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Abstract—While probabilistic techniqueshave beenconsid-
ered extensiely in the context of metric maps, no general
purpose probabilistic methods exist for topological maps.
We present the concept of Probabilistic Topological Maps
(PTMs), a sample-basedrepresentation that approximates
the posterior distrib ution over topologiesgiven the available
sensor measuements The PTM is obtained through the
use of MCMC-based Bayesian inference over the space of
all possible topologies. It is shavn that the space of all
topologies is equivalent to the spaceof set partitions of all
available measuements.While the spaceof possibletopologies
is intractably large, our use of Mark ov chain Monte Carlo
sampling to infer the approximate histograms overcomesthe
combinatorial nature of this space and provides a general
solution to the correspondenceproblem in the context of
topological mapping. We present experimental results that
validate our technigue and generate good maps even when
using only odometry as the sensormeasuements.

|. INTRODUCTION

One way for a robot to navigate successfullyin an
uninstrumenteatnvironmentis for it to build a map.Both
metric [1][2][3] andtopologicalmaps[4][5][6] have been
exploredin depthin the mobileroboticscommunity In both
cases probabilistic approachehave beenvery successful
in dealingwith the inherentuncertaintiesassociatedvith
robot perceptionthat would otherwisemake map-huilding
a very brittle process.However, no previous methodhas
dealtwith inferencein the completespaceof topological
maps,which is perceved asintractablylarge.

In this paperwe introducea novel concept,Probabilistic
Topolagical Maps (PTMs), a sample-basedepresentation
that capturesthe posterior distribution over all possible

topologicalmapsgiven the available sensormeasurements.

The key realizationis that a distribution over this combi-
natorially large spacecan be succinctlyapproximatecy a
samplesetdrawn from this distribution.

The idea of de ning a probability distribution over the
space of topologies and using sampling to obtain this
distribution is, to the bestof our knowledge,a completely
novel idea. As a second major contritution, we showv
how to performinferencein the spaceof topologiesgiven
uncertainsensomatafrom the robot, the outcomeof which
is exactly a PTM. Speci cally, we use Markov chain
Monte Carlo (MCMC) sampling[7] to extend the highly
successfuBayesianprobabilistic framewvork to the space
of topologicalmaps.

Samplingover topologiesis accomplishedy encoding
a topology as a set partition over the set of landmark
measurementd&achsetin the partition correspondso the
measurementarisingfrom a single physicallandmark.We
thensampleover the spaceof setpartitions,usingastarget
distribution the posteriorprobability over topologies.

PTMscanalsobe seenasa principled,probabilisticway
of dealing with the correspondencgroblem or “ closing
the loop” in the contet of topologicalmapping.Previous
solutions to the correspondenceroblem [8][9] commit
to a speci c correspondencat eachstep, so that oncea
wrong decision has been made, the algorithm has dif -
culty recovering. Computingthe posteriordistribution over
topologieshelps solve the correspondenceroblemin a
robustmanner The key to makingthis work is assuminga
simple but very effective prior on the densityof landmarks
in the ervironment. We demonstratethat given this prior
the additional sensorinformation used can be very scant
indeed.In fact, while our methodis generaland can deal
with ary typeof sensomeasurementheresultswe present
were obtainedusing only odometrymeasurementand yet
yield nice mapsof the ervironment.

Il. RELATED WORK

A major partof the extantwork in probabilisticmapping
appliesto the creationof metric maps, especiallyas part
of the Simultaneouslocalization and Mapping (SLAM)
problem [3][10]. A good surwey of current techniques
givenin [11] includesvariousapproachesuchasExtended
Kalman lters, the EM algorithm,particle Iters andhybrid
methods.Recently geneticalgorithmshave beenusedto
searchover the spaceof metric maps[12], where each
map is encodedas a chromosomestring. The spaceof
candidatesolutionsis then progressiely re ned to obtain
the maximume-likelihoodmap.Metric mapssuffer from the
disadantagethat constructinggeometricallyaccuratemaps
dependgo a large extenton errorsin sensorsandactuators
of the robot [13] and often resultsin brittle systems.In
addition, it is well-known that not all the informationin a
metric mapis requiredfor navigation [14].

Topological mapsovercomethesedravbacksof metric
mapsthrough use of a more qualitatve spatial represen-
tation [15][4]. Topological maps, as used in this work,
are typically graphswhere the verticesdenoterooms or
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Fig. 1. Two topologies with 6 obserations each correspond-
ing to set partitions (a) (fOg;f1g;f2g;f3g;f4g;f5g9) and (b)
(f0g; f 1; 5g; f 2g; f 3g; f 4g). In (b), the secondand sixth measurement
arefrom the samelandmark.

other recognizableplaces,and the edgesdenotetraversals
betweenthese places. Such maps are quite useful for

planning and symbolic manipulation and, unlike metric
maps, do not require precise knowledge of the robot's
ervironment. Unfortunately they are dif cult to build in

large scale ervironmentsin the presenceof ambiguous
sensing,for exampleif two or more recognizableplaces
look very similar [16].

Though probabilistic methodshave beenusedin con-
junction with topological maps before, none exist that
are capableof dealing with a general, multi-hypothesis,
topological space.Most instancesof previous work do
not deal with generaltopological maps,but with the use
of decisiontheory to learn a policy to navigate in the
ervironment[17][6][18]. Probabilisticmethodsfor metric
SLAM have also beenapplied to generatingtopological
mapswith somesuccesg19].

An approacththatis closerto the one presentedere,but
applicableonly to indoorenvironmentsjs givenby Tomatis
and Nourbakhsh[20]. However, while they do maintain
a multi-hypothesisspace,it is usedonly to detectpoints
where the probability mass splits in two parts. Finally,
the work by Kuipers and Beeson[21] focuseson the
identi cation of distinctive placeshut is notconcernedvith
inferenceaboutthe topologiesthemseles.

I1l. INFERENCE IN THE SPACE OF TOPOLOGIES

We beagin our consideratiorby assumingthat the robot
obsenes N “special places” or landmarksduring a run.
We assumethat the robot is equippedwith a “landmark
detector"thatsimply recognizes landmarkwhenit is near
(or on) a landmark,i.e. it is a binary measurementhat
tells us when landmarkswere encounteredWe denoteby
fZij1 i Ngthesetof sensormeasurementsecorded
by the robot. The results we presentin this paper use
only odometry measurementshough, in general,Z can
also include appearanceneasurementsbtainedfrom the
landmarklocations.

No knowledgeof the correspondencbetweenandmark
obsenationsandthe actuallandmarkss givento therobot:
indeed thatis exactly the topologythatwe seek.Giventhe

Algorithm 1 The Metropolis-Hastingsalgorithm

1) Startwith avalid initial topology T:; theniterateoncefor
eachdesiredsample

2) ProposeaneN topologyTt usingthe proposaldistribution
QTS T)

3) Calculatethe acceptanceatio

42 P(TIZY) Q1T "
P(TizZ') QTS T)
where Z'is the set of measurementsbsered up to and
including time t.
4) With probability p = min(1; a), acceptT? and set T,
TO. If rejectedwe keepthe stateunchangedi.e. return T;
asa sample).

framework describedabove, the problemis to computethe
discreteposteriorprobability distribution P(TjZ) over the
spaceof topologiesT giventhe measurementz.

In this paper we usethe equivalencebetweenthe topol-
ogy of an ervironment and a set partition of landmark
measurementsyhich groupsall measurementsito a set
of equivalenceclassesWhenall the measurementef the
samelandmarkare groupedtogethey this naturallyde nes
a partitionon the setof measurementst canbe seenthata
topologyis nothingbut the assignmenbf measurement®
setsin the partition, resultingin the above mentionediso-
morphismbetweentopologiesand set partitions. Figure 1
shavs an exampleencodingof topologiesas setpartitions.

Formally, for the N elementmeasuremenset Z, a
partition P can be representeésP = fS; ji 2 [1;M]g,
wherethe S; are disjoint setsof measurementand M
N is the numberof setsin the partition (and also the
numberof distinct landmarksin the ervironment).In the
context of topological mapping, all membersof the set
Si represeniandmark obsenations of the ith landmark.
The cardinality of the spaceof topologiesover a setof N
landmarkobsenationsis identicalto the numberof disjoint
set partitionsof the N -set. This nurrr:bens calledthe Bell
numberby [22], de ned ashy = % k=0 k, , and grows
hyperexponentiallywith N, for exampleb; = 1, by = 5
but bys = 190,899, 522 The combinatorialnatureof this
spacemakes exhaustve evaluationimpossiblefor all but
trivial ervironments.

IV. INFERRING PTMS USING MCMC

We de ne a Probabilistic Topolaogical Map to be a
data structurethat approximateghe posteriordistribution
P(Tjz) overtopologiesT, given measurement&. While
the spaceof possibletopological mapsis combinatorially
large, a PDF over this spacecan be approximatedby
drawing samplesrom the distribution over possiblemaps.
The samplesareobtainedusingMarkov chainMonte Carlo
sampling.The PTM is thena histogramconstructedn the
supportof this sampleset.

We usethe Metropolis-HastinggMH) algorithm [7], a
very generalMCMC method, for performing inference.



Algorithm 2 The ProposalDistribution

1) selecta memge or a split with probability 0:5

2) if amemgeis selectedgo to 3, elsego to 4

3) merge move:
if T containsonly oneset,re-proposeT °= T, hence
r=1
otherwiseselecttwo setsat randomP andQ, and
a) T°= (T fPg fQg)fP[Qgandqg(TIT) =

1

b) (;‘(MTjTO) is obtainedfrom the reverse case4(b),
hencer = N, *Ns 17,9, whereNs is the
numberof possiblesplitsin T°

4) split move:

if T containsonly one set,re-proposeT °= T, hence

r=1

otherwiseselecta non-singletorsetR at randomfrom

T, split it into two setsP andQ, and

a) T° = (T fRg [ fP;Qg and o(TYT) =
Ng RI T
2
b) q(TjTY is obtainedfrom th? reverse case 3(b),

hencer = Ny Ns '8 , whereNy is the
numberof possiblemegesin T°

All MCMC methodswork by generatinga sequenceof
statesfrom a Markov chain, with the property that the
generatedtatesare samplesrom the targetdistribution. In
our casethe statespacethat is sampledover is the space
of setpartitions,whereeachpartition represents different
topology of the ervironment.The pseudo-codéo generate
asequencef sampledrom thetargetdistribution usingthe
MH algorithmis shavn in Algorithm 1 (adaptedrom [7]).
The MH algorithm usesa proposaldistribution Q(T; T9)
to proposemoves, the tentatve next statein the Markov
chainateachstep,in thespaceof topologiesintuitively, the
algorithmsampledrom the desiredprobability distribution
P(Tjz) by rejectinga fraction of the movesgeneratedy
the proposaldistribution. The fraction of moves rejected
is governedby the acceptanceatio a, where most of the
computationtakes place.

The two hurdlesto samplingusingan MCMC sampler
arethe designof the proposaldensityandevaluationof the
target density The detailsof theseare discussedelow.

A. The ProposalDistribution

The proposaldistribution operatesby proposingone of
two moves, a split or a meige, with equal probability at
eachstep. Given that the currentsampletopology hasM
distinctlandmarksthe next sampleis obtainedby splitting
a setor meming two setsin the partition T and may have
M,M + 1, orM 1 distinctlandmarks.

The merge move memgestwo randomlyselectedsetsin
the partition to producea new partition with one less set
than before. The probability of a meme is simply 1=Ny ,
Nwm beingthe numberof possiblemergesgiven by “g .

The split move splits a randomly selectedset in the

partitionto producea new partitionwith onemore setthan
before.To calculatethe probability of a split move, let Ng

be the numberof setsin the partition with more than one
element.Clearly, Ns is the numberof setsin the partition
thatcanbesplit. Out of theseN g setswe pick arandomset
R to split. Then,the numberof possiblewaysto split R into
two subsetss given by the Stirling numberof secondkind
for R, ’FZ” , Where the Stirling numberitself is de ned

recursielyas " = "1 +m " 1 [22]. Hencethe
- 1

probability of the splitis Ng ’FZ” . A randomsplit

of R can be generatedefciently by using the recursve

algorithmsdescribedn [22].

The proposaldistribution is summarizedn pseudo-code
formatin Algorithm 2, whereq is the proposaldistribution
andr = qngTTO; is the proposalratio. It is to be notedthat
this proposaldistribution doesnot incorporateary domain
knowledgebut usesonly the combinatorialpropertieof set
partitionsto proposemoves.

B. Evaluatingthe Target Distribution

In addition to proposingnen moves in the spaceof
topologies,we also needto evaluatethe posteriorproba-
bility P(Tjz) for eachproposedtopology change.Using
BayesLaw, we obtain

P(TjZ)/ P(ZJT)P(T) @)

where P(T) is a prior and P(ZjT) is the obsenation
likelihood. In this work, we assumea non-informatve
uniform prior over all topologies,but it is also possible
to usea Poissondistribution on the numberof landmarks
in the environmentif someevidencefor this exists.

It is not possibleto evaluate the likelihood P(ZjT)
without knowledgeof the landmarklocations.Hence,in a
proces<alledRao-Blackwellizatiorf24], we integrateover
the set of landmarklocationsX to calculatethe mamginal
distribution P (ZjT) from thejoint distribution P (Z; X jT).
ThelikelihoodP (ZjT) is thengiven as

Z

P(ZjT)/  P(ZjX;T)P(X]|T) 3
X

whereP (ZjX; T) is the measuremenmodel, an arbitrary
densityon Z givenX andT, andP (X jT) is the prior on
landmarklocations.As an example,in a 2D ervironment,
commonlyassumedn the roboticsliterature,we have X =
fX¢ = (X’[;y’(; t)]l t Ng

A prior on the distribution of the landmarklocationsX
giventhetopology T, P(XjT), is requiredto evaluate(3).
In our case,the prior is usedto encodethe assumption
that distinct landmarksdo not lie close togetherin the
ervironment. For this purpose,a penalty function is used
to penalizetopologiescontainingdistinct landmark mea-
surementghat are spatially close.Speci cally, the penalty
function usedis a cubic function asin Figure 2. The prior
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Fig. 2. Cubic penaltyfunction usedasa prior over landmarkdensity

on landmarklocations,P (X jT) , is then
P(XjT) = e v FOXXg)

1 i

(4)

wheref is the penalty function, and X; and X; do not
belongto the sameset.

Assuming the availability of only odometry measure-
ments,we can write the negative log-likelihood function
correspondingo P(ZjT) in (3) as

2 2
Lxye X Xo SN X X
X S2Tij 28 T
+ f(Xi;X;)
1 i N

where S is a setin the partition correspondingo T, o
and 1 arestandarddeviationsexplainedbelow, and X, is
the setof landmarklocationsobtainedfrom the odometry
measurementsThe intuition hereis that the topology T
constrainssome measurementss being from the same
locationeventhoughthe odometrymay put theselocations
far apart.Thelog-likelihoodfunctionaccountgor the error
from distortingthe odometry the rst termin (6), andthe
error for not conformingto the topology T, the second
term in (6). The error for not conformingto a topology
is expressedthrough a set of “soft constraints”. These
constraintstry to placetwo obsenationsthat are ascribed
to the samelandmarkby the topologyat the samephysical
location.The standardieviationsfor the odometryandsoft
constraints, o and 1 respectiely, encodethe amount
of error that we are willing to toleratein each of these
guantities.The nal termin (5), wherethe sumis over all
X; and X; that do not belongto the sameset, is simply
the negative log-likelihood of the prior in (4).

(6)

C. NumericalEvaluationof the Target Distribution

Though in some casesintegral (3) may be evaluated
analyticallyusingthe functionalform of the log-likelihood
givenin (5), thisis not possiblein general.Insteadwe use
a Monte Carloapproximatiorto evaluatetheintegral, using
importance sampling [25] to approximatethe integrand
P(ZjX;T)P(X]jT). Givenatargetdistribution to be sam-
pled, importancesamplingrequiresa proposaldistribution

Fig. 3. Rav odometry(left) and Groundtruth topology (right) from the
®rst experimentinvolving 9 obserations

from which samplesare actually obtained.Subsequently
thesesamplesare weightedby their “importance”,i.e. the

ratio of thetargetdistribution to the proposaldistribution at

the samplepoint. The weightedsamplescan then be used
in Monte Carlo integration.

In our case,the importancesamplingproposaldistribu-
tion is anapproximatiorof thelog-likelihoodin (5). Firstly,
ignoringthe nal termcorrespondingdo the prior in (5), we
obtainthe function

X Xo 2. X X x5 x5 °

x)y = — 4 (6)
o)

S2Tij 28 T
SubsequentlyLaplaces methodis employed to obtain a

multivariate Gaussiandistribution from (X), which is

used as the proposal distribution. This is achiered by

computingthe maximumlik elihoodpathX ? throughanon-

linear optimizationof (X), andcreatinga local Gaussian
approximationQ(X jZ; T) aroundX ?

X? = agmax (X)
X

QX jZ;T)= 9——; e 100 XDT R XD
|
where isthecovariancematrix relatingto the curvatureof
(X) aroundX . ThedistributionQ(X jZ;T) is thenused
asthe proposaldistribution for the importancesampler
The posteriorgiven by (3) is now evaluatedusing the
Monte Carlo approximation

Y4 . .
. o 1Y P@iX TP DT)
P(ZiX;T)P(X|T — —~

where X () denote the N samplesobtained from the
Gaussiarproposaldistribution Q(X jZ; T).

V. RESULTS

We performedtwo experimentsconsistingof runs with
nine obsenationseach,a shortrun of about15 metersand
a longerone covering a complete oor of a building. The
platform usedfor the experimentswas an I-Robot ATRV-
Mini with a frontal SICK laserrange nder. In all cases,
the samplerwas initialized with a topology that assigned
distinct landmarksto eachobsenation.

In the rst experimentwe exploredthe in uence of the
penalty-termin a small, lab-like ervironment,the resultsof



(a) Penalty=0

(b) Penalty=80

(d) Penalty=100

TABLE |
CHANGE IN PROBABILITY MASSWITH MAXIMUM PENALTY OF THE FOUR MOST PROBABLE TOPOLOGIESIN THE HISTOGRAMMED POSTERIOR. THE
HISTOGRAM AT THE END OF EACH ROW GIVES THE PROBABILITY VALUES FOR EACH TOPOLOGY IN THE ROW.

Fig. 4. Map obtainedby plotting laseron rav odometry(left) and the
laserplot correspondingo odometryfrom the correcttopology (right)

whichareshavn in Tablel. The experimentwasperformed
on a shortrun approximatelyl5 meterslong during which
the robot obsered nine landmarks. The raw odometry
from the run andthe correspondingyroundtruth topology
are shavn in Figure 3. The table shavs the evolution
of the Markov Chain samplerfor different valuesof the
maximumpenalty In our algorithm, it is the penaltyterm
that facilitatesmeiging of nodesin the map that are the
same.Without the penalty the systemhasno incentve to
move toward a topology with lessernumberof nodesas
this increaseshe odometryerror. Tablel(a) illustratesthis

case.lt can be seenthat the topology that is closestto

the odometrydataand also having the maximum possible
nodesgets the maximum probability mass.For the next

two caseswith maximum penaltiesequal to 80 and 90

respectiely, the most likely solution is a compromise
betweenthe groundtruth solutionandthe odometry Also,

it is to be notedthatthe large errorin odometrymakesthe

groundtruth topology lesslikely comparedto topologies
suchasthe mostlikely onein TableI(b). In spite of this,

as the penaltyis increasedthe effect of the odometryis

diminishedandthe groundtruth topology gainsprobability
mass.However, a very large penaltyswampsthe odometry
dataand makes absurdtopologiesmore lik ely.

The secondexperimentdemonstrateshat PTMs have
the power to close the loop even in large ervironments.
This experimentinvolved a complete oor of the building
containingour lab during which nine landmark obsena-
tionswererecorded Theraw odometrywith laserreadings
plotted over it is shawvn in Fig 4. Also showvn is the map
obtained by plotting the maximum likelihood path with
laserreadingson top. It canbe seenfrom Figure5, which
givesthe mostprobabletopologiesin the posterior thatthe
correcttopology receivesthe largestprobability mass.
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Fig. 5. Topologies with highest probability mass for the second
experiment(a) The correcttopology receves 97% of the mass(b), (c)
and (d) receve 2%, 0.5% and 0.5% of the massrespectiely

V1. DISCUSSION

We presentedhe novel ideaof computingdiscreteprob-
ability densitiesover the spaceof all possibletopological
maps.ProbabilisticTopological Maps are computedusing
Markov chain Monte Carlo sampling over set partitions
that are usedto encodethe topologies.We use a simple
spatial prior in the form of a cubic penalty function
that disallonvs proximity amonglandmarks.Experimental
resultson ervironmentswith varied sizeshold promisefor
the applicability and further improvementsof PTMs.

One adwantageof our approachis that an estimateof
topology is possible even if only a meageramount of
informationis available.lt is notthe purposeof this work to

nd the besttopologicalmap but to computethe posterior

distribution over topological spaceas per the Bayesian
approach.We have shown this capability in experiments
thatuseonly odometryto createdistributionsthatcaneither
correspondo the odometryor the prior (in this casethe
spatialpenaltyfunction) as parametersre varied.

The next stepis to includerangesensorandappearance
modelsin our technique.lt is also future work to induct
domain-speci cknowledgeinto the proposaMdistribution of
the MCMC samplerandinclude a more informative prior.
Finally, the presentalgorithmis sensitve to parametesset-
tings of the penaltyfunction, which needsto be addressed.
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