizableplaces,and the edgesdenotetraversals
between these places. Such maps are quite useful for
planning and symbolic manipulation and, unlike metric
maps, do not require precise knowledge of the robot's
environment. Unfortunately, they are dif�cult to build in
large scale environments in the presenceof ambiguous
sensing,for example if two or more recognizableplaces
look very similar [16].

Though probabilistic methodshave beenused in con-
junction with topological maps before, none exist that
are capableof dealing with a general,multi-hypothesis,
topological space.Most instancesof previous work do
not deal with generaltopological maps,but with the use
of decision theory to learn a policy to navigate in the
environment [17][6][18]. Probabilisticmethodsfor metric
SLAM have also been applied to generatingtopological
mapswith somesuccess[19].

An approachthat is closerto theonepresentedhere,but
applicableonly to indoorenvironments,is givenby Tomatis
and Nourbakhsh[20]. However, while they do maintain
a multi-hypothesisspace,it is usedonly to detectpoints
where the probability mass splits in two parts. Finally,
the work by Kuipers and Beeson [21] focuseson the
identi�cation of distinctiveplaces,but is notconcernedwith
inferenceaboutthe topologiesthemselves.

I I I . INFERENCE IN THE SPACE OF TOPOLOGIES

We begin our considerationby assumingthat the robot
observes N “special places” or landmarksduring a run.
We assumethat the robot is equippedwith a “landmark
detector”thatsimply recognizesa landmarkwhenit is near
(or on) a landmark, i.e. it is a binary measurementthat
tells us when landmarkswere encountered.We denoteby
f Z i j1 � i � N g the set of sensormeasurementsrecorded
by the robot. The results we presentin this paper use
only odometry measurementsthough, in general,Z can
also include appearancemeasurementsobtainedfrom the
landmarklocations.

No knowledgeof the correspondencebetweenlandmark
observationsandtheactuallandmarksis givento therobot:
indeed,that is exactly the topologythatwe seek.Giventhe

Algorithm 1 The Metropolis-Hastingsalgorithm
1) Startwith a valid initial topologyTt ; then iterateoncefor

eachdesiredsample
2) Proposea new topologyT

0

t usingtheproposaldistribution
Q(T 0

t ; Tt )
3) Calculatethe acceptanceratio

a =
P(T 0

t jZ t )
P (Tt jZ t )

Q(Tt ; T 0
t )

Q(T 0
t ; Tt )

(1)

where Z t is the set of measurementsobserved up to and
including time t.

4) With probability p = min(1; a), acceptT 0
t and set Tt  

T 0
t . If rejectedwe keepthe stateunchanged(i.e. returnTt

asa sample).

framework describedabove, the problemis to computethe
discreteposteriorprobability distribution P(T jZ ) over the
spaceof topologiesT given the measurementsZ .

In this paper, we usethe equivalencebetweenthe topol-
ogy of an environment and a set partition of landmark
measurements,which groupsall measurementsinto a set
of equivalenceclasses.When all the measurementsof the
samelandmarkaregroupedtogether, this naturallyde�nes
a partitionon thesetof measurements.It canbeseenthata
topologyis nothingbut theassignmentof measurementsto
setsin the partition, resultingin the above mentionediso-
morphismbetweentopologiesand set partitions.Figure 1
shows an exampleencodingof topologiesassetpartitions.

Formally, for the N element measurementset Z , a
partition P can be representedas P = f Si j i 2 [1; M ]g,
wherethe Si are disjoint setsof measurementsand M �
N is the number of sets in the partition (and also the
numberof distinct landmarksin the environment).In the
context of topological mapping, all membersof the set
Si representlandmarkobservations of the i th landmark.
The cardinalityof the spaceof topologiesover a setof N
landmarkobservationsis identicalto thenumberof disjoint
set partitionsof the N -set.This numberis called the Bell
numberbN [22], de�ned asbN = 1

e

P 1
k=0

k N

k ! , andgrows
hyper-exponentiallywith N , for exampleb1 = 1, b3 = 5
but b15 = 190; 899; 522. The combinatorialnatureof this
spacemakes exhaustive evaluation impossiblefor all but
trivial environments.

IV. INFERRING PTMS USING MCMC

We de�ne a Probabilistic Topological Map to be a
data structurethat approximatesthe posteriordistribution
P(T jZ ) over topologiesT, given measurementsZ . While
the spaceof possibletopologicalmapsis combinatorially
large, a PDF over this spacecan be approximatedby
drawing samplesfrom the distribution over possiblemaps.
ThesamplesareobtainedusingMarkov chainMonteCarlo
sampling.ThePTM is thena histogramconstructedon the
supportof this sampleset.

We usethe Metropolis-Hastings(MH) algorithm [7], a
very general MCMC method, for performing inference.



Algorithm 2 The ProposalDistribution
1) selecta merge or a split with probability 0:5
2) if a merge is selectedgo to 3, elsego to 4
3) merge move:

� if T containsonly oneset,re-proposeT 0 = T , hence
r = 1

� otherwiseselecttwo setsat randomP andQ, and
a) T 0 = (T � f Pg � f Qg)[ f P [ Qg andq(T 0jT ) =

1
N M

b) q(T jT 0) is obtainedfrom the reverse case4(b),
hencer = N � 1

M NS
�

j P � Q j
2 �

, where NS is the
numberof possiblesplits in T 0

4) split move:
� if T containsonly oneset,re-proposeT 0 = T , hence

r = 1
� otherwiseselecta non-singletonsetR at randomfrom

T , split it into two setsP andQ, and
a) T 0 = (T � f Rg) [ f P; Qg and q(T 0jT ) =

�

NS

�

j R j
2 ���

� 1

b) q(T jT 0) is obtainedfrom the reverse case3(b),

hencer = NM

�

NS

�

j R j
2 ���

� 1
, whereNM is the

numberof possiblemergesin T 0

All MCMC methodswork by generatinga sequenceof
states from a Markov chain, with the property that the
generatedstatesaresamplesfrom the targetdistribution. In
our casethe statespacethat is sampledover is the space
of setpartitions,whereeachpartition representsa different
topologyof the environment.The pseudo-codeto generate
a sequenceof samplesfrom thetargetdistribution usingthe
MH algorithmis shown in Algorithm 1 (adaptedfrom [7]).
The MH algorithm usesa proposaldistribution Q(Tt ; T 0

t )
to proposemoves, the tentative next statein the Markov
chainateachstep,in thespaceof topologies.Intuitively, the
algorithmsamplesfrom thedesiredprobabilitydistribution
P(T jZ ) by rejectinga fraction of the movesgeneratedby
the proposaldistribution. The fraction of moves rejected
is governedby the acceptanceratio a, wheremost of the
computationtakesplace.

The two hurdlesto samplingusing an MCMC sampler
arethedesignof theproposaldensityandevaluationof the
target density. The detailsof thesearediscussedbelow.

A. TheProposalDistribution

The proposaldistribution operatesby proposingone of
two moves, a split or a merge, with equal probability at
eachstep.Given that the currentsampletopology hasM
distinct landmarks,thenext sampleis obtainedby splitting
a setor merging two setsin the partition T andmay have
M , M + 1, or M � 1 distinct landmarks.

The merge move mergestwo randomlyselectedsetsin
the partition to producea new partition with one lessset
than before.The probability of a merge is simply 1=NM ,
NM being the numberof possiblemergesgiven by

� M
2

�
.

The split move splits a randomly selectedset in the

partition to producea new partitionwith onemoresetthan
before.To calculatetheprobability of a split move, let NS

be the numberof setsin the partition with more than one
element.Clearly, NS is the numberof setsin the partition
thatcanbesplit. Outof theseNS sets,wepick a randomset
R to split. Then,thenumberof possiblewaysto split R into
two subsetsis givenby theStirling numberof secondkind
for R,

� jR j
2

	
, where the Stirling numberitself is de�ned

recursively as
� n

m

	 �=
� n � 1

m � 1

	
+ m

� n � 1
m

	
[22]. Hence,the

probability of the split is
�

NS
� jR j

2

	 � � 1
. A randomsplit

of R can be generatedef�ciently by using the recursive
algorithmsdescribedin [22].

The proposaldistribution is summarizedin pseudo-code
format in Algorithm 2, whereq is theproposaldistribution
andr = q(T 0jT )

q(T jT 0) is the proposalratio. It is to be notedthat
this proposaldistribution doesnot incorporateany domain
knowledgebut usesonly thecombinatorialpropertiesof set
partitionsto proposemoves.

B. Evaluatingthe Target Distribution

In addition to proposingnew moves in the spaceof
topologies,we also needto evaluatethe posteriorproba-
bility P(T jZ ) for eachproposedtopology change.Using
BayesLaw, we obtain

P (T j Z ) / P(Z jT )P(T) (2)

where P(T) is a prior and P(Z jT) is the observation
likelihood. In this work, we assumea non-informative
uniform prior over all topologies,but it is also possible
to usea Poissondistribution on the numberof landmarks
in the environmentif someevidencefor this exists.

It is not possible to evaluate the likelihood P(Z jT)
without knowledgeof the landmarklocations.Hence,in a
processcalledRao-Blackwellization[24], we integrateover
the set of landmarklocationsX to calculatethe marginal
distribution P(Z jT) from thejoint distribution P(Z; X jT).
The likelihoodP (Z jT) is thengiven as

P (Z jT) /
Z

X
P (Z jX ; T) P (X jT) (3)

whereP(Z jX ; T) is the measurementmodel,an arbitrary
densityon Z given X andT, andP(X jT) is the prior on
landmarklocations.As an example,in a 2D environment,
commonlyassumedin the roboticsliterature,we have X =
f X t = (x t ; yt ; � t )j1 � t � N g.

A prior on the distribution of the landmarklocationsX
given the topologyT, P(X jT), is requiredto evaluate(3).
In our case,the prior is used to encodethe assumption
that distinct landmarksdo not lie close together in the
environment.For this purpose,a penalty function is used
to penalizetopologiescontainingdistinct landmarkmea-
surementsthat arespatiallyclose.Speci�cally, the penalty
function usedis a cubic function as in Figure2. The prior
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Fig. 2. Cubic penaltyfunction usedasa prior over landmarkdensity

on landmarklocations,P(X jT) , is then

P(X jT) = e� � 1� i<j � N f (X i ;X j ) (4)

where f is the penalty function, and X i and X j do not
belongto the sameset.

Assuming the availability of only odometry measure-
ments,we can write the negative log-likelihood function
correspondingto P(Z jT) in (3) as

L (X ) =
�

X � X O

� O

� 2

+
X

S2 T

X

i;j 2 S

�
X i � X j

� T

� 2

+
X

1� i<j � N

f (X i ; X j ) (5)

whereS is a set in the partition correspondingto T , � O

and� T arestandarddeviationsexplainedbelow, andX o is
the set of landmarklocationsobtainedfrom the odometry
measurements.The intuition here is that the topology T
constrainssome measurementsas being from the same
locationeven thoughtheodometrymayput theselocations
far apart.Thelog-likelihoodfunctionaccountsfor theerror
from distorting the odometry, the �rst term in (6), and the
error for not conforming to the topology T, the second
term in (6). The error for not conforming to a topology
is expressedthrough a set of “soft constraints”.These
constraintstry to placetwo observationsthat are ascribed
to thesamelandmarkby the topologyat thesamephysical
location.Thestandarddeviationsfor theodometryandsoft
constraints,� O and � T respectively, encodethe amount
of error that we are willing to tolerate in each of these
quantities.The �nal term in (5), wherethe sumis over all
X i and X j that do not belongto the sameset, is simply
the negative log-likelihoodof the prior in (4).

C. NumericalEvaluationof the Target Distribution

Though in some casesintegral (3) may be evaluated
analyticallyusingthe functionalform of the log-likelihood
given in (5), this is not possiblein general.Instead,we use
a MonteCarloapproximationto evaluatetheintegral,using
importancesampling [25] to approximatethe integrand
P(Z jX ; T)P(X jT). Given a targetdistribution to be sam-
pled, importancesamplingrequiresa proposaldistribution
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Fig. 3. Raw odometry(left) andGroundtruth topology(right) from the
®rst experimentinvolving 9 observations

from which samplesare actually obtained.Subsequently,
thesesamplesareweightedby their “importance”, i.e. the
ratio of thetargetdistribution to theproposaldistribution at
the samplepoint. The weightedsamplescan thenbe used
in Monte Carlo integration.

In our case,the importancesamplingproposaldistribu-
tion is anapproximationof thelog-likelihoodin (5). Firstly,
ignoringthe�nal termcorrespondingto theprior in (5), we
obtain the function

 (X ) =
�

X � X O

� O

� 2

+
X

S2 T

X

i;j 2 S

�
X i � X j

� T

� 2

(6)

Subsequently, Laplace's method is employed to obtain a
multivariate Gaussiandistribution from  (X ), which is
used as the proposal distribution. This is achieved by
computingthemaximumlikelihoodpathX ? throughanon-
linear optimizationof  (X ), andcreatinga local Gaussian
approximationQ(X jZ; T) aroundX ?

X ? = argmax
X

 (X )

Q (X j Z; T) =
1

p
j2� � j

e� 1
2 (X � X ? )T � � 1 (X � X ? )

where� is thecovariancematrix relatingto thecurvatureof
 (X ) aroundX � . Thedistribution Q(X jZ; T) is thenused
as the proposaldistribution for the importancesampler.

The posteriorgiven by (3) is now evaluatedusing the
Monte Carlo approximation

Z

X
P(Z jX ; T)P(X jT) �

1
N

NX

i =1

P(Z jX ( i ) ; T )P(X ( i ) jT )
Q(X ( i ) jZ; T )

where X ( i ) denote the N samplesobtained from the
Gaussianproposaldistribution Q(X jZ; T).

V. RESULTS

We performedtwo experimentsconsistingof runs with
nine observationseach,a shortrun of about15 metersand
a longer onecovering a complete�oor of a building. The
platform usedfor the experimentswas an I-Robot ATRV-
Mini with a frontal SICK laser range�nder. In all cases,
the samplerwas initialized with a topology that assigned
distinct landmarksto eachobservation.

In the �rst experimentwe explored the in�uence of the
penalty-termin a small, lab-like environment,theresultsof
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(d) Penalty=100

TABLE I

CHANGE IN PROBABIL ITY MASS WITH MAXIMUM PENALTY OF THE FOUR MOST PROBABLE TOPOLOGIES IN THE HISTOGRAMMED POSTERIOR. THE

HISTOGRAM AT THE END OF EACH ROW GIVES THE PROBABIL ITY VALUES FOR EACH TOPOLOGY IN THE ROW.

Fig. 4. Map obtainedby plotting laseron raw odometry(left) and the
laserplot correspondingto odometryfrom the correcttopology(right)

which areshown in TableI. Theexperimentwasperformed
on a shortrun approximately15 meterslong during which
the robot observed nine landmarks.The raw odometry
from the run andthe correspondinggroundtruth topology
are shown in Figure 3. The table shows the evolution
of the Markov Chain samplerfor different valuesof the
maximumpenalty. In our algorithm, it is the penaltyterm
that facilitatesmerging of nodesin the map that are the
same.Without the penalty, the systemhasno incentive to
move toward a topology with lessernumberof nodesas
this increasesthe odometryerror. TableI(a) illustratesthis

case.It can be seenthat the topology that is closestto
the odometrydataand also having the maximumpossible
nodesgets the maximum probability mass.For the next
two caseswith maximum penaltiesequal to 80 and 90
respectively, the most likely solution is a compromise
betweenthe groundtruth solutionandthe odometry. Also,
it is to be notedthat the largeerror in odometrymakesthe
ground truth topology less likely comparedto topologies
suchas the most likely one in Table I(b). In spite of this,
as the penalty is increasedthe effect of the odometry is
diminishedandthegroundtruth topologygainsprobability
mass.However, a very large penaltyswampstheodometry
dataandmakesabsurdtopologiesmore likely.

The secondexperiment demonstratesthat PTMs have
the power to close the loop even in large environments.
This experimentinvolved a complete�oor of the building
containingour lab during which nine landmarkobserva-
tionswererecorded.Theraw odometrywith laserreadings
plotted over it is shown in Fig 4. Also shown is the map
obtainedby plotting the maximum likelihood path with
laserreadingson top. It canbe seenfrom Figure5, which
givesthemostprobabletopologiesin theposterior, that the
correcttopologyreceivesthe largestprobability mass.
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Fig. 5. Topologies with highest probability mass for the second
experiment(a) The correct topology receives 97% of the mass(b), (c)
and(d) receive 2%, 0.5% and0.5% of the massrespectively

VI. DISCUSSION

We presentedthenovel ideaof computingdiscreteprob-
ability densitiesover the spaceof all possibletopological
maps.ProbabilisticTopologicalMaps are computedusing
Markov chain Monte Carlo sampling over set partitions
that are usedto encodethe topologies.We use a simple
spatial prior in the form of a cubic penalty function
that disallows proximity amonglandmarks.Experimental
resultson environmentswith variedsizeshold promisefor
the applicability and further improvementsof PTMs.

One advantageof our approachis that an estimateof
topology is possible even if only a meageramount of
informationis available.It is not thepurposeof this work to
�nd the besttopologicalmapbut to computethe posterior
distribution over topological spaceas per the Bayesian
approach.We have shown this capability in experiments
thatuseonly odometryto createdistributionsthatcaneither
correspondto the odometryor the prior (in this casethe
spatialpenaltyfunction) asparametersarevaried.

Thenext stepis to includerangesensorsandappearance
modelsin our technique.It is also future work to induct
domain-speci�cknowledgeinto theproposaldistribution of
the MCMC samplerand includea more informative prior.
Finally, the presentalgorithmis sensitive to parameterset-
tingsof the penaltyfunction,which needsto be addressed.
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